


Chapter 1 Exam Questions

Questions and Solutions for Section 1.1

1. The empirical function W = f(t), given in the graph to the right, comes from the Wall Street Journal, September 4,
1992. From the graph, describe the domain of this function and the range of thisfunction. In a sentence, apply the genera
definition of the word “function” to explain why you think that the given curveisin fact afunction.
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ANSWER:
Domain: September 1989 to August 1992. Range: 2810 (approx.) < W < 4090 (approx.). For every date in the
domain, thereisa unique value of W.

2. Consider aten-story building with a single elevator. From the point of view of a person on the sixth floor, sketch a graph
indicating the height of the elevator as a function of time as it travels. Remember to indicate when it stops. Try to take
into account all types of cases that can happen, but do not worry about every possible situation. (There are many different
possible graphs that could be drawn for this.)

ANSWER:
A possible diagram: An elevator first goes from the ground floor to the third floor, then to the eighth floor, and finally
back to the ground floor.

—>5 (Ground floor) -

3. Draw agraph which accurately represents the temperature of the contents of a cup left overnight in aroom. Assume the
roomisat 70° and the cup isoriginally filled with water slightly above the freezing point.
ANSWER:

32°
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4. Suppose the Long Island Railroad train from Easthampton to Manhattan leaves at 4:30 pm and takes two hours to reach
Manhattan, waits two hours at the station and then returns, arriving back in Easthampton at 10:30 pm. Draw a graph
representing the distance of the train from the Farmingdal e station in Easthampton as a function of time from 4:30 pm to
10:30 pm. The distance from Easthampton to Manhattan is 150 miles.

ANSWER:

distance(miles)

150

4:30 pm 6:30 pm 8:30 pm 10:30 pm

5. Suppose we buy quantities z; and 2, respectively, of two goods. The following graph shows the budget constraint
piz1 + p2x2 = k, where p; and p» are the prices of the two goods and % is the available budget. On the graph, draw the
linesthat correspond to the following situations, and for each line, give the equation and the coordinates of both intercepts.
Label each line clearly.

(@) The budget isdoubled, but prices remain the same.

T2

T

p1T1 +p2x2 =k

(b) The price of the first good is doubled, but everything else remains the same (the available budget is still &).

ANSWER:
T2
2k
— budget doubled
b a)p1w1 + paws = 2k
doubling p1
2N b)2p1z1 + prx2 =k
D2
z1
Bk 2%
2p1 D1 D1
@ z2 = by T1 + —. If the prices remain the same, the slope of the line remains the same. If the budget is doubled,
P2

push the line up, keepl ng the slope the same, but doubling the z; and z» intercepts.



(b) z2 = —&ml + ﬁ When the price of the first good is doubled, we get x> = —Zﬂml + ﬁ The slope of the line
: D2 D2

. p2 P2 )
is double; y-intercept remains the same.
6. A functionislinear for z < 2 and also linear for z > 2. Thisfunction has the following values: f(—4) = 3; f(2) = 0;
f(4) = 6. Find formula(s) (or equation(s)) which describe this function.
ANSWER: 3 1 1 6
For z < 2, the slopeis — = _T and the y-intercept is 1; thus y = %x +1.Forz > 2, theslopeis 5 = 3. To
find the y-intercept we substitute: 6 = 3(4) + b,6 — 12 = b, sothat b = —6. Hence, y = 3z — 6.
—lx +1 whenz <2

Thisisan example of apiece-wise function: f(z) = {
3r—6 whenz > 2

7. The empirica function P = g(t) graphed below represents the population P of a city (in thousands of people) at time .
Describe the domain and range of this function.

P
80

60

40

Lt
1900 1940 1980

Figure 1.1.1

ANSWER:
Domain: 1900 to 1980. Range: 80,000 < P < 48,000 (approximately).

8. A pond has a population of 500 frogs. Over a ten-year period of time the number of frogs drops quickly by 50%, then
increases slowly for 5 years before dropping to amost zero. Sketch a graph to represent the number of frogs in the pond

over the ten-year period of time.
ANSWER:

frogs
500

250

‘ L time (years)
5 10

Figure 1.1.2
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9. Below isthe graph of afunction H = f(t) that represents the height of water in areservoir. Write a short story to match
the graph.

height (ft)
80
60
40

Sun Tue Thu Sat

Figure 1.1.3

ANSWER:

The height of the water on Sunday is 90 feet. Over the course of the next two days the water level drops slowly to
approximately 85 feet. The water level drops more quickly for the next day and a half and reaches its lowest level of 40
feet during Wednesday. The water level then rises steadily to a height of 75 feet on Saturday.

10. Suppose a container of water is placed in the freezer overnight. The next morning, it is put on the counter in a 70° room
and then at the end of the day heated to the boiling point.

(a) Sketch agraph representing the temperature of the water during the day.
(b) Describe the domain and range of your graph from part (a).
ANSWER:
@ Temp (°F)
212

70 -
32

Ice Boiling  Water
melts starts  boils off

time

Figure 1.1.4

(b) Thedomain isthetimethe container isput on the counter to the end of the day. The range isthe temperature of frozen
water (32°) to the boiling temperature (212°).

11. A school library opened in 1980. In January, 2000 they had 30,000 books. Oneyear later, they had 30,480 books. Assuming
they acquire the same number of books at the start of each month:

(@ How many books did they have in January, 2003?

(b) How many books did they havein July of 1980?

(c) Find alinear formulafor the number of books, IV, in the library as afunction of the number of yearst the library has
been open.

(d) If you graph the function with domain 1980-2010, describe in words what the y-intercept of the graph means.
ANSWER:

(8 They acquire 30,480 — 30,000 = 480 books per year. In January, 2003 the library will have 3 x 480 more books
than they did in January, 2000 for atotal of 31, 440 books.

(b) From part (@), the number of books the library acquires each year is 480. January, 1980 was 20 years before January,
2000, therefore the number of books the library had in January, 1980 was 30, 000 — (20 x 480) = 20, 400. From
part (a), the number of books acquired each month is480/12 = 40. By July, 1980 the library acquired 6 x 40 = 240
books therefore the total number of books in the library will be 20, 400 + 240 = 20, 640.

(c) We find the slope m and the intercept b in the linear equation N = b + mt. From part (a), we use m = 480. We
substitute to find b:

30,000 = b+ (480)(20)

b = 20,400
Thelinear formulais N = 20, 400 + 480¢.



(d) The y-intercept isthe number of books the library had in 1980.

Questions and Solutions for Section 1.2

1. Table 1.2.1 defines three functionsfor 0 < z < 8: y1 = fi(z); y2 = f2(z); and ys = fs(x). Identify which of the
functions are linear, exponential, or neither. Write an equation for the functions which are exponential or linear.

Table 1.2.1
x Y1 Y2 Y3
0 4.25 4.25 4.25
2 6.80 5.11 3.39
4 10.88 5.97 2.53
6 17.408 9.552 1.67
8 27.8528 15.2832 0.81
ANSWER: 6.8 10.88 17.408 27.8528
For the y:'s: 25 = 1.6; 8 = 1.6; 088 — & ; T A08 1.6. Therefore, y;1 is an exponentia function

. 6. .
whose y-intercept is 4.25; y1 = fi(xz) = 4.25(1.6)".
For the y»'s, there are no common ratios or common differences.
For theys’s, the Ay’sare: 3.39 —4.25 = —0.86; 2.53 —3.39 = —0.86; 1.67 — 2.53 = —0.86; and .81 — 1.67 = —0.86.

Thusy; isalinear function with slope —— = —0.43 and y-intercept 4.25; y3 = f3(x) = —0.86x + 4.25.

2. InTable 1.2.2, we are given the population of asmall country over aten year period.

Table 1.2.2 Population
by year

Year Population
1985 100, 004
1987 108,104
1989 116, 860
1991 126, 326
1993 136, 559
1995 147,620

During this same period, each year, the farmers of this country have produced more than enough food to support its
population. Table 1.2.3 gives the number of people that this country’s agriculture were able to support during this same
period:

Table 1.2.3  Food production by

year
Year Number of people
farmers can feed
1985 105, 000
1987 115,650
1989 125,253
1991 134, 847
1993 145,506
1995 155,100
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We are interested in determining how long the farmers will be able to produce enough food to feed this population.

(@) Knowing that populations tend to grow exponentially and assuming that food production islinear, find equations that
model these two sets of data.
(b) After studying these two sets of data, what can be said about the food supply for this population during this period?
(c) Using the equations that model population and food supply, how long will there be enough food for this popul ation?
ANSWER:
(@) Since we are assuming the population will grow exponentialy, we consider ratios of population for consecutive
periods:
108, 160
100, 004
116,986
108, 160

Do more if needed, but thistells us that an exponential model for this population can be given by

~ 1.081

=~ 1.081

N(t) = 100, 004(1.082) %

with¢ = 0 for 1985 and ¢t = 2 for 1987, etc.
To find the linear model for food produced, we find an equation of a straight line from thisdata. Let F' represent
food produced. Then,

F — 115,650 _ 115,650 — 105,000
t—2 - 2-0
or
F — 115,650 = 5325(t — 2)

or
F(t) = 5325(t — 2) + 115,650
F(t) = 5325t + 105, 000.

Again, t = 0 represents 1985; t = 2, 1987, etc.

(b) Sincethe number of people the farmers can feed is greater than the population on any one of the given years, one can
expect a happy, healthy, growing population.

(c) Note that both NV and F' are increasing functions. Graphing both V and F', one can see that they intersect at about
t = 20, or during 2005. After thisyear, the food supply will be inadequate for the population.

. One of thefollowing tables of datais linear and one is exponential. Say which iswhich and give an equation that best fits
each table. For the exponential table you do not have to use e if you do not want. An answer like y = (3.73)(1.92)*/% is
fine.

@
x 0 0.50 | 1.00 | 1.50 | 2.00
y | 312 | 262 | 220 | 185 | 155
(b)
z 0 0.50 | 1.00 | 1.50 | 2.00
y | 271 | 394 | 517 | 640 | 7.63
ANSWER:

(@) Thistableis exponential and we find that the ratios of successive y-values are all 0.84 (when rounded to two deci-
mals). An appropriate equation is therefore

y = 3.12(0.84)*" = 3.12(0.7056)",

since y(0) = 3.12. (Check: When z = 2, y(2) = 3.12(0.7056)% ~ 1.5534.) This could equally well be written
y = 3.12e %3487 Actually, thereisarange of possible answers y = 3.12a" for any a between 0.7046 and 0.7059
will give the values shown in the table, when rounded to two decimals.
(b) The second tableislinear. Pick aline of theform y = mx + b. Sincey(0) = 2.71,b = 2.71,and y = mx + 2.71.
Using the first two points gives
m = 3.94 —2.71 — 246
0.50 -0 ’

SOy = 2.46x + 2.71.



4. ldentify the z-intervals on which the function graphed in Figure 1.2.5is:

A

C F
o |

Figure 1.2.5

(a) increasing and concave downward.
(b) increasing and concave upward.
(c) decreasing and concave upward.
(d) decreasing and concave downward.

ANSWER:

(@) Thefunction isincreasing and concave downward on the z-interval between C and D.

(b) Thefunction isincreasing and concave upward on the z-interval between B and C.

(c) Thefunction isdecreasing and concave upward on the z-intervals between A and B and between E and F.
(d) Thefunction isdecreasing and concave downward on the z-intervals between D and E.

5. A bar of soap starts out at 150 grams. In each of the following cases, write a formula for the quantity S grams of soap
remaining after ¢ days. The decreaseiis:
(@) 10 grams per day
(b) 10% per day
(c) half therate asin part (b)
ANSWER:

(8 Thisisalinear function with slope -10 grams per day and intercept 150 grams. The function is S = 150 — 10¢.

(b) Sincethe quantity is decreasing by a constant percent change, thisis an exponentia function with base 1 - 0.1 =0.9.
Thefunctionis.S = 150(0.9)".

(c) Since the quantity is decreasing by a constant percent change, thisis also an exponential function. In this casg, it is
an exponential function with base 1 - 0.1/2 = 0.95. The function is S = 150(0.95)¢.

6. A photocopy machine can reduce copiesto 90% or 70% of their original size. By copying an already reduced copy, further
reductions can be made.

(@) Writeaformulafor the size of the image, IV, after the original image of size = has been reduced n times with the
copy machine set on 90% reduction.

(b) Write a formula for the size of the image, @, after the original image of size x has been reduced ¢ times with the
copy machine set on 70% reduction.

(c) Which will be larger: an image that has been reduced on the 90% setting 5 times or the same image after being
reduced 7 times on the 70% setting?

(d) If animageisreduced on the 90% setting and a copy of the same original image isreduced the same number of times
on the 70% machine, will one image ever be less than 50% the size of the other? If so, how many copies on each of
the settings will it take?

ANSWER:
@ N =xz(.9)"
(b) Q@ ==z(.7)

(c) If animage of size z isreduced 5 times on the 90% reduction setting, its new size will be
2(.9)° = .59049z
If theimage of size z is reduced 7 times on the 70% reduction setting, its new size will be
z(.7)" = 0823543z

So, the first image will be larger.
(d) We want to solvefor n sothat (.5)(.9)" > (.7)".
After one copy is made, theimages sizesare .81z and .49z for the 90% and 70% setting respectively. After two
copies, theimage sizes are .729x and .343x. Therefore, n = 2.



7. Giveapossible formulafor the function in the following figure:

1 2 3 4 5 6 7 8
Figure 1.2.6

T

ANSWER:
The difference, D, between the horizontal asymptote and the graph appears to decrease exponentially, so we look for
an equation of the form

D = .D()a,ac

Where Dy = 8 = differencewhen z = 0. Since D = 8 — y, we have

8—y=8"ory=8—-8a" =8(1 —a")

The point (1, 4) ison thegraph, so4 = 8(1 — a'), givinga = 1/2.
Thereforey = 8(1 — (1/2)*) = 8(1 — 277).
8. Give apossible formulafor the function in the following figure:

Y
20 1
(—2,16)
10 +
2,1
| | | €T
-2 -1 1 2 3 4
Figure 1.2.7

ANSWER:
We look for an equation of the form y = yoa® since the graph looks exponentia. The points (—2, 16) and (2,1) are
on the graph, so
16 = yocf2 and1 = yoa2
Therefore 16/1 = yoa ™2 /yoa® = 1/a*, givinga = 1/2, 501 = yoa® = yo(1/4), O yo = 4.

Hence, y = 4(1/2)" = 4(277).
9. Give apossible formulafor the function in the following figure:
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Yy
16 + (3,16)
8T (27 8)
—/
i | | | T
-1 1 2 3

Figure 1.2.8

ANSWER:

We look for an equation of the form y = yoa® since the graph looks exponential. The points (2, 8) and (3, 16) are
on the graph, so

8 = y0a2 and 16 = y0a3
Therefore 8/16 = yoa® /yoa® = a™ !, giving a = 2, 50 16 = yoa® = yo(2)*, D yo = 2.

Hence, y = 2(27).

10. These functions represent exponential growth or exponential decay.

11.

12.

P = 6(1.06)"
Q —4 260.04t
S — 26—0.2t

R = 8(0.88)"

Which functions represent growth and which represent decay?

ANSWER:

P = 6(1.06)" represents exponential growth because 1.06 > 1. Since *%% = (e%9%)¢ ~ (1.04)!, we have
Q = 4.2(1.04)*. Thisis exponential growth because 1.04 > 1. R = 8(0.88)" represents exponential decay because
0.88 < 1. Sincee™ %% = (e7%2) & (0.82)%, wehave S = 2(0.82)". Thisis exponential decay because 0.82 < 1.
Joe and Sam each invested $20, 000 in the stock market. Joe's investment increased in value by 5% per year for 10 years.
Sam'’s investment decreased in value by 10% for 5 years and then increased by 10% for the next 5 years.

(a) Attheend of the 10 years, whose investment was worth more, Joe's or Sam’s?

(b) If Sam'sinitial investment was $30, 000, but Joe's was still $20, 000, would that change whose investment would be
worth more at the end of the 10 years?
ANSWER:

(@ Thevalue of Joe'sinvestment after ten yearsis $20, 000(1.05)'° = $32, 577.89. The value of Sam'’sinvestment after
fiveyearsis $20, 000(0.90)% = $11, 809.80 and the value after ten yearsis$11, 809.80(1.10)° = $19,019.80. This
means that after ten years, Joe's investment will be worth more than Sam's.

(b) The value of Sam’s investment after five years is $30,000(0.90)° = $17,714.70. After ten years, the value is
$17,714.70(1.10)° = $28,529.70, therefore Joe's investment would still be worth more than Sam'’s at the end of
ten years.

A bakery has 200 Ibs of flour. If they use 5% of the available flour each day, how much do they have after 10 days? Write
aformulafor the amount of flour they have left after n days.

ANSWER:

Using Q@ = Qo(1 — r)*, we have

Q = 200(1 — .05)"° =200(0.95)"° = 119.75.
The amount of flour left after 10 daysis 119.75 Ibs. The amount of flour left after n daysis 200(0.95)" .
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13. A substance has a half-life of 56 years.

(@) Writeaformulafor the quantity, @, of the substance left after ¢ years, if theinitial quantity is Qo.
(b) What percent of the original amount of the substance will remain after 20 years?
(c) How many yearswill it be before less than 10% of the substance remains?

ANSWER:

(@ Theformulais@ = Qo(1/2)®/°®.
(b) The percentage left after 20 yearsis

Qu(1/2)*°*
Qo
The Qo’s cancel giving
(1/2)0/%8) ~ 0.781,
s0 78.1% isléft.
(c) The percent left after ¢ yearsis
(1/2)(t/56)

To find the number of yearsit takes for there to be less than 10% remaining, we solve
(1/2)1%%) = 0.1

t =372,
S0 after 372 years less than 10% of the substance will remain.

Questions and Solutions for Section 1.3

1. One of the graphs below shows the rate of flow, R, of blood from the heart in a man who bicycles for twenty minutes,
starting at ¢ = 0 minutes. The other graph shows the pressure, p, in the artery leading to a man’s lungs as a function of
the rate of flow of blood from the heart.

R (liters/minute) p (mm Hg)
20
y 20
[ \
10 |
= t (minutes) R (liters/minute)
10 20 30 4 8 12 16 20

(a) Estimate p(R(10)) and p(R(22)).

(b) Explain what p(R(10)) representsin practical terms.
ANSWER:

(@ p(R(10)) = p(18) = 23 mm Hg
p(R(22)) = p(10) = 17.5 mm Hg

(b) p(R(10)) represents the pressure in the artery at ¢t = 10.

2. Given thefunctiony = f(z) = e * /2
(8 Devisefunctions g(z) and h(z) so that f(z) = g(h(x)).
(b) Graph the function f(z); set the range of your calculator to —3 < x < 3. Copy your graph onto graph paper.
Estimate the extrema (the maximum and/or minimum) point(s) and the inflection point(s) for this function.

22 1
(c) Thefunction N(z) = - e~ 2 isone of the cornerstones of statistics. In a sentence, briefly describe what ——

V2r

m
doesto f(x), i.e. briefly describe the curve N (z) in termsof that of f(z).
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ANSWER:
2
@ h(x) = —%, the “inside” function and g(z) = e”.

Then f(z) = g(h(x)) = g (_:ﬁ) 2

(b) Yy
1 max

inflection inflection

_ 1 . . 1 . .
¢) The coefficient — “dilates’ the curve; since —— < 1, the effect isto “squash the curve down” a bit.
© V2r V2 Sq
This curve is the Gaussian or Normal distribution. The L is chosen so that the area under the whole curve is 1.

V2r

Also note that the z-axisis ahorizontal asymptote.
3. Given the function m(z) = 22, find and simplify m(z + h) — m(z).
ANSWER:
m(z+h) —m(z) = (z+h)> = 22
=2"+2zh+h* -2
=2zh + h?
4. Given thefunction f(z) = ﬁ do the following:

(@) Graph f, and from that graph, produce a graph of the inverse function of f.

(b) Find an algebraic expression for the inverse of f and check to see that the graph of the inverse function matches the
graph found in part (a).
ANSWER:

(@) Thegraph of f isgivenin Figure 1.3.9.

Y )

f(x) (@)

|
|
|
|
|
|
|
|
B N ! I
|3 3
| x
|
|
|
|

Figure 1.3.9 Figure 1.3.10

To find the graph of the inverse of f, we reflect the graph of f about the line y = x. This gives the graph shown
in Figure 1.3.10.
(b) Tofindtheinverseof f algebraically, set
2

T3x-7

Y
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and solve for z in terms of y. This gives the following:
3zy — Ty =2
3r — 7=

(ISR
+
-~

3r =

el
+
el =1

w
<

Rewriting this as afunction with variable = gives

W) =

This can be checked by showing that f (h(z)) = z and h (f(z)) = =.

+

W~

5. The graph of y = f(x) is shown in Figure 1.3.11. Sketch graphs of each of the following. Label any intercepts or
asymptotes that can be determined.

@ y=3f(z) -4
(b) y—2—2f(x)
© y=flz)+3

Figure 1.3.11

ANSWER:

Figure 1.3.12 shows the appropriate graphs. Note that asymptotes are shown as dashed lines and z- or y-intercepts
are shown asfilled circles.

Figure 1.3.12

6. Thegraphsof y = g(z) and y = f(z) aregiven in Figure 1.3.13.
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Figure 1.3.13

Estimate

@ £(g(5))
(b) 9(f(5))
(© f(g(-10))
@ 9(f(=5))
ANSWER:

@ f(9(5)) =15
(b) 9(f(5)) = =7
© f(g9(=10)) = =7
(d) g(f(=5)) = =7

. (8) Write an equation for the graph obtained by shifting the graph of y = z* vertically upward by 3 units, followed by

vertically stretching the graph by a factor of 5.
(b) Write the equation for agraph obtained by reflecting the graph for the function obtained in part (a) across the z-axis.
ANSWER:

(@) After avertical shift upward by 3 units the equation isy = 2* + 3. After verticaly stretching the new graph by a

factor of 5, the resulting equation isy = 5(z* + 3) = 52° + 15.
(b) y = — (5% 4+ 15) = —5z® — 15.

. If thegraph of y = f(z) isshrunk vertically by afactor of 1/2, then shifted vertically by 4 units, then stretched vertically

by afactor of 2, isthe resulting graph the same as the origina graph?

ANSWER:

The final graph is not the same as the original graph. The equation for the graph after it is shrunk vertically by a
factor of /2 isy = .5f(x). After being shifted vertically by 4 units, the new equation isy = .5f(x) + 4. If the new
graph is stretched vertically by afactor of 2, the resulting equationisy = 2(.5f(z) + 4) = f(z) + 8.

. Complete Table 1.3.4 to show the values for functions f, g, and h given the following conditions:

(@ f(z)iseven.
(b) g(x)isodd.
(© h(z) = g(x)* — f(x)

Table 1.3.4

| f(x) | gl@) | h(z)
-3 7 27

-2 2 8

-1 -1 1

0 -2 0

1

2

3

ANSWER:



Table 1.3.5

x | f09 | 909 | h(x)
3| 7 27 | 722
2| 2 8 62
1] 1

0| -2

1| -1 -1

2 -8 62
3 27 | 722

10. Decideif thefunctiony = f(z) isinvertible:

Figure 1.3.14

ANSWER:
The function is not invertible since there are many horizontal lines which hit the function twice.

11. Decideif thefunctiony = f(z) isinvertible:

Figure 1.3.15

ANSWER:
The function is not invertible since there are horizontal lines which hit the function twice.

12. Decideif thefunctiony = f(z) isinvertible:

Figure 1.3.16

ANSWER:
The function isinvertible since there are no horizontal lines which hit the function more than once ..

15
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13. Given thefunction g(x) = «*, find and simplify

(@ q(2z +a) +q(x)
(b) q(z®) + q(z + a)

ANSWER:
@ q2z + a) +q(z) = 2z + a)® + 2* = 92° + 12a2” + 60’z + o®.
() q(z®) +gq(z +a) = (2°)® + (z + a)® = 2° + 2* + 3az® + 3za’ + a®.

14. Arethefollowing functions even, odd, or neither?

@ flx)y=2*"4+2">+z
() f(z) ==z +2°
© flz)=a54+23

ANSWER:
@ f(-z)=(—2) '+ (-x)’+ (—z)=z"+2* -z

Since f(—z) # f(z) and f(—z) # — f(z), thisfunction is neither even nor odd.
O) f(=2)=(-2)° + (-2)* = 2° —&®

Since f(—z) # f(x) and f(—z) # — f(x), thisfunction is neither even nor odd.
© f(=z) = (-2)° + (-2)® = —2° —2®

Since f(—z) # f(x) but f(—z) = — f(x), thisfunction is odd.

15. The cost of shipping r kilograms of material is given by the function C = f(r) = 200 + 4r.

16.

(@) Find aformulafor the inverse function.
(b) Explainin practical terms what the inverse function tells you.

ANSWER:
(@ Thefunction f tellsus C in terms of r. To get itsinverse, we want r in terms of C, which we find by solving for r:

C =200+ 4r
C —200 =4r
r = (C —200)/2
=71(0).

(b) Theinverse function tells us the number of kilograms that can be shipped for a given cost.
For g(x) = 222 — 2z and h(z) = 3z — 1, find and simplify
@ g(z) + 2h(z)
(b) g(h(x))
(©) h(g(x))
ANSWER:
@ g(z)+2h(z) =22% =22 + 23z — 1) = 22° =20 4+ 6z — 2 = 2z° + 40 — 2
() (g(h(z)) =23z —1)> —2(3z — 1) = 2(92° — 6z + 1) — 6z + 2 = 182> — 18z + 4
(© h(g(x)) =3(22% —2z) —1 =62 — 62— 1

Questions and Solutions for Section 1.4

1. In 1909, the Danish biochemist Soren Peter Lauritz Sorensen (1868-1939) introduced the pH function as a measure of the

acidity of achemical substance: pH= f([H1]) = —log,,[H ], where [H*] in the molecular concentration of hydrogen
ions (moles per liter, M). Sorensen determined that, for 0 <pH< 7, the substance is an acid; when pH= 7, the substance
isneutral; and for pH> 7, the substance is a base or is said to be alkaline. The [H "] for blood is3.16 x 10~ M and for
milk is 4.0 x 10~7 M. Find the pH of blood and of milk, and categorize each as acid(s) and/or base(s). Reportedly, the
worst known instance of acid rain occurred in Scotland in 1974, at which time the pH was determined to be 2.4 [ Stewart,
et al., College Algebra, p. 331]. Find the hydrogen ion concentration for this acid rain.

ANSWER:

pH of blood = —1log (3.16 x 10~ %) = —log3.16 — log 10~® = —log 3.16 + 8 - log 10 0 that the pH of blood
= —log3.16 + 8.
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When we evaluate this, we get pH of blood ~ —.4997 + 8 = 7.5003, and blood is slightly alkaline.
pH of milk = —log(4.0 x 1077) = —log 4 + 7 =~ —.6021 4+ 7 = 6.3979, and we see that milk is mildly acidic.
For the acid rain, 2.4 = —log[H ], or —2.4 = log[H "], so that 107 2* ~ 3.981 x 107 = .003981M = [H].
2. Suppose that N (t) = 100, 000, 000 - 2¢/3° gives the population of a certain country ¢ years after a census was taken. A
historian has a collection of documents that are not dated, but do refer to the population of this country at several times.

In order to help the historian date these documents, find the inverse function for the function V.
ANSWER:

To find the inverse of IV, take the logarithm of both sides of the expression. This gives
log N = log [100, 000, 000 - 25—0]
= log[100, 000, 000] + % log2 ~ 8+ 0.01¢

Solving thisfor ¢ gives the desired function:

30
= log N —8) ~ 100log N — .
t Tog 2 (log 8) 00 log 797

3. Find an equation for the line L shown below. Your answer will contain the positive constant b. Simplify your answer.

y=Inz

ANSWER:

Theline L passes through the two points on the curve y = In 2 specified by y = 0 and z = ¢, that is, (1, 0) (since
1 = €% and (e, b) respectively. The equation for thislineis

y—0 b—0

r—1" et -1’
% b

y:eb_l(x—l).

4. Here are some data from arecent Scientific American article on Old World monkeys.
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2.3 5
2.27
2.17
2.0 RO
Logarithm et
of Capacity 1.99
1.81 :

1.79
1.6

1.5 ; ;
1.9 2.0 2.1 2.2

Logarithm of Arc Length
Figure 1.4.17: Cranial Capacity of contemporary Old World monkeys is related to arc length of skull as shown.

(@) From the data presented give an approximate formula for
C = cranial capacity (in cm®)

as afunction of
A = arclength of skull (in cm).

[Hint: Fit aline through the data points. Logarithms are to base 10.]
(b) What type of functionisC = f(A) (logarithmic, exponential, trigonometric, power function,...)?

ANSWER:
(& A linefit through the data points goes through (2.18, 2.3) and (1.9, 1.66), and so hasslopei—?; = % =2.3.The
equation is
y=2.3z +b.
Solving for b yields

2.3 =1(23)2.18+b
b~ —2.7.

Soy =23z —2.7. Butz = log(A) and y = log(C), so
logC =2.3log A+2.7.

Exponentiating both sides yields
C = 102.310gA+2.7 ~ A2.3 (501) )

(b) Thisisapower function.

5. (d) Supposethereisan initial population of 100 rabbits on Prosperity Island. Assuming that the rabbits have more than
enough of everything they need to live prosperously, we might expect the population to grow exponentialy. If so,
find aformulafor P(t), the number of rabbits on Prosperity Island at time ¢, given that after one year there are 120
rabbits on theidland. (Assumet isin years.) When will there be 500 rabbits on Prosperity |sland?

(b) Next, we turn our attention to Cramped Quarters Island, a tiny island which, although able to support a limited
population of rabbits, doesn’'t have enough space or food supplies to support unlimited exponentia growth. It is
suggested that if Q(t) = population of rabbits on Cramped Quarters Island at time ¢, then the quantity (800 — Q(t))
will be an exponentially decaying function of ¢. Given that there were 500 rabbits at time¢ = 0, and 600 rabbits one
year later, what isthe general formulafor Q(t), the population of rabbits on Cramped QuartersIsland at time¢?

(c) On the axes below, make a sketch of y = Q(t). Choose an appropriate scale for the @ axis.
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: ‘ : ‘ t, years

ANSWER:
@ P(t)=P-a'
P(0) = P, = 100
P(1)=Py-a' =100-a =120, soa = 1.2
S0 P(t) = 100 - (1.2)*
When will there be 500 rabbits on Prosperity Island?

Let to bethisnumber. Then P(to) = 500 = 100-(1.2)'0. Therefore’5 = (1.2)", so In5 =to -In1.2, S0ty =

(b) 800 — Q(t) isan exponentia decay function.
Hence, 800 — Q(t) = f(t) = Py - a®
£(0) = 800 — Q(0) = 800 — 500 = 300 = Poa' = Py

Inb
In1.2

f(t) =800 — Q(1) = 800 — 600 = 200 = 300at, S0a = %
F(t) = 300 (%)t S0 Q(t) = 800 — 300 (%)t
(©) Q
800 ==
Q1)
500
‘ ‘ : ‘ t, years
1 2 3 4

6. An exponentially decaying substance was weighed every hour and the results are given below:

Time Weight (in grams)
9am 10.000

10 am 8.958

11 am 8.025

12 noon 7.189
1pm 6.440

(@) Determine aformula of the form
Q — Qoe—kt

which would give the weight of the substance, @, at time¢ in hours since 9 am.
(b) What isthe approximate half-life of the substance?

ANSWER:
(@ Q = 10e~** since Qo = initial value = 10.

Whent =1, Q = 8.958, 08.958 = 10e*) and

0.8958 = e ¥ s0k = —In0.8958 = 0.11

Thus Q = 10e %11,

(b) Half lifewhenQ = %QO: %Qo = Qoe "M soln% = —0.11¢,s0¢ = 6.3 hours.
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7. The number of bacteriain milk grows at arate of 10% per day once the milk has been bottled. When the milk is put in the
bottles, it has an average bacteria count of 500 million per bottle.

(a) Writean equation for f(t), the number of bacteriat days after the milk is bottled.

(b) Graph the number of bacteria against time. Label the axes and intercepts.

(c) Suppose milk cannot be safely consumed if the bacteria count is greater than 3 billion per bottle. How many days
will the milk be safe to drink once it has been bottled?

ANSWER:
(@ f(t) =500 x 105(1.1)*
(b)

500 x 10°

t (days)

(©) Findt making f(t) = 3 x 10°
3 x 10% = 500 x 105(1.1)"

3000 v _ ¢
Sog = LD 806 = (L)
In6

“Inll

=~ 18.8 days.

Thus milk will be safe for 18 days; during the 19th day it will turn bad, according to this model.

8. Cramped Quarters Island is a tiny island which, although able to support a limited population of rabbits, does not have
enough space or food supplies to support unlimited exponential growth. It is suggested that if Q(¢) = population of
rabbits at time ¢, then the quantity (800 — Q(¢)) will be an exponentially decaying function of ¢. If a time¢ = 0 there
were 400 rabbits, and the population wasincreasing at an instantaneous rate of 100 rabbits per year, find ageneral formula
for Q(t).

ANSWER:

Q(t) isthe population of rabbits.
800 — Q(t) = ae™*t
Q(t) = 800 — ae ™
Q(0) = 400 = 800 — ae*°
a = 400
Q' (t) = (—a)(—k)e = ake ™
Q'(0) =400k =100 = k = 1 = .25

4
Q(t) = 800 — 400e -2

9. In 1992, the Population Crisis Committee wrote:

Large cities in developing countries are growing much faster than cities in the industrialized world ever have.
London, which in 1810 became the first industrial city to top 1 million, now has a population of 11 million. By
contrast, Mexico City’s population stood at only amillion just 50 years ago and now is 20 million.



21

Assume that the instantaneous percentage growth rates of London and Mexico City were constant over the last two
centuries.

(@) How many times greater is Mexico City’s percentage growth rate than London’s? Show your calculations and rea-
soning.

(b) When were the two cities the same size? Show your calculations and reasoning.
ANSWER:

(a) Letting o and 3 be the two growth rates for London and Mexico City, respectively, we approximate the population
growth in millions by two exponentials, e~ and ¢”*, both of which are set to have population 1 million when ¢ = 0.
Since 182 and 50 are, respectively, the times that have passed since each city had 1 million people, we get

11x1-e*% and 20x1-°

and

_ 1n20 1l B 18220 _
B= 5 200599, 0= 200132, and === ~45.

(Note that these are growth rates, not percentages, but the ratio is the same asif we did it in terms of percentages.)
(b) We measure from 50 years ago (1942), when the population in London was €°-°132(132) and the population is Mexico
City was 1 million. The functions describing population in the two cities are then:

Mexico City : Population = ¢°-25%%*

London : Population — 60.0132(132) 60.0132t
Setting these equal and solving, we get:

0.0599¢t __ 0.0132(132) 0.0132¢
e & &

0.0599t = 0.0132(132 + t)
_0.0132-132
" 0.0599 — 0.0132

So the populations were equal 37.2 years after 1942, that is, in 1979.

~ 37.2

10. GiventhatIln2 = 0.69 andIn 5 = 1.61 to two decimal places, find (without using calculator)
& In0.1
(b) In100

ANSWER:
(@) Using the properties of logarithms

1
In0.1 =1In 0
=Inl—-1Inl0
=—1In10
—In(2-5)
—(In2 +1n5)
= —2.30.

(b)

In 100 = In (10%)
=2In10
=2(2.30)
= 4.60.

11. Simplify the expression as much as possible:
(a) 661n(a3)
(b) 3In(e”) +51Inb°
(©) In(ab) +1n(1/e)
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ANSWER:

() Using theidentity e™* = z, we have 6¢"") = 6a3.
(b) Using therulesfor In, we have 3a + 5e In(b).
(c) Using therulesfor In, we have

In(ab) + In(1/e) = In(a) + In(b) + In(1) — In(e)

=1In(a) +In(b)+0—1
= In(a) + In(b) — 1.

12. Solvefor z using logs:

(@ 6° =12
(b) 14 = 4°

(©) 2e*® =8eb”
(d) 31-#—3 — 67z

ANSWER:
(a) Taking logs of both sides

log 6” = zlog 6 = log 12

(b) Taking logs of both sides

log 14 = log 4"

log14 = xlog 4

(c) Taking the natural logarithm of both sides

In(2e*") = In(8¢°")
In2+In(e*) = In8 + In(e®)
0.69 + 4z =~ 2.08 + 6
2 =~ —1.39

r ~ —0.695
(d) Usingtherulesfor In, we get

In(3°*3) = In(e™)
(r+3)ln3 =Tz
zIn3+3ln3 =7z
z(In3 —-7)=-3In3

_ —3In3

=m3_- ~ 0.558
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13. What isthe doubling time of prices which areincreasing by
@ 7% ayear
(b) 14% ayear
ANSWER:

(&) Since the factor by which the prices have increased after time ¢ is given by (1.07)¢, the time after which the prices
have doubled solves
2 = (1.07)"
log 2 = log(1.07") = tlog(1.07)
_ log2
" log 1.07
t =~ 10.24 years.

(b) Since the factor by which the prices have increased after time ¢ is given by (1.14)¢, the time after which the prices
have doubled solves

2 = (1.14)"
log 2 = log(1.14") = tlog(1.14)
_ log2
log 1.14
t =~ 5.29 years.

14. If the size of a bacteria colony doubles in 8 hours, how long will it take for the number of bacteria to be 5 times the
original amount?
ANSWER:
Given the doubling time of 8 hours, we can solve for the bacteria’s growth rate;

2P = Pye*®
In2
k=—=
8

So the growth of the bacteria population is given by;

P = Pyeln®1/8
We want to find t such that

5P, = Poeln(Q)t/S
Therefore we cancel Py and apply In . We get

Questions and Solutions for Section 1.5

1. Consider the function
¢(x) = cosx + 0.5 cos 2.

(@ Isc(z) aperiodic function? If so, what isits smallest period?

(b) Using your calculator, draw the graph of c(x). Adjust the scales so you can see the patterns and symmetries clearly.
Sketch your final version on the axes below, showing the scale you use, and describe what you see.

(c) Atwhat pointsz isc(z) amaximum? Explain.

(d) Let 2o be thefirst positive number where c(zo) = 0. Find an interval containing zo whose length is < . Explain
briefly how you did this.

(e) Looking again at the symmetries in your graph in part (b), argue that the next positive number where ¢(x) = 0 is
21 — xo. Can you show this directly?

(f) Intermsof zo, what are al the placeswhere ¢(z) = 0 for —27 < z < 4x?
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ANSWER:

(@) Thisisaperiodic function with smallest period 2.

(b) This function is similar to a cosine function, except that the peaks are dightly raised, and the troughs have small
bumps in them.

(¢) c(x) hasalocal maximum at nmr, where n isan integer. c(x) takes on its greatest value, 1.5, at every 2.

\
VE

Figure 1.5.18

(d) In order to confine o within an interval whose length is less than 1—10 try picking values of = and looking at the sign

of ¢(z). Start with z = 1, since it lookslikeit’s near the root.

¢(1) = cos(1) + 0.5 cos(2)

=~ 0.5403 — 0.2081 > 0
¢(2) = cos(2) + 0.5 cos(4)

~ —0.4161 — 0.3268 < 0

S0 xp isbetween 1 and 2.

¢(1.5) = cos(1.5) + 0.5 cos(3)
~ 0.0707 —0.495 < 0

S0 xp isbetween 1 and 1.5.

¢(1.2) = cos(1.2) 4+ 0.5 cos(2.4)
~ 0.3624 — 0.3686 < 0

¢(1.1) = cos(1.1) + 0.5 cos(2.2)
~ 0.4536 — 0.2942 > 0

S0 zo isbetween 1.1 and 1.2.

(e) Sincec(x) iseven, there will be aroot at —x. Since this function has period 2, there will be aroot at —zo + 2.
From the graph, it is clear that thisis the next root of ¢(z).

) zo, —xo,2m — o, 20 — 27, k0 + 27,47 — X0

2. Athightide, the water level is 10 feet below acertain pier. At low tide the water level is 26 feet below the pier. Assuming
sinusoidal behavior, sketch a graph of y = f(¢) = the water level, relative to the pier, at timet (in hours) if at t = 0 the
water level is —18 feet and falling, until it reaches the first low tide at ¢ = 3. Based on your sketch and the information
provided above, give aformulafor f(t).
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Water level (ft)

1 1 1 1 1 1 t, hours
3 6 9 12 15 18
_10 L
_20 L
_30 L
ANSWER:
Water level (ft)
1 t, hours

First low tide

f(t) = Asin(B(t+C))+ D

. 2 s
eriod = 12 hrs — =12 B=>
P B 6

() = 8sin (%(t ¥ 6)) —18
= 8sin (%t—l—ﬂ') —18
= —8sin £t — 18
3. In nature, the population of two animals, one of which preys on the other (such as foxes and rabbits) are observed to

oscillate with time, and are found to be well approximated by trigonometric functions. The population of foxes is given
by the graph below.
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Number of foxes

1000

500 & L\

time(months)

(a) Find the amplitude.

(b) Find the period.

(c) Giveaformulafor the function.

(d) Give an estimate for three times when the population is 500.

ANSWER:

@ 10002— 400 — 300

(b) Period=12 months

(c) Average value = 700 and graph looks like an upside-down cosine, so F' = 700 — 300 cos(kt)
since k(12) = 2m, k = % S0 F = 700 — 300 cos (%t)

(d) Firsttimeisbetweent = 1 andt = 2, so let's say about ¢ ~ 1.5. From graph, next values are ¢t ~ 10.5 and then
t ~ 13.5 months

. One of the functions below is a quadratic, one is a cubic, and one is a periodic function. Which is which? Why? [Note:

You don’t have to find formulas for these functions.]

z f(z) z g(x) z | h(x)
02 | —0.42 13 0.41 05 | -1.13
04 | —0.65 17 0.81 1.2 0.13
0.6 0.96 25 0.65 18 0.03
08 | —0.15 30 | —0.10 2.0 0.00
12 0.84 35 | —1.35 2.2 0.05

ANSWER:

f(z) changes direction three times, so it cannot be cubic or quadratic, and thus it is trigonometric. h(z) changes
direction twice, so it cannot be a quadratic, and thusit must be cubic. Thisleavesonly g(x) (which changes direction only
once), so it must be a quadratic.

Find possible formulas for the following sinusoidal function as a

(8 transformation of f(t) = sint
(b) transformation of f(t) = cost

Figure 1.5.19
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ANSWER:

(8 This function looks like a sine function with amplitude 2, so f(t) = 2sin(Bt). Since the function executes one
full oscillation between t = 0 and ¢ = 67, when ¢ changes by 6, the quantity Bt changes by 2. This means
B(6m) = 2w, s0 B = 1/3. Therefore, f(t) = 2sin(¢/3) has the graph shown.

(b) Thefunction also lookslike acosine function with amplitude 2 that has a period of 67 that been translated horizontally
by 4.57. Therefore, f(t) = 2 cos(t/3 — 4.57).

6. Temperaturesin Town A oscillate daily between 30°F at 4am and 60°F at 4pm. Write the following formulas:

(a) Temperaturein Town A, in terms of time where time is measured in hours from 4am.

(b) Temperature in Town A, in terms of time where time is measured in hours from midnight.

(c) Temperature in Town B, where the temperatures are consistently 10°F colder than in Town A and measured from
4am.

ANSWER:
(@) We use acosine of the form

H = Acos(Bt)+ C
and choose B so that the period is 24 hours, so 27/ B = 24, giving B = w/12.

The temperature oscillates around an average value of 45°F, so C' = 45. The amplitude of the oscillation is
15°F. To arrange that the temperature be at itslowest when ¢ = 0, we take A negétive,

SO

™
H=-1 — 45.
5 cos (12 t) + 45
(b) Theformulaisthe answer from (a), shifted to the right by four hours,

H = —15cos (%(t - 4)) + 45.

(c) The shape of the graph will be the same as (a), only translated down 10. So the formulais
™
H = —15cos (ﬁt) + 35.

7. Temperatures in aroom oscillate between the low of —10°F (at 5am) and the high of 40°F (reached at 5pm).

(@) Find apossible formulafor the temperature in the room in terms of time from Sam.
(b) Sketch agraph of temperature in terms of time.

ANSWER:
(@) We use acosine of the form

H = Acos(Bt)+ C
and choose B so that the period is 24 hours, so 27/ B = 24, giving B = w/12.

The temperature oscillates around an average value of 15°F, so C' = 15. The amplitude of the oscillation is
25°F. To arrange that the temperature be at itslowest when ¢ = 0, we take A negative,

SO

s
H=-25 —t 15.
cos (12 ) +
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(b) y

| | T — X
—20 —10 \/ 10 20

—20 +

Figure 1.5.20

8. Consider the function g(t) = 10 + cos 2t¢.
(@) What isits amplitude?
(b) What isits period?
(c) Sketchitsgraph.
(d) Writeashort scenario that could be described by the behavior of g(t).
ANSWER:
(@ Theamplitudeis1.
(b) Theperiodis2x/2 = .

(©) y
5 £
| | | | T
—2r - ™ 2w
Figure 1.5.21

(d) Answerswill vary.

9. Consider the functions f(z) = 5 + sin 3z and g(z) = 3sin z. Describe how these functions are the same and how they
are different. Include a description of amplitude, period and genera shape of the graph.
ANSWER:
The amplitude of g(x) is 3 times the amplitude of f(z). The period of g(z) is2x whilethe period of f(x) is2x/3,
thus f(z) isoscillating more quickly than g(z). The y-intercept of g(z) is zero whereas f () has y-intercept 5.

Questions and Solutions for Section 1.6

1. Giverough sketches, for 2 > 0, of thegraphsof y = 2°, y = 2,y = 2!/, y = 2%, and y = 2.
ANSWER:



2. Consider thefunctions f(z) = 10 (
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2

3) andg(z) = L. Graph both of these functions on your graphing calculator. By
T

zooming in on appropriate regions, you should be able to make the two graphs appear as shown in the diagrams bel ow.

@
(b)

@

(b)

Find the z-coordinate of the point of intersection of thetwo graphsindicated in the left-hand diagram. Give an answer
accurate to within one decimal place..

Find the = coordinate of the point of intersection of the two graphs indicated in the right-hand diagram. Give an
answer accurate to within one decimal place.
ANSWER:
\
gontop \\y = f(z)
\
\
N < fontop
_____________ fonp ____ \
y = f(x) \ t
_ \___gontop
y = g(x) y =g(z) N
\
\
\
\\
\
\

Thefirst diagram: Thisintersection occurs “near” z = 0. Try
x min=0, z max= 0.1

y min=0, y max= 11

Then zoom in. Get z = 0.010.

The second diagram: This intersection occurs for y-values near zero. Try
x min= 0, z max= 10

y min= 0, y max= 1.

Then zoom. Get z =~ 8.3
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3. (@) Useyour calculator to find all the solutions to the equation
2% = 2%

Give your answers to one decimal place. Sketch the graphs drawn by your calculator as part of the explanation for
your answer.

(b) For what values of z is 2% > z2?
ANSWER:

@

S~

-0.8

Solutions: z = —0.8 (by zooming), z = 2, 4.
(o) 2 > 2% for —0.8 <z < 20rz > 4.
4. On the given set of axes, graph and clearly label: (A) y = vz, B)y = 2%, (C)y = 2", (D) y = 2%, (E) y = z°; (F)
8
y=z".
ANSWER:

1.2

5. A spherical cell takes in nutrients through its cell wall at arate proportional to the area of the cell wall. The rate at which
the cell uses nutrients is proportional to its volume.

(@) Writean expression for the rate at which nutrients enter the cell as afunction of itsradius, r.

(b) Write an expression for the rate at which the cell uses nutrients as a function of its radius,r.

(c) Sketch a possible graph showing the rate at which nutrients enter the cell against the radius r (put r aong the
horizontal axis). On the same axes, sketch a possible graph for the rate at which the cell uses nutrients.

(d) Show algebraically why there must be aradius ro (other than ro = 0) at which the rate at which nutrients are used
equals the rate at which nutrients enter the cell. Mark r, on your graph.

(e) What happensto the cell whenr > r9? When r < ro? What does thistell you about the radius of the cell inthe long
run?
ANSWER:

(@ Rate at which nutrients enter cell = kdnr? = Ar® (A > 0) k, c are constants of proportionality.

(b) Rateat which nutrientsare used = c2xr® = Br® (B > 0).
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© Br? (used)
Ar? (enter)

To

(d) Ar2=B7"3]‘0rr:0andr=ésorozé

(e Whenr > ro, rate used > rate enter so cell shrinks.
When r < ro, rate used < rate enter so cell grows.
Inlong run, cell’sradius — ro.

6. Find apossible formulafor each of the following functions. Check that your formula fits the data points.

@ y ) y © v
(8,7.5)
(4,39.0625) .
2,2.5) (1,2.5) (3,15.625)
s ) —1
SRR v / ?
ANSWER:

(@) Thisfunction lookslike acosinefunction with period 4 displaced upward by 5 with amplitude 2.5. A possible formula

IS 9
5+ 2.5cos (%x) .

(b) Noticethat f(1)/f(0) = f(4)/f(3) = 2.5. Thissuggests that f is exponential. Infact, f(z) = 2.5 fitsthis data
(c) Thisis a cubic with double zero at 2 and another at —1. So let f(z) = C(z — 2)*(z + 1). If £(0) = 8, then
C(-2)%(1) = 8, sowehave C = 2.

7. (d) Using the standard viewing rectangle (—10 < z < 10,—10 < y < 10), | graph a cubic polynomial and see two
more or less vertical lines.

-10 10

Figure 1.6.22

Need there be another root? Explain. Sketch some of the possibilities for the complete graph. Explain.
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(o) Once again, using the standard viewing rectangle, | graph y = 2> — %1% and | see what appears to be a parabola.

Figure 1.6.23

Isthis all thereisto the graph? Sketch what you think the complete picture should be. Explain.
ANSWER:

(@) There must be another real root. A cubic polynomia can have one red root, areal root and a double root, or three
real roots. Since two roots are shown in the picture, of which neither is a double, there must be another. These are
some possihilities:

|

Figure 1.6.24 Figure 1.6.25 Figure 1.6.26 Figure 1.6.27
() As z approaches negative infinity, e%-1* approaches 0, the graph becomes closer and closer to pure parabolic as we
move out leftwards from z = 0.
As x approaches infinity, e approaches infinity. In fact, e increases so fast with x that it will eclipse the
z2 term. There will be thus a downward turn somewhere to the right of = 0, and the curve will cross the z-axis
and head for negative infinity.

0.1z 0.1z

8. Give rough sketches of the graphs of the following functions. In each case, give a scale aong the z-axis and y-axis.
(8 y=4+3sin22x
(b) y = logo(z —3)
© y=—5(z+2)a’(z - 1)
ANSWER:



@ ]

y =4+ 3sin2z

(b) (
1r i y = logo(x —3)
\
0.5 }
i
| | | | | T
1 2 3/1 5 6 71
\
—0.5 F |
|
1t }
() (
15—+
10+ y=—=5(z+2)z*(x 1)
5,,

9. Give apossible function for each curve.



34

3

VAR

(5,1) r
x
ANSWER:
(@) This graph is periodic with amplitude 3 and period 8 and has a maximum a z = 0. So a reasonable solution is
y = 3 cos (%x)

(b) This curve appears to be a cubic polynomia with rootsat x = —2,3 and 5. Thusy = k(z + 2)(z — 3)(z — 5) isa
first guess. Sincey(0) = 7,

k(2)(=3)(=5)
7

7
k

30
S0,y = = (z + 2)(z — 3)(x — 5) isapossible answer.
(c) This appearsto be an exponential decay curve of theformy = Ak™*. Sincey(0) = 3,y = 3k~ ". Sincey(5) = 1,
we have

1=3k"°
1\~ %
k= (=
(5)

1
5

S0,y =3(3)*" =3 %) isapossble answer.
(d) This graph appears to be of the form y = a(1 — e **). Asz — oo, y — a, and the graph approaches 2, so
y = 2(1 — e~*). Any positive k will work, since no scale isindicated for the z-axis.

10. For each of the graphs below, find an equation which defines the function. In (D), the numerator is alinear function.

(@ Y (b) Yy
1

—— — @ Sl N /5
1 5 10
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(© Y (d) Yy
4, T I
|
—+ \
i Lo
|
1/
9 R R T
— 12 4
1F —27 /'/
T
1 |
L L L xT

2 47 67 8w

ANSWER:

(8 y = —log,, z whichisthepH curve from problem 7!

(b) Thisisa4-th degree polynomia whose roots are —2, 1, 3, 5. Therefore, y = K(z + 2)(z — 1)(z — 3)(z — 5) =
K(z* — 72® + 52% + 4z — 30), where K > isaconstant greater than 0. We don'’t have enough information to find
out anything more.

(c) Thisisasinecurve with amplitude 2, period 87 and vertical shift 2. Thusy — 2 = 2sin g .

(d) Since x = 2 is the vertical asymptote, x — 2 can be the denominator. We are told the numerator is linear, so

_ax+b
T rx—-2 b
From the fact that the y-intercept isO, wehavey = = 0, and thusb = 0; now y = %, where“a” isconstant.
) - 4 4 ) —
We can find “a” by substitution: —2 = 1 _az = 7(1 = 2a, s0that a = —1. Findly, we havey = m—_a:2

Questions and Solutions for Section 1.7

1. For thefollowing function, find an interval where the function is continuous, and if possible, an interval where the function
is not continuous.

sin x
ANSWER:
Possible answer: continuouson w/4 < = < 7/2, not continuouson /2 < = < 37 /2.
2. For thefollowing function, find an interval where the function is continuous, and if possible, an interval where the function
is not continuous.
1
2 —9
ANSWER:
Possible answer: continuouson 4 < x < 9, not continuouson 0 < x < 4.

3. For thefollowing function, find an interval where the function is continuous, and if possible, an interval where the function
is not continuous.

Cosx

ANSWER:
Possible answer: continuouson —7/2 < z < 7/2, not continuouson 7 /2 < z < .

4. Find an equation y = f(x) for afunction that is not continuous at = 3 but is continuous a = = 0.
ANSWER:

Many possible answers, for example: y =

1
(z —3)?
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5. Find an equation for afunction that is not continuous at z = 0 or at x = 2.
ANSWER:

Many possible answers, for example: y =

_
z(x — 2)

6. f(x) and g(z) are continuous functions. Discuss the continuity of:

@ f(z)+g(x)

(b) 3f(x)

(© f(32)

) g(z) - f(x)

(©® g(x)/f(x)

(f) g(z)/3
ANSWER:

(8 Since f(x) and g(z) are continuous functions, the function you get by adding them is a so continuous.

(b) Since f(z) is continuous, multiplying it by a constant aso give a continuous function.

(c) Since f(x) iscontinuous, f(3z) isalso continuous.

(d) Since both functions are continuous, the function give by their difference is also continuous.

(e) Thequotient of two continuous functions is not necessarily continuous, therefore we can not determine the continuity
of g(x)/f(x).

(f) Since g(x) iscontinuous, a constant multiple of g(x) (in this case, 1/3) is aso continuous.

7. Sketch the graphs of two different functions that are continuous on —5 < z < 5 and that have the values given in Table
1.7.6. Thefirst function is to have exactly one zero in the interval [—5, 0], the second function is to have at least 3 zeros
intheinterval [-1, 5].

Table 1.7.6

x | 5| -3|-1|1]3]S+5
f) | 4 | 2| 3o -1]|-

ANSWER:

Figure 1.7.28

Figure 1.7.29

8. Sketch agraph on theinterval [—5, 5] with exactly 2 zeros and at least 2 places where the function is not continuous.
ANSWER:
Many possible answers, for example:



Figure 1.7.30

Review Questions and Solutions for Chapter 1
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For Problems 1- 2, decide whether each statement is true or false, and provide a short explanation or a counterexample.

1. The function described by the following table of valuesis exponential:

x 5.2 5.3 5.4 5.5 5.6
flz) | 27.8 202 306 320 334

ANSWER:
FALSE. The function islinear; for every increase of 0.1in z, thereisan increase of 1.4 in f(z).

2. A guantity Q growing exponentially according to the formula Q(t) = Qo5* has a doubling time of {ﬁ—é
ANSWER:
TRUE. To calculate the doubling time, T, we use 2Qo = Q5" which gives T = 122,

I

3. Match the following graphs with the formulas.

! I J i,

(@) n (%) + 1

(b) —2lnz

(e ™

() z° + 22" — z® — 22° +5

(e)a:—lkl
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ANSWER:

I.  Thiscurve has the appearance of an upside-down In curve and crosses the z-axis at a positive z-value. Thus (b)
is the corresponding eguation.
Il.  This curve has four “wiggles’ in it and thus looks like it corresponds to a degree 5 polynomial. Hence, (d) is the
correct equation.
I1l.  Thiscurveisaways positive, decreasing, and concave up. we conclude that (c) is the corresponding equation.
IV. Thisisalinear function. Equation (a), In(e®) + 1 isactually alinear function in disguise, since In(e”) = x. Thus,
(a) isthe correct equation.
V.  Thisgraph approaches 0 asz — +oo and has avertical asymptote at x = —1. Thus, (€) is the correct answer.

. Giveexpressions for f(z), g(z), h(x) which agree with the following table of values.

z | fle) | g(x) | h(x)
0| -7 0 —

1| —4 2 5

2 | -1 8 2.50
3 2 18 | 1.66...
4 32 1.25
5 8 50 1

ANSWER:

All the values of f(z) jump by 3 for achange in z of 1, so f(x) islinear with slope 3. Since f(0) = —7, we have
flz) =3z —-7.

The differences between successive values of g(z) are asfollows: 2, 6, 10, 14, 18., so g(z) is not linear. Notice that
the valuesin the g column, 0, 2, 8, 18 ... are exactly twice the values of the well known function, z>. So g(z) = 2z°.

h(z) is a decreasing, concave up function that is infinite when z = 0 and equal to 1 when z = 5. h(z) = 5/z fits
the requirements.

. You are offered two jobs starting on July 15° of 1994. Firm A offers you $40,000 a year to start and you can expect an

annual raise of 4% every July 1°¢, At firm B you would start at $30,000 but can expect an annual 6% increase every July
15, On July 1°* of which year would the job at firm B first pay more than the job at firm A?
ANSWER:

After n July 15%'s, Firm A pays 40000(1.04)™, and Firm B pays 30000(1.06)™. So they offer equal salaries when

40000(1.04)" = 30000(1.06)",

o (1.06)" 4
: =-=1
(1.04)» — 3 333,
o 1.06\"

But 1.06/1.04 =~ 1.0192, so (1.0192)™ = 1.3333. Taking logs of both sides yields

nln1.0192 = In1.3333
_In1.3333

"otz ©
So when n = 16, in the year 2010, Firm B offers more than Firm A.

15.1.

6. You have $500 invested in a bank account earning 8.2% compounded annually.

(@) Write an equation for the money M in your account after ¢ years.

(b) How long will it take to triple your money?

(c) Suppose the interest were compounded monthly instead, that is you earned %% interest each month. What interest
would you then earn for 1 year?
ANSWER:

(@ M =500(1.082)".
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(b) To triple your money, set M = 1500, so

1500 :

3 — (In1.082)t

In3 =¢tIn1.082
In3

~ In1.082
~ 13.9 years

(c) If interest is compounded monthly, then we get M = 500 (1 -+ %)m, where ¢ is still measured in years. So
M =~ 500(1.0068333)%". After t = 1 year,

M = 500(1.0068333)"*
~ 500(1.08516)
~ 542.58

so theinterest earned is $42.58.
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Chapter 2 Exam Questions

Questions and Solutions for Section 2.1

1. For any number r, let m(r) be the slope of the graph of the function y = (2.1)* at the point x = r.
r 0 1 2 3 4
m(r) 3.27 | 6.87 | 14.43

(@) Complete the table to the right:

(b) Explainin afew complete sentences what you did to fill in this table, and why you did it. (If you include pictures,
make sure they are carefully labeled.)

(c) What you have done in part (a) gives you some points on the graph of the function m(r). Graph the points and guess
the general shape of the graph of the function m(r) by “fitting a curve” through this data. Give the equation of the
curve.

ANSWER:

@ r 0 1 2 3 4
m(r) | 074 | 156 | 327 | 687 | 14.43

(b) The slope of the tangent lineto y = (2.1)" at z = 1 is approximately the same as that of the secant line through

r=1andz = 1.001:
- (2.1)1.001 _ (21)1

m(1) = 5001 = 1.56.
Similarly,
(2.1)0.001 _ (21)0
~——— =(.74.
m(0) 0.001 0.7
(c) For comparison, let'stabulate y = (2.1)" along with m:

r 0 1 2 3 4
m(r) 0.74 1.56 3.27 6.87 14.43
y(r) 1 2.1 441 9.26 19.45
n 0.74 0.74 0.74 0.74 0.74

We see that the m values are directly proportional to the y values, with a ratio of approximately 0.74. (Which
happenstobeln 2.1.) Som(r) = In2.1(2.1)".

2. (@) Ifz(V) = V3 isthelength of the side of acubeintermsof itsvolume, V, then calculate the average rate of change
of x withrespectto V over theintervals0 < V < land1 <V < 2.
(b) What might we conclude about this rate as the volume V' increases? Is it increasing? Decreasing?

ANSWER:
11/3 _ 1/3
(a) Averagerate of change of z = -0 = 1for0 <V < 1.
9l/3 _ 11/3
average rate of change of x = ——1 ~026forl <V <2.

(b) We conclude that as V' increases, the rate_of change of = decresases.

3. If thegraph of y = f(z) is shown below, arrange in ascending order (i.e., smallest first, largest last):

f(4) f(B) f(C) slope AB the number 1 the number 0
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ANSWER:

By eye, we can seethat f'(C) < f(B) < f'(A). Wecan also seethat f'(B) < slope AB < f'(A), so we have
f(C) < f(B) < dope AB < f'(A).Finaly, wenotethat all the slopes on thisgraph are positive, and that f'(A) isthe
only slope that is greater than the slope of y = x, namely 1. Sowehave 0 < f'(C) < f'(B) < sope AB <1 < f'(A).

4. The height of an object in feet above the ground isgiven in Table 2.1.7.

Table 2.1.7

tsc) | o | 1| 2] 3] a]| 5] s
y(feet) | 10 | 45 | 70 | 85 | 90 | 85 | 70

(8 Compute the average velocity over theinterval 0 <t < 3.
(b) Compute the average velocity over theinterval 2 < t < 4.
(c) If the height of the object is doubled, how do the answersto (a) and (b) change?

ANSWER:

(8 Duringtheinterval of (3—0) = 3 seconds, the object moves (85 — 10) = 75 feet. The average velocity is75/3 = 25
ft/sec.

(b) During theinterval of (4 —2) = 2 seconds, the object moves (90 — 70) = 20 feet. The average velocity is20/2 = 10
ft/sec.

(c) If the height is doubled, the average velocity also doubles. The answer to (a) would be 50 ft/sec., and the answer to
(b) would be 20 ft/sec.

5. () Sketch agraph of height in terms of time for the object in the previous problem over theinterval 0 < ¢ < 6.
(b) Indicate the average velocity for 0 < ¢ < 3 on the graph from (a).
ANSWER:

y(f)

90

70

50 «— Slope = Average velocity
over0 <t <3

30

10

1 1 1 1 1 1 t (SeC)
6

Figure 2.1.31
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6. Thegraph of p(¢) in Figure 2.1.32 givesthe position of aparticle at time¢. List the following quantitiesin order, smallest

to largest:
y (ft)

20

15 - p(t)

10 -

5
1 1 \ 1 t (sec)
5 10 1

Figure 2.1.32

A, averagevelocityon1 <t < 3.
B, average velocity on 8 < ¢ < 10.
C, instantaneous velocity at t = 1.
D, instantaneous velocity at ¢t = 3.

E, instantaneous velocity at ¢t = 10.

ANSWER:

Since p(t) is concave down on 1 < ¢t < 3, the average velocity between the two times should be less than the
instantaneous velocity at ¢ = 1, but greater than the instantaneous velocity at ¢t = 3, soD < A < C. For anaogous
reasons, E < B. Finally, note that p(¢) is decreasing over theinterval 8 < ¢ < 10, but increasingat ¢ = 0, soD > 0.
Thereforee E<B <D <A <C.

7. Thefollowing graph describes the position of a car at time ¢. Write a short story of the trip that corresponds to the graph.
Be sure to discuss the average velocity.

p(t)

[
[
[
[
L
a b

Figure 2.1.33

ANSWER:
Answers will vary. Average velocity on 0 < ¢ < a ispositive, ona < t < b is approximately zero, positive on
b <t < candnegativeonc < t < d. Average velocity onb < t < cissmallerthanon0 < ¢ < a.
8. Estimate the limit by substituting smaller and smaller values of k. Give answer to two decimal places. For trigonometric
functions, use radians.
. (2+h)?—4
1 A 7
@ lim h
() lim —smg’ )

h—0



ANSWER:
(& Using h = 0.1, 0.01, 0.001, we see
(2+0.1)> -4
0.1 =41
(2+0.01)> —4
— =401
0.01 0
2 —
(2+0.001)° —4 — 4,001
0.001
2 —
These calculations suggest lim w ~4.
. | h—0 h
(b) Using radians,
Table 2.1.8
h (sin(h?))/h
0.01 .00999
0.001 .00099
0.0001 .0001
These calculations suggest lim Losin(h) _ 0.
h—0 h
9. Estimate the limit by substituting smaller and smaller values of k. Give answer to three decimal places.
h_
@ lim S—1
h—0 "
. & — e
= T
ANSWER:
(& Using h = 0.1, 0.01, 0.001, we see
301 _ 1
o1 " 1.161
3001 _
——— =1.1046
0.01
30.001 _ 1
—— =1.0992
0.001 099
h’ —
These calculations suggest Ain}) ~ 1.099.
—
(b) Usingh = 0.1, 0.01, 0.001, we see
Table 2.1.9
h (e'*th —e)/2h
01 1.429
0.01 1.366
0.001 1.359

1+h

These calculations suggest lim &< ~1.359
h—0 2h

43
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Questions and Solutions for Section 2.2
1. Sketch agraphy = f(z) with the following limits:
lim f(z)=-1

rz——3
lim f(z) =5
z—0

lim f(z) =1

z—2
ANSWER:
Answerswill vary. One example:

Figure 2.2.34

2. UseFigure 2.2.35 to give approximate values for the following limits (if they exist).
(@ lim f(a)
(b) lim f(z)
rz——1
(© lim f(z)
(@ lim f(x)
r—6

Figure 2.2.35

ANSWER:

(8) Asx approaches -2 from either side, the values of f(x) get closer and closer to 3, so the limit appears to be about 3.

(b) As x approaches -1 from the left, f(x) gets closer to 2. As x approaches -1 from the right, f(z) gets closer to 5.
Thus, the limit does not exist.

(c) Asin (b), the limit does not exist.

(d) Asz approaches 6 from both sides, f(x) appears to be approximately 0.5, thus the limit is about 0.5.

3. Useadgebrato evaluate the limits.

. (3+h)?-9
(@3%__77__
() lim v9-h-3

h—0
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ANSWER:
2 _ 2 2
@ lim (3+h) 9:lim9+6h+h 9:lim 6h +h —6
h—0 h h—0 h h—0
) =T 3 VI—h=3)(V—-h+3)  9-h-9 _  -h
VI—h+3 VI9—h+3 V9-h+3
Therefore, lim v9—h=3_ ., _ -1 __1
h—0 h h~>0\/g_—h_’_3 6
|z + 4

. Does lim —— exist? Explain why or why not.
z——4 T+ 4

ANSWER:
Theright-hand limit and the left-hand limit are different. For x > —4, we have |z + 4| = z + 4, S0 as = approaches
-4 from theright,
|z + 4| . z+4
— = lim —— =

= lim 1=1
r——4t T+ 4 r——4t T + 4 z——4+

Similarly, if z < —4, then |z + 4| = —z — 4, 0

im Ty T (=
e——4— T+ 4 r——4— ¢+4 2 —d—

. . . . 4 .
Since the limits from both sides are not the same, lim M does not exist.
z——4 T+ 4

. Use algebra to find a maximum distance between = and 3 which ensures that 2® + 1 is within 0.1 of 10. Use a similar
argument to show that lim z2 +1=10.
r—

ANSWER:
Wewritez = 3 + h. Wewant to find the value of h making =2 + 1 within 0.1 of 10. We know

2 +1=0B+h)’+1=94+6h+h>+1=10+6h+h>
s0 22 + 1 differsfrom 10 by 6h + h2. Since we want z> + 1 to be within 0.1 of 10, we need
|2 +1—10| = |6h + h*| = |h||6 + | < 0.1
Assuming 0 < |h| < 1, weknow |6 + h| < 7, so that
|z® — 9| < 7|h|

Hence wewant 7|h| < 0.1
Thus, if we choose h such that 0 < |h| < 0.1/7 = 0.014, then z* + 1 islessthan 0.1 from 10.
An anaogous argument using any small e instead of 0.1 shows that if we take d = €/7, then

|(z> +1) — 10| < € forall |x — 3| < €/7.
Therefore, lim 22 + 1 = 10.
r—3

. By referring to the properties of limits, give justifications for each step in the following limit cal culation:

@

2 lim (2z° + 62)
lim 20" +6x o

em2 3T lim (3z)
z—2

(b) ‘
2 - lim («® + 3z)
_ z—2
3 lim (z)
z—2
(©
2. lim(z) - lim (z + 3)
T—2 T2
3 - lim (z)

z—2

(d)
2-2-(2+43) 10

3.2 T3



f(z) . lim f(x)
(@ lim == = 22° ___ provided lim g(z) # 0 and in this case lim 3z = 6 # 0 s0 the property applies.
T—c g(l’) iﬂg(x) T—cC rz—2
(b) If bisaconstant, then lim (b(f(z)) = b (lim f(x)) :
© lim (f(2)g(@) = (lim f@)) (lim g(a)) -

(d) Forcany constant k, lim k = k and lim z = c.

r—c r—c
7. Use dgebrato evaluate the left- and right-hand limitsof f(z) = 3|$ — ?'5 ax=>5.
T —
ANSWER:
z—5 Z=5 x> Lz>5
flz) = ;x - 1|5 - _Si—? 5 - 31 5
Sa—150 & < —3 <

lim f(z) L and lim f(x) L

= — X)) = ——.

rz—5t 3 x—5~ 3

8. UseFigure 2.2.36 to give appropriate values for the following limits (if they exist).

Figure 2.2.36

@ lim f(z)
z——21
B lim f(z)
© lim f(z)
ANSWER:
) lir_r;+ f(z)=0
(b) lim f(x)=0
(© liﬂ% f(z) does not exist.

9. If f(x) = 2® — 4 and g(x) = 3z — 5, evaluate the following limitsif they exist. If they do not exist, explain why.
@ lim f(z) +g()
(b) lim f(2)/g(a)
© lim g()/f(a)
(@ lim (f(2) + 29(2))
ANSWER:
@ lim f(z) +g(x) = iig})(xz —4+3zx—5)= iig})(xz + 3z —9) = —9.
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. z2 -4 22—4

(o) l:n;zg( z)/f(z) = hm2 o i Thellmltdoesnota(lsxbecausef( )=0.
(@ lim (f(2)+29(2)) = 1%(a;2—4+2(3z—5)) = 1133(1; —44-6x—10) = liig(xz—l—Gx—M) = (3°46(3)—14) =
13.

Questions and Solutions for Section 2.3

1. Given the following data about a function, f,

fz) |10 8 7 4 2 0 -1

(@) Estimate f'(4.25) and f'(4.75).
(b) Estimatetherate of change of f' at = = 4.5.
(c) Find, approximately, an equation of the tangent lineat x = 4.5.
(d) Usethetangent lineto estimate f(4.75).
(e) Estimate the derivativeof f~1 at 2.
ANSWER:
(a f (4 25) f(4 5) f(4)
f (4 75) (5) f(4 5 _ —
(b) fﬂ(4 5) f! (4 75) f (4. 25) — =446 _ 4
(©) f(4.5) =~ M = —4, thUSy 4 = —4(xz — 4.5) isthe equation of the tangent line.
(d) f(4.75) = f(4. 5) +.25- f'(4. 5) ~ 3
1
@ ()~ R = s =

2. (a) Explain how the average rate of change of afunction f can be used to find the instantaneous rate of change of f at a
point xo.
(b) Give ageometric interpretation of the instantaneous rate of change.
ANSWER:
(@) By taking points 1, z2, ... closer and closer to zp and calculating the average rate of change of f over the interval
[zo, xn], We get a sequence which approaches the instantaneous rate of change of f at .
(b) Theinstantaneous rate of change at a given point is the slope of atangent to the curve at that point.

3. () Edtimate f'(0) when f(z) = 27",
(b) Will your estimate be larger or smaller than f'(0)? Explain.
ANSWER:

(@ Toedtimate f(0), find the average slope over intervals that get smaller and smaller but still contain z = 0:

Interval Size Average Slope
0.1 JODTO o _0.670
0.1
0.01 JODTTO o _0.691
0.01
0.001 JO0D-7O 5693
0.001

£'(0) appears to be about —0.693.
(b) The average slopes in the chart above seem to approach a limiting value (which turns out to be ln% ~ —0.69315)
from above; thisindicates that our estimate of #'(0) is probably an overestimate.
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4. Given the following data about a function f,

x 3.0 | 32 | 34 3.6 3.8
Ffl@) || 82 | 95 | 105 | 11.0 | 132

(@) Estimate f'(3.2) and f'(3.5).
(b) Givethe average rate of change of f betweenz = 3.0 and z = 3.8.
(c) Givethe equation of thetangent lineat x = 3.2.
ANSWER:
(a) Estimate the slope at 3.2 by finding the average slope over the interval [3.2, 3.4]:
f(34) — f(3.2) 105-95

Sope == 35—~ 02 °

1.0 —10.5

To estimate the slope at 3.5, we have to look at the average slope over [3.4, 3.6], which islT = 2.5.

(b) Theaverage rate of changeis 1:2-22 = 6.25.
(c) Atz =3.2, f(z) = 9.5 and theslope = 5 by part (8). So
y—9.5 =5(x —3.2)
y=9.5+5xr—-16
=5z — 6.5

5. Let f(z) = log(log(x)). (Thisis the “common log” which uses “base 10.”) Our god is to approximate the derivative of
this function at the point z = 10. Give an UPPER BOUND (call it “U”) and a LOWER BOUND (call it “L") for f'(10)
that agree up to three decimal places. Explain how you know that U is an upper bound for f'(10) and that L is alower
bound for f/(10). Include a sketch to explain your reasoning. You may assume the graph of y = f(z) is concave down.
Note: An “upper bound” for f/(10) issimply a number whichislarger than f(10).

ANSWER:

Tangent line at (10, 0)

B
\ (10.001, £(10.001))

(10,0)

c
(9.999, £(9.999))

Note: Thefigure is not drawn to scale.

Since the graph of f is concave down, the slope of the line joining points C' and A will be larger than the slope of
the tangent line at point A and similarly, the slope of the line joining the points A and B will be smaller than the slope of
the tangent line at A. Since the dope of the tangent lineat A is f’(10), we get:

0 0
log(log(10.001)) — log(log(10)) log(log(10)) — log(log(9.999))
og(log(10. — log(log / og(log —log(log(9.

10 =U
N 0.001 P < fa0 < 0.001
L

L ~0.0188598173 U =~ .0.0188625224
After rounding, they agree to 0.01886, which is better than the required accuracy.
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6. For f(z) = logx, etimate f'(1) by finding the average slope over intervals which get smaller and smaller but still
contain thevaluez = 1.
ANSWER:

Taking average slopes over smaller and smaller intervals to the right of z = 1, we obtain the following table:

Interval Length Average Slope
0.1 w =~ 0.414
0.01 w ~ 0.432
0.001 W =~ 0.434
0.0001 W =~ 0.434

Thus, f'(1) appears to be about 0.434.

7. Thereisafunction used by statisticians, called the error function, which is written

y = erf(z).

Suppose you have a statistical calculator, which has a button for this function. Playing with your calculator, you discover
the following:

x erf(x)

1 0.29793972
0.1 0.03976165
0.01 | 0.00398929
0 0

(@ Using thisinformation alone, give an estimate for erf’ (0), the derivative of erf at z = 0. Only give as many decimal
places as you feel reasonably sure of, and explain why you gave that many decimal places.
(b) Suppose that you go back to your calculator and find that

erf(0.001) = 0.000398942.

With this extra information, would you refine the answer you gavein (a)? Explain.

ANSWER:

erf(h)
h

agree in the first two decimal places, it seems safe to estimate erf’ (0) = 0.39.

erf(0.01 erf(0.001
0(.01  an 0(.001 !

where h is small. As

) y L (h) . erf(h) . ,
)] Sm((:e e;f 0) = (}lg% )7h 0 = }lg% 5 we approximate erf'(0) by
erf(0.1 erf(0.01
01 o0
(b) The new value for erf(0.001) gives us agreement out to four decimal places between

we can refine our answer to 0.3989.

. Each of the quantities below can be represented in the picture. For each quantity, state whether it is represented by a
length, a slope or an area. Then using the letters on the picture, make clear exactly which length, slope or area represents
it. [Note: Theletters P, Q, R, €tc., represent points.]
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Y U
i y = f(z)
. I
Pl s
4 4 T
a a+h
@ fla+h)— f(a)
(b) f'(a+h)
© f'(a)h
(d f(a)h
ANSWER:

@ f(a+ h)— f(a) isrepresented by the length TR.
(o) f'(a+ h)isthedopeof thelineTV.

(©) f'(a)histhelength RU.

(d) f(a)histheareaof therectangle PQRS.

9. Given the following table of values for aBessel function, Jo(x), what is your best estimate for the derivativeat x = 0.5?

x 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
Jo(x) 1.0 9975 .9900 9776 .9604 .9385 .9120 .8812 .8463 .8075 71652

ANSWER:
We can approximate .J;,(0.5) by the difference quotient with A = 0.1 to the right of 0.5:.

, _ Jo(0.6) — Jo(0.5) _ 0.9120 —0.9385
J5(0.5) = 0T = 0T = —0.265.
However, to obtain a better approximation, we approximate J;(0.5) by the average of the difference quotients with

h = 0.1 to the left and right of 0.5.

J5(0.5) ~ % <J0(0.5)01J0(0.4) N J0(0.6)0f1J0(0.5)>

! (0.9385 —0.9604  0.9120 — 0.9385
T2

01 01 ) = —0.242.

Questions and Solutions for Section 2.4

1. Which of the functions below could be the derivative of which of the others? (Hint: try all combinations.)

y = f(z) y=g(z) 1\2 3 4 5
3 " 4/ " y:h(m)

T
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ANSWER:
g(z) could be the derivative of h(z) or f(z)

2. Below isthe graph of afunction f. Sketch the graph of its derivative f on the same axes.

y
0.5
0
xr
0.5 1 15
~0.5
ANSWER:
y
1
0.5 f
xr
o5\ I\ 15
—0.5 N
f
—1

3. Sketch the graph of the derivative, y = f'(z), for each of the functionsy = f () whose graphs are given below.

Y




ANSWER:

8

4. Consider the function y = f(z) graphed below. (Noticethat f(z) isdefined for —5 < = < 6, except z = 2.)

(a) For what values of = (in the domain of f) is f'(z) = 0?

(b) For what values of z (in the domain of f) is f'(z) positive?

(c) For what values of z (in the domain of f) is f'(x) negative?

(d) For what values of z (in the domain of f) is f'(z) undefined?

(e) Based on your answers to the above questions, make a sketch of y = f' () on the axes below. Make your sketch as
precise as possible.

ANSWER:

@ z=0,3
(b) z € (-5,-2), z€(0,2), z=(2,3)
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(C) HAS (_270)7 NS (376)

d) z=-2
(e ‘
2+ |
\
11+ \
\
Q O }
| | | | | |
-5 -4 -3 -2 - 1 1
\
—14 |
|
\
_ol \
\
|

5. Estimate the value of f'(z) for the function f(z) = 10".
ANSWER:

oy — i JE D) = f@) 107107 10" — 1
e Y T

So far, our calculation is exact. We now estimate the limit by substituting small values of h;

h 10" -1
h
1 9
0.1 2.589
0.01 2.329

0.001 2.305
0.0001 2.303
0.00001 2.303

So f'(x) appears to be approximately equal to (2.303)10%.
6. Sketch the graph of the derivative of the function whose graph is shown:

/NS

ANSWER:
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/\$

7. Thefollowing graphisof y = f(z). Draw f'(x) and f~*(x) on the same axes.

ANSWER:

8. Thegraph of f(x) isgiveninFigure 2.4.37.

(@) Sketch the graph of f'(x) on the same axes.

(b) Where does f'(z) change its sign?

(c) Wheredoes f'(x) have alocal maximum or minimum?




Y
T
Tr1 T2 Ts
T3 Z4
Figure 2.4.37
ANSWER:
@ y
T
(b) At X1,X3,T5.
(C) At T2, T4.
9. Find the derivative of the following functions algebraically:
(@ g(z) =32>+2z —4atx=3.
(b) m(z) =223atz =2.
© p(z) = g(z) m(z)atz =2.
ANSWER:
(@) Using the definition of the derivative, we have
Fon 1o 9(3+h)—g(3)
93) = lim h
i BB+ h)? +2(3+h) —4) — (3(3) +2(3) — 4)
= 1m
h—0 h
2 p—
_ iy (3R 4200 +29) — (29)
h—0 h
2
— tim S 200 i 3h 420 = 20
h—0 h h—0

Sog'(3) = 20.
(b) Using the definition of the derivative, we have

2(h +2)% — 2n°

i 2 — l
m(2) = lim h
. 4h® 4+ 12R% + 24h
=lim —M
h—0 h

lim 4h% + 12k + 24 = 24.
h—0

Som/(2) = 24.

55
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© p(z) = (3z% + 2z — 4)(22%) = 625 + 4z* — 82

(6(h+2)° +4(h +2)" —8(h +2)%) — (6(2)° +4(2)* —8(2)%)

p'(2) = lim

h—0 h
. 6h° + 64h* + 264h° + 528> + 512k
= lim = 512.
h—0 h
Sop'(2) = 512.

10. Draw the graph of acontinuous function y = g(z) that satisfies the following three conditions:
e g(x)=0for z <0
e g'(xr)>0for 0<z <2
e g'(x) <0for z >2
ANSWER:
From the given information, we know that g is constant for z < 0, isincreasing betweenz = 0 and x = 2, and is
decreasing for z > 2. Figure 2.4.38 shows a possible graph—answers may vary.

Figure 2.4.38

Questions and Solutions for Section 2.5

1. Suppose that f(7") isthe cost to heat my house, in dollars per day, when the outside temperature is 7' degrees Fahrenheit.
(a) What does f'(23) = —0.17 mean?
(b) If f(23) = 7.54 and f'(23) = —0.17, approximately what isthe cost to heat my house when the outside temperature
is20°F?
ANSWER:

(@ f'(23) = —0.17 meansthat when the temperature outside is 23 degrees, the cost of heating the house will decrease by
arate of approximately 17 cents per day for each degree above 23. Since we know nothing about how f(7") behaves
at temperatures other than 7' = 23, it isimpossible to know over which range of temperatures this approximation is
valid. It seems reasonable to assume, however, that f(7") will be relatively smooth over arange of afew degrees.

(b) If the temperature goes down by 3° (i.e., to 20°), then the cost will increase by about (—3)(—0.17) = 0.51, resulting
inacost of $7.54 + $0.51 = $8.05.

2. To study traffic flow along a major road, the city installs a device at the edge of the road at 4:00 am. The device counts
the cars driving past, and records the total periodically. The resulting data is plotted on a graph, with time (in hours) on
the horizontal axis and the number of cars on the vertical axis. The graph is shown below; it isthe graph of the function

C(t) = Total number of carsthat have passed by after ¢ hours.
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# of cars

4000 yd

3000
/
2000 /

1000 //
/ t (hours)

2 4 6
Figure 2.5.39: Traffic Along Speedway

(@ When isthetraffic flow greatest?

(b) From the graph, estimate C’(3).

(c) What isthe meaning of C’(3)? What areits units? What does the value of C’(3) you obtained in (b) meanin practical
terms?

ANSWER:

(a) Traffic flow is greatest when the slope of C(t) is greatest, which occurs at about ¢ = 4. Sincet isin hours past 4:00
am., the flow is greatest at about 8:00 am.

(b) C'(3) = 1000

(c) C'(3) tellsus how many cars per hour are flowing past at 7:00 a.m. The value we obtained above for C' (3) tells us
that traffic flow at that time is about 1000 cars per hour.

- Every day the Office of Undergraduate Week of Inquiries That Week Total for Year
Admissions receives inquiries from ea-
ger high school students (e.g. “Please, 8/28-9/01 1085 11,928
please send me an application”, etc.) 9/04-9/08 1193 13,121
They keep a running account of the 9/11-9/15 1312 14.433
number of inquiries received each day, ’
along with the total number received un- 918-9/22 1443 15,876
til that point. To the right is a table of 9/25-9/29 1588 17,464
weekly figures from about the end of Au- 10/02-10/06 1746 19,210
gust to about the end of October of are- 10/09-10/13 1921 21131
cent year. '
y 10/16-10/20 2113 23,244
10/23-10/27 2325 25,569

(@) One of these columns can be interpreted as a rate of change. Which one? Of what? Explain.

(b) Based on the table write aformulathat gives approximately the total number of inquiries received by a given week.
Explain.

(c) Using your answer in part (b), roughly how many inquiries will the admissions office receive over the entire year?

(d) The actual number of inquiries that year was about 34,000. Discuss this, using your knowledge of how people apply
to college.

ANSWER:

(@) The second column — Inquiries That Week — is the weekly rate of change of the total for the year since, for example,
13,121 — 11,928 = 1193; we see that 1193 is the difference between the total number of inquiries as of 9/04 and
9/11.

(b) We have that the ratio of consecutive entries in the second column (total applicants for the year) is always about 1.1.
So if T isthe total number of applicants then we can try the exponential model

T(t) = (11,928)(1.1)"
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with ¢ = 0 corresponding to the week of 8/28 t0 9/01.

(c) Thereareabout 18 weeksfrom the start (¢ = 0) until the end of the year. Putting ¢ = 18 into theformulafor 7' above
givesT = 66,319 for the total number of applications for the year.

(d) Since most students send for applications in October and November to apply by the first of January, requests should
fall off in November, not continue to rise as our formula suggests. So the true figure (34,000) should be much less
than the calculated figure (66,319).

. Let t(h) be the temperature in degrees Celsius at a height & (in meters) above the surface of the earth. What do each of

the following quantities mean to a sky diver? Give units for the quantities.

(@ (1000) (b) t'(20)
© t(h)+20 (d) hsuchthatt (k) =20
ANSWER:

(@) Thetemperature in degrees Celsius at a height of 1000 meters.

(b) Therate of change of temperature with respect to height at 20 meters above the surface of the earth, in units of degrees
per meter.

(c) Thetemperature at height h plus a temperature of 20°C.

(d) The height, in meters, at which the rate of change of temperature with respect to height is 20 degrees per meter.

. Let L(r) be the amount of lumber, in board-feet, produced from a tree of radius r (measured in inches). Interpret the

following in practical terms, giving units.

(& L(6) (b) L'(24)
(¢) rsuchthat L(r) = 100 (d) rsuchthat L'(r) = 10
ANSWER:

(@ The number of board-feet of lumber obtained from atree of radius 6 inches.

(b) Therate of change in the amount of lumber, with respect to radius when radius is 24 inches, in board-feet per inch.
(c) Theradius (ininches) of atree that produces 100 board-feet of lumber.

(d) Theradius (in inches) at which the rate of change in board-feet per inch is 10.

. Thenoiselevel, N, in decibels, of arock concert isgiven by N = f(d), whered isthe distance in meters from the concert

speakers. What do the following quantities mean to someone who lives in the neighborhood near the concert? Give units
for the quantities.
(& f'(100)
(b) f'(1000)
(c) dsuchthat f(d) = 100
ANSWER:

(@) Therate of change, in decibels per meter, of noise 100 meters away from the speakers.
(b) Therate of change, in decibels per meter, of noise 1000 meters away from the speakers.
(c) Thedistance, in meters, away from the speakers at which the noise is 100 decibels.

. Inthe scenario from Exercise 6,

(8) Explaininwordswhat it meansif f/(100) > f'(1000).

(b) What situation might explain the expression f(d) + 50 describe?
ANSWER:

(@) Therate of change in sound, in decibels, at 100 meters from the speakers is greater than the rate of change at 1000
meters from the speakers.

(b) Thenoiselevel, in decibels, d meters from the speakers plus some additional noise of 50 decibels.

8. The population of a certain town is given by the function P(t) where ¢ is the number of years since the town was

incorporated.
(8) What doesit meanto say P'(175) = —50?
(b) What does it mean to say P'(185) = 100?
(c) If P'(t) isconstant for 185 < ¢, what will P(200) beif P(185) = 25,5007
ANSWER:
(a) 175 years after incorporation, the population is decreasing at arate of 50 people per year.

(b) 185 years after incorporation, the population isincreasing at arate of 100 people per year.
(c) From (b) weknow P’(¢) = 100 for 185 < ¢. This means the population will increase by 100 people per year.
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P(200) = (200 — 185)(100) + 25,500 = 1,500 + 25,500 = 27, 000 people.

Questions and Solutions for Section 2.6

1. Esther isaswimmer who prides herself in having a smooth backstroke. Let s(t) be her position in an Olympic size poal,
asafunction of time (s(t) is measured in meters, ¢ is seconds). (The Olympic size pool is 50 meters long.)

N e Py
TN~ ]
Start @

TN~ ]
N N Ny

s(t)

Below we list some values of s(t), for arecent swim.
t 0 3.0 8.6 14.6 20.8 27.6 31.9 38.1 45.8 53.9 60
s(t) 0 10 20 30 40 50 40 30 20 10 0

(a) Sketch possible graphs for Esther’s position and velocity. Put scales on your axes.

(b) Find Esther’s average speed and average velocity over the whole swim.

(c) Based on the data, can you say whether or not Esther’s instantaneous speed was ever greater than 3 meters/second?
Why?

(d) Give a brief qualitative description of the graph of Esther’s position (i.e., describe where the position is increasing,
decreasing, concave up or down). Explain these qualitative features in terms of Esther’s swimming behavior.

ANSWER:
@ s(t) v(t)
50 31
40 21
30 1
20 1 1 L L L Il
10 20 [30 40 50 g0 ! (seoondd
10 —11
1 1 1 1 1 _2
10 20 30 40 50 60 t (seconds) ﬁ\
total distance 100
(b) Average speed = W = G—QE m/so_ 1.67m/s
Average velocity = ota: Asp écemen = — m/s = 0 m/s (because she finishes in the same place she started)
total time 60

(c) Yes, because her average velocity over the first 3 seconds is % m/s > 3 m/s.

(d) Position is increasing up to the 50 meter marker, where she turns around, and then decreasing as she comes back.
Position is concave down at first, because she starts out fast and then settles down to a steady speed. At steady speed,
position graph is a straight line. Near the other end, the graph is concave down again. She starts fast in the opposite
direction and then slows down, making the graph concave up. At the very end, she speeds up in alast minute sprint,
making the graph concave down.
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2. The graph below represents the rate of change of afunction f with respect to z; i.e., itisagraph of f'.

Yy
02 .
7 ™ y=f'(z)
0 ] \ r
\
02 \ //
—0.4 \\
\\ /
—0.6 ~ \_///
05 1 15

You are told that £(0) = 0. On what intervalsis f increasing? On what intervalsisit decreasing? On what intervals
isthe graph of f concave up? Concave down? Isthere any value z = a other than z = 0 intheinterval 0 < = < 2 where
f(a) = 0?1f not, explain why not, and if so, give the approximate value of a.

ANSWER:

f isincreasing where f' is positive, namely from O to 1, and is decreasing where f’ is negative, between 1 and 2.
f is concave up where f' is increasing, namely on the intervals [0, 0.6] and [1.6, 2] and concave down on the interval
[0.6,1.6]. Findingana, 0 < a < 2, such that f(a) = 0 isequivalent to finding an a such that

/Oaf'(x)dxzo

We seethat at x = 1.4, f01'4 f'(x) dz is approximately zero, since the area above the z-axis between 0 and 1 cancels the
area below the z-axisbetween 1and 1.4, soa ~ 1.4.

3. On the axes below, sketch a smooth, continuous curve (i.e., no sharp corners, no breaks) which passes through the point
P(3,4), and which clearly satisfies the following conditions:

Concave up to the left of P
Concave down to theright of P
Increasing for x > 0

Decreasing for x < 0

Does not pass through the origin.

ANSWER:




4. Given the following function:
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W '
(@) Indicate intervals where it isincreasing, decreasing, concave up and concave down.
(b) Sketch the graph of the derivative function.
ANSWER:
@ Yy
d | u | d | u : d | u

|
|
|
|
|
|
|
|
:
|
t xr
:
|
|
|
|

For the above figure the increasing and decreasing intervals are indicated by: d=decreasing and i=increasing.

The concavity isindicated by: d=down, u=up.
(b) Yy

5. A function defined for al z hasthe following properties:
e fisincreasing.

NS



e [ isconcave down.
e f(5)=2.
e f'(5)=1/2.
(a) Sketch apossible graph for f(z).
(b) How many zeros does f () have and where are they located? Justify your answer.
(c) Isitpossiblethat f'(1) = 12 Justify your answer.
ANSWER:

@ f()

(b) The function has exactly one zero because it isincreasing everywhere. Since f(5) = 2, there cannot be azero to the
right of z = 5. The line tangent to the function at the point (5, 2) crosses the z-axisat x = 1. Since the function is
concave down, its graph must lie below such aline and thus the function must have azero between 1 and 5.

(c) Since f(x) is concave down everywhere, f'(1) > f'(5).But 2+ < %,s0 f/(1) = 1 isimpossible.

6. Assumethat f and g are differentiable functions defined on all of the real line. Mark the following TRUE or FALSE.

(a) Itispossiblethat f > 0 everywhere f' > 0, and "' < 0 everywhere.

(b) f cansatisfy: ' > 0 everywhere, f' < 0 everywhere, and f > 0 everywhere.

(c) fand g cansatisfy: f'(z) > g'(z) for al z, and f(z) < g(z) for al .

(d) If f'(x) = g'(z) for al z and if f(zo) = g(z0o) for some zo, then f(z) = g(z) for dl z.
(e If f” < 0 everywhereand f' < 0 everywhere then BT f(z) = —oo.

() If f'(z) > 0forall z and f(z) > 0foral zthen lim f(z) = oo.
r—+00

ANSWER:

(8) FALSE.
(b) TRUE.
(c) TRUE.
(d) TRUE.
(6) TRUE.
(f) FALSE.

7. Suppose afunction isgiven by atable of values as follows:

x 11 13 15 17 19 21
fzy | 12 15 21 23 24 25

(8) Estimate the instantaneous rate of change of f at = = 1.7.

(b) Write an equation for the tangent lineto f at x = 1.7 using your estimate found in (a).

(c) Useyour answer in (b) to predict avaluefor f at x = 1.8. Isyour prediction too large or too small? Why?
(d) Is f" positive or negative at x = 1.7? How can you tell? Can you estimate its value?

ANSWER:

(a) We approximate the instantaneous rate of change of f(z) a = = 1.7 by the slope of the line joining the points
(1.7,23) and (1.9, 24), whichis 55 = 5.
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(b) The equation of aline with Slope 5 passing through the point (1.7, 23) is

y—23 =5(zx—1.7)
y=234+5x—8.5
= 14.5 + 5x.
(c) Atz = 1.8, we predict that

y=145+5-(1.8)
= 23.5.

Since the curve appears to be concave down over the interval z > 1.3, theline joining (1.7, 23) and (1.9, 24) lies
below the curve, and hence 23.5 is an underestimate.
(d) f" appearsto be negative. To estimate the value of f"/(1.7), we first estimate values of f'(1.6) and f'(1.8):

fL7) - f(1.5)

F1(16) S22 =10 and
’ ~ f(]-g) — f(17) —
O
Now, ’ ’
o~ U8 108 510

1.8—-1.6 0.2

For Problems 8- 9, circle the correct answer(s) or fill in the blanks. No reasons need be given.

8. Each graph in the right-hand column below represents the second derivative of some function shown in the left-hand
column. Match the functions and their second derivatives.

Functions Second Derivatives

(@) Yy (0] Yy
J F T T

(b) Y (ii) Y
/ \ xT xT

@ Yy (il Y

xT
xr
) —_—
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10.

Function (a) has second derivative
Function (b) has second derivative
Function (c) has second derivative
Function (d) has second derivative

ANSWER:
@ (iv)
(b) (iii)
© (@)
(d) (i)
The cost of mining aton of coal isrising faster every year. Suppose C(t) isthe cost of mining aton of coal at timet.
(8 Which of the following must be positive? (Circle those which are.)
i C)
(i) C'(t)
(i) C"(t)
(b) Which of the following must be increasing? (Circle those which are.)
i) C(t)
(i) C'(t)
(i) C"(t)
(c) Which of the following must be concave up? (Circle those which are.)
i) C(t)
(i) C'(t)
(i) C"(t)
ANSWER:
(@ C(t), C'(t), C"(t) positive
(o) C(t), C'(t) increasing
(c) C(t) concave up.
Let S(¢) represent the number of students enrolled in school in the year ¢. What do each of the following tell us about the
signs of the first and second derivatives of S(t)?

(@) The number of students enrolling isincreasing faster and faster.
(b) Theenrollment is getting close to reaching its maximum.
(c) Enrollment decreased steadily.

ANSWER:
(@ ds/dt > 0and d?s/dt*> > 0.
(b) ds/dt > 0and d*s/dt> < 0 (but ds/dt iscloseto zero).
(©) ds/dt < 0 and d?s/dt* is congtant.

11. A driver obeys the speed limit as she travels past different towns in the order A, B, C. In town A, the speed limit is 50

mph. Intown B, the speed limit is 35 mph and in town C, speed limit is 65mph.

(@) If S(t) represents the driver’s position at time ¢, compare S’ (t) when she is passing town A to S'(¢) when she is
passing town C.

(b) If it always takes her two minutes to reach the new speed limit when she passes by a new town, what can you say
about S” () for the first two minutes she travels by towns B and C'?
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ANSWER:

(&) S'(t) represents the velocity or rate of change in position. S'(¢) at town A islessthan S'(t) at town C.

(b) S"(t) represents acceleration. When she gets to town B she has to slow down from 50 mph to 35 mph. When she
getsto town C she hasto speed up to reach 65 mph. So S” (¢) at town B isnegative and S” (t) at town C is positive.
The magnitude of S"' () at town B isless than the magnitude of S (¢) at town C.

12. A company graphs C’ (t), the derivative of the number of pints of ice cream sold over the past ten years.

c'(t)
: =t (years
s 10 (years)
Figure 2.6.40
At what year was
(@ C(t) greatest? (b) C'(t) greatest?
() C"(t) greatest? (d C(¢) least?
ANSWER:

Since C'(t) is positive everywhere, C(t) is increasing everywhere. Hence C(t) is greatest at year ten and least at
year zero. We see C'(t) is greatest around year two. C" (t) is greatest where C'(t) is rising most rapidly, namely before
year 2.

13. Sketch a graph for the derivative of an advertising company’s revenue with the following properties: First revenue in-

creased steadily. That was followed by a short period of near zero revenue. Then revenue grew faster and faster.
ANSWER:

IR

7

Figure 2.6.41

Questions and Solutions for Section 2.7

1. Sketch agraphy = f(z) that is continuous everywhere on —10 < z < 10 but not differentisbleat x = —5 or x = 5.
ANSWER:

Many possible.



66

Figure 2.7.42

2. Sketch agraph of acontinuous function f(z) with the following properties:

@ f'(z) <0forz <4
(o) f'(z)>0forz >4
() f"(4) isundefined
ANSWER:
Many possible.

. x

4

Figure 2.7.43

3. Discussthe continuity and differentiability of
@ f(x) = |x1+ 3|
(b) g(z)= z+3
ANSWER:

(@ f(z) iscontinuous everywhere but not differentiable at z = —3.
(b) g(z) isneither continuous nor differentiable at x = —3.
4. Given the function
1—sin(nr/2) for —1<r<1
h(r) =
0 forr< —lorr>1
(@ Ish(r) continuous at r = 1?7 Explain.
(b) Do you think h(r) isdifferentiable at » = 17 Explain.
(c) Ish(r) differentiableat r = —17
ANSWER:

(a) Thegraph of h(r) does not have abreak or jump at r = 1, so h(r) is continuous there. Thisis confirmed by the fact
that
h(l)=1-sin(m(1)/2)=1-1=0
So the value of h(r) asyou approach r = 1 from the I€eft is the same as the value when you approach r = 1 form the
right.
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(b) The graph of h(r) does not have acorner at r = 1, so h(r) appears differentiable there. Notice also that the slope of
1 —sin (7r/2) iszeroat r = 1, so the slope to theleft and right of » = 1 are the same.
(¢) No.h(—1) =1 —sin(—n/2) = 2, s0 h(r) isneither differentiable nor continuous at » = —1.

Review Questions and Solutions for Chapter 2

1. Let f(z) = 25,

(@ Using your calculator, estimate f'(2).
Don't forget to set your calculator to radian mode.

(b) Find the linear approximation for f(x) near z = 2.

(c) Using the computer, graph f(x) and its linear approximation together on the same screen. For what range of values
do you think your approximation is reasonably accurate? Explain how you chose your answe.

(d) Now graph f(z) and g(x) = " on the same axes. Describe what you see, including any particularly interesting
features. Can you explain those features?
ANSWER:

(@) We use shrinking intervalsto theright of z = 2 to approximate f'(2):

Interval size, h w
f2.1) - f(2)
0.1 ST R 0192
f(2.01) = f(2) _
0.01 S~ 0-300
f(2.001) — f(2) _
0.001 oo R0
£(2.0001) — £(2) _
0.0001 FERO =1 < 0312

Hence, f'(2) appears to be about 0.312.
(b) Thelinear approximation, h(z), for f(x) near x = 2 isgiven by

h(z) = £(2) + (x — 2)f'(2) = 1.878 + (x — 2)0.312 = 1.254 + 0.312z.

()
Y Y
3 2.0
LT
2 L .
1] I3
1.9 —
/%/ £
7
1 //
I //
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The graph on theright is an enlargement of theregion 1.9 < z < 2.1 and 1.8 < y < 2.0. From the graph we
guess that the linear approximation found is accurate only over theregion 1.97 < z < 2.04. Thisis because the two
curves agree fairly closely over thisregion.

(d) (
3 |
/14
/
2 / -
f
1
N
T
1 2 3

The curves z® and 25" agree closely for 0 < = < 1. Thisis because the exponents of these two functions, namely
x and sin z agree fairly well over 0 < z < 1.

2. Alonein your dim, unheated room you light one candle rather than curse the darkness. Disgusted by the mess, you walk
directly away from the candle, cursing. The temperature (in degrees Fahrenheit) and illumination (in % of one candle
power) decrease as your distance (in feet) from the candle increases. In fact, you have tables showing this information!

distance(feet) Temp. (°F) distance(feet) illumination
0 55 0 100
1 545 1 85
2 535 2 75
3 52 3 67
4 50 4 60
5 47 5 56
6 435 6 53

You are cold when the temperature is below 40°. (You are from California.) You are in the dark when the illumination is
at most 50% of one candle power.

(@) Two graphs are sketched below. One is temperature as a function of distance and one isillumination as a function of
distance. Which iswhich? Explain.

dist. dist.

(b) What isthe average rate at which the temperature is changing when the illumination drops from 75% to 56%?

(c) You can still read your watch when the illumination is about 65%, so somewhere between 3 and 4 feet. Can you read
your watch at 3.5 feet? Explain.

(d) Supposeyou know that at 6 feet the instantaneous rate of change of the temperatureis —4.5° F/ft and the instantaneous
rate of change of illumination is —3% candle power/ft. Estimate the temperature and the illumination at 7 feet.

(e) Areyou inthe dark before you are cold, or vice-versa?

ANSWER:
(@) Thefirst graph plots illumination versus distance. We can see this in the chart because illumination drops rapidly at



(b)
(©

(d)

C)
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first, then begins to level off.
The second graph is a plot of temperature versus distance. This can be seen on the chart as temperature drops slowly
at first, then greatly with distance from the candle.

475_% = —2.17°F/ft.

If we want to find the brightness at 3.5 feet from the candle, let’s average the brightness at 3 and 4 feet to get 63.5%.
However, since this curve is concave up, 63.5% is an overestimate. So we cannot read the watch.

If, at 6 feet from the candle, the instantaneous rate of change is —4.5°F/ft, then an estimate for temperature at 7 feet
might be 43.5 — 4.5 = 39°F. Since this curve is concave down, this extrapolation is an overestimate. If, at 6 feet
from the candle, the instantaneous rate of change is —3% candle power / ft, then an estimate for the illumination at 7
feet might be 53 — 3 = 50% candle power/ft. Since this concave up, this extrapolation is an underestimate.

At 7 feet from the candle, the temperature is less than 39° F and the illumination is greater than 50%. You are cold,
but you are not yet dark. You thus become cold before you become dark.

3. Two politicians, named A and B, carefully inspect atable of values, x versusy. A claimsthat the table islinear, while B
clamsitis exponential.

@
(b)
(©

@
(b)
©

You look at the table and agree with A. Explain what you saw in the table.

You look at the table and agree with B. Explain what you saw in the table.

You look at the table and realize that neither is exactly right, but both of them are approximately correct. Explain why
this can be so. Referring to the derivative might be appropriate.

ANSWER:

For each change in z, the corresponding change in y is proportional with the same constant of proportionality.

Each time z changes by a certain amount, the ratio of the corresponding y-values is the same.

The table could be approximately linear and approximately exponential if the exponential function used were approx-
imately linear. This could happen if we used a portion of an exponential graph and had zoomed in sufficiently so that
the exponential looked almost straight.

4. The graphs below are each the derivative of afunction. Sketch a graph of each original function.

@

(b)

(©

f'(=)

Figure 2.7.44

| £ @

Figure 2.7.45

Figure 2.7.46

ANSWER:
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@

Figure 2.7.47

® ™ @)

Figure 2.7.48
(©
f(z)
Figure 2.7.49
2?2z — 4 . )
5 Isf(x) = 3 continuous? Explain why or why not.
ANSWER:
z?(2x — 4) 2
RNt DD B i
fa)==—"5= =4 2 #=
v M=—2$2,$<2
z—2
lim f(z) =8while lim f(z) = —8, thus lim f(z) doesnot exist.
z—2t T2 z—2
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Chapter 3 Exam Questions

Questions and Solutions for Section 3.1

1. Consider thefunction f(z) = «® — 422 + 9.
(a) Givethe equations of thetangent lineat z = 1 and the tangent lineat =z = 2.
(b) Estimate f(1.5) first using the tangent lineat z = 1 and then using the tangent line at = = 2.
(c) Theestimateusing z = 1 isdlightly better. Explain why.
ANSWER:
(@ f'(x) = 3z> —8z. Then f'(1) = —5 isthe slope of the tangent lineat =z = 1, and f'(2) = —4 isthe slope of the
tangent line at x = 2. The equations of these lines are
y=-—bxr+11 (tangent line at (1, 6))

y=—-4x+9 (tangent lineat (2, 1))

(b) Substituting 1.5 in for z, the first tangent line equation gives f(1.5) =~ —5(1.5) + 11 = 3.5. The second equation
gives f(1.5) = —4(1.5) + 9 = 3. (The actual value is 3.375.)

(© Y

| .

y=f'(x)

The error in the local linearization depends on how much f' is changing. (There would be no error if f were
constant, for then f would itself be linear.) From the graph we can seethat f’ is more nearly constant between 1 and
1.5 than between 1.5 and 2, so we'd expect f to deviate more from its linearization at 2 than fromitslinearization at
1. Alternatively we may note that f(z) = 6z — 8, whence |/ (1)| < |f"(2)|, so f' ischanging more rapidly near
2 than near 1.

2. Given f(z) = 2® — 62* + 9z — 5,

(@) Find the slope of thetangent linetothecurveat z = —2.
(b) What isthe equation of thistangent line?
(c) Find all points where the curve has a horizontal tangent.

ANSWER:

@ f(z) =2 —62%+92 — 5,50 f'(z) = 32> — 122 + 9. Atz = —2, the lope is 45.
(b) Thetangent line passes through (—2, —55), so its equation is

y+55=45(x+2) or y=45z+35.

(c) Thelinetangenttothecurvey = f(z) ishorizontal whenitsslope, f'(x), iszero. Thishappenswhen 32> —12249 =
3(x —1)(z —3) =0, thatis,whenz =1 or z = 3.

3. Decide whether the following statement is true or false and provide a short explanation or counterexample:
The 10th derivative of f(z) = 2! is0.
ANSWER:
FALSE. The tenth derivative of f(x) = z'° is10! (10 factorial).

4. Usethe definition of the derivative to justify the power rulefor n = 4 : Show di(2m4) = 82°.
X
ANSWER:

4 o 4 )
A (9t = tim (2EEP =20 gy 2 (004 0™ 4 60%h? 4 42h® + B — o)
dx h—0 h h—0 h

= lim 2 (42° + 62°h + 4zh® + 1°) = 82°

h—0
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5. Find the derivatives of the given functions.

1
@ y=2z" - —
2x

(b) f(z) =27 +2°

2% —t2 + 6
(0 gt)= BT E—
ANSWER:

1 _
@ y:2x3—§a: !

2 ].
= 6x +m

1 _.
y':6x2+§a: ?

) f(z)=2c"?+2°

f(z) = e 12 4327 = % + 327
3 _ 42
() g(t) = w =2t—1+6t7% 0
g (t)=2—12t73.
6. If g(t) = 4t —* + 3t
(@ find g'(t) and g" (¢)
(b) If g(t) represents the position of a particle at time ¢ seconds, what do ¢'(3) and g” (4) represent?

ANSWER:
@ g'(t)=12t> -2t +3
g'(t) =24t —2

(b) ¢'(3) represents the velocity of the particle at time 3 seconds.
g" (4) represents the acceleration of the particle at time 4 seconds.

7. Consider the function f(z) = 2z* — 42® 4 2. Are there values of z for which f(z) has the following properties? If so,
indicate the values.

(@) Increasing
(b) Decreasing and concave up
ANSWER:

(@) Increasing means f'(x) > 0.
f'(z) = 8z — 122 = 42 (22 — 3)
So f'(z) > 0 when (2z — 3) > 0 and = # 0. Therefore

2 > 3

x> 3/2
() Decreasing means f'(z) < 0.
So f'(z) < O when (2z — 3) < 0 and x # 0. Therefore
2¢ < 3

x < 3/2

Concave up means "' (z) > 0.
' (x) = 242” — 24z = 24x(x — 1)

f"(z) > 0 when 24z(z —1) >0
z<0or z>1
So both conditionsholdwhenz < 0 or1 < = < 3/2.
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8. Given apower function of theform f(z) = az", findn and a sothat f/(2) = —1and f'(4) = —1/4, .

ANSWER:
Since f(z) = az™, f'(z) = naz™"'. Weknow that f'(2) = na(2)" ' = —1and f'(4) = na(4)" ' = —1/4.
Therefore,
4 _ -z
12 -1
(na)d™ "t ra\"t 1
(na)2n—t — (5) T4
n— 1 —
"= =27

and thusn = —1.
Substituting n = —1 into the expression for f'(2), we get

(-Da(2)? = -1

%:La:4
9. Given f(z) =3z> —rand g(z) = 2 +32% - 3
@ find 2 [£(2) + g(x)]
(B find < [g(x) — 2f(2)]
ANSWER:
(a;%U@ﬂ+g@ﬂ:égmﬁ—x+xW+w2—ﬂ=n%[3+w¥—x—3pzwz+nx—1

d _d. 3 2 o a2 L S ST S
(b) dx[g(x) 2f(a:)]—dx[a: +3z” —3 -6z +2a:]—dm[a: 3z° 4 2z — 3] =3z — 6 +2

Questions and Solutions for Section 3.2

1. Consider thegraphy = e®.
(a) Find the equation of the tangent line to the graph at (a, ¢®).
(b) Findthe z- and y-intercepts of theline in part (a).

(c) Show that the highest y-intercept of any tangent lineisy = 1. (You may give a geometric argument as long as you
say clearly what properties of the graph you are using.)

ANSWER:
(8 Theslope of the tangent line et (a,e®) is Z—‘Z = e“, s0 the equation of the tangent lineis
y—e — ea
r—a
y—e" = xze” —ae”

(b) Atz =0,y =e*(1 —a).Aty=0,z =a — 1.
(c) Theformulaof part (b) givesthe y-intercept for the line tangent to any point of the graph of y = ¢*. So the maximum
y-intercept is attained wherever e® (1 — a) islargest.

To find where e®(1 — a) is maximized, we examine the derivative: d%e“(l —a) = —ae”. Thisclearly hasonly

oneroot, at a = 0, and isnegative for al a > 0; so the maximum y-interceptise®(1 — a) =1

a=0
You can aso see thisgeometrically. Since the graph of y = e” isconcave up, the tangent line at any point (a, e*)
lies below the curve. So the y-intercept of any tangent line will be at or below wherethe curvey = €” hitsthe y-axis,
i.e.at (0,1). Thusthetangent lineat (0, 1) has the largest y-intercept, namely 1, among all possible tangent lines.
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2. If P dollarsareinvested at an annual rate of %, then in ¢ years thisinvestment growsto F' dollars, where

t

(@ Assuming P and r are constant, find C;—IZ In practical terms (in terms of money), what does this derivative mean?

(b) Solve the given equation for P. Assuming F' and r are constant, find % What isits sign? Why is this sign reason-
able?
ANSWER:

(@ 4 = P(1+ %)" In(1 + 1%5), which gives the rate at which the total amount of money grows.

(b) P=F(1+ ) "0 ‘fi—f = —F(1+ &) "In(1 + %) Thesign is negative, indicating that given the anount

one wants to end up with, increasing the amount of time for which the money is invested decreases the amount one
must put it initially to get the desired return.
3. Find the derivative of the functions below:
(8 y=3"—3
(b) f(z) =6e" —5°
(© g(z) =2e™" =2(e")*
ANSWER:
@ o' = (n3)3°
(b) f'(z) = 6e” —In5(5%)
(©) g(z) =2e"" =2(e™)* s0
g'(z) =2(e™)* In(e™) = 2m(e™)* = 2me™
4. Find the derivative:
@ f(z) = (n2)z” + (In5)e?
1 z
(b) g(l’) =3r — 3—\/5 +3
ANSWER:
@ f'(z) = (2In2)z + (In5)e”

(b) ¢'(z) = %[3x—x_1/3+3 =3+ —=

5. Find the derivative:
@ h(t) =" + (x%)" + 7t
() gt) = (1/e)t +el +e
ANSWER:
@ I (t) =% "D 4 (7% In (7°) + 3t
(0) ¢'(t) =In(1/e)(1/e)" +e' = —(1/e)" +¢'
6. Consider the function g(z) = 32® + 3”. Givethe equation of the tangent linesat = 0 and z = 2.
ANSWER:

1 x
soi7s T1n3(37)

g (z) =92° +3"In3
g'(0)=9(0)* +3°In3 =1n3
9(0) =3(0)° +3° =
y=(In3)z + 1.
d(3)=93)"+3*In3 =81+27In3
y=(81+27In3)x + 1.
7. With ayearly inflation rate of 3%, prices are described by P = Py(1.03)*, where P, isthe pricein dollarswhen t = 0
andt istimeinyears. If P, = 1.2, how fast (in cents/year) are pricesrising when ¢ = 157
ANSWER:
Since P = (1.2)(1.03)
dollarsor 5.5 centslyear.

t,% = (1.2)In (1.03)(1.03)". When ¢t = 15, C,ljt) = (1.2)In (1.03)(1.03)"® = 0.055



8. (a) Find the dope of the graph of g(x) = x — 2¢” at the point where it crosses the y-axis.
(b) Find the equation of the tangent line to the curve at the point from part (a).
(c) Find the equation of the line perpendicular to the line from part (8) that goes through (1, 1).

ANSWER:
@ ¢'(z) =1-—2¢".

The graph crosses the y-axiswhen z = 0, so the point is (0, —2).
Slopeat (0, —2) is1 —2e° = —1

b)) y+2=-1(z), y=—x—2
©y-1=1z-1)

y=v
9. Usethe definition of the derivative to justify theformulad(x ) =nz" "t forn = —2.
ANSWER:
—2 -2 _ -2
d(z )zlim (x + h) x =liml 1 1
dz h—0 h ko h | (x+h)2 2
.12 = (z+h)? .1 [—2zh—h?
=lim-|——————|=lm - | ——
h=0 h | z2(z + h)? h=0 h | z2(z + h)?2
— lim —2r—h  —2r 9y
T hoox(z+h)?2 Tzt

"

10. Giveny = 4* + 3% findy',y", and y".
ANSWER:
y' =1n4(4") +1n 3(3%)
y" = (In4)*(4%) + (In3)*(3%)

y" = (In4)*(4) + (n3)°(3")

Questions and Solutions for Section 3.3

1. Consider the following table of datafor the function f.

z 50 | 51 | 52 | 53 | 54
fz) | 92 | 88 | 83 | 77 | 70

(@) Estimate f'(5.1).

(b) Givean equation for the tangent at z = 5.1.

(c) What isthesign of f”(5.1)? Explain your answer.

(d) Isthisthe table of datalinear? Exponential? Quadratic? Explain your answer.

(e) Suppose g isafunction such that g(5.1) = 10 and ¢’ (5.1) = 3. Find A’ (5.1) where
(i) h(z) = f(z)g(x)
(i) h(z) = f(z)/9(x).
ANSWER:

@

f(5.2) — f(5.1) 83—-88 _5

0.1 0.1 '

f'(5.1) =

(b) y —8.8=—5(z —5.1), s0y = —bz + 34.3 isthe equation for the tangent line.



(c) The sign of f”(5.1) is negative because the derivative is decreasing (becoming more negative) here. To see this,
compare
(f(5.1) — £(5.0)) /0.1 = —4
with
(f(5.2) — f(5.1)) /0.1 = =5

(d) Thetableisquadratic because the derivative of f islinear: f'(5) ~ —4, f'(5.1) ~ —5, f'(5.2) ~ —6, and so on.
Overall, the change in the derivative is linearly related to the change in z. Thus f'(x) = ax + b, for some a and b, sO
f(x) = ax®/2 + bz + C for somea, b, and C.

(® (i) Since

W (x) = f'(x)g(x) + f(2)g (2),

B'(5.1) = f(5.1)g(5.1) + f(5.1)¢’ (5.1) = (—5)10 + (8.8)3 = —23.6.

(ii) Since

' 9(@)f'(z) — f(x)g'(z)

e ) ERN

/ _ (10)(—=5) — (8.8)3 _
B (5.1) = B (T —0.764.

2. (&) Find the derivative of f(x) = z~3(2z* + 2) using the product rule and simplify the answer.
(b) Rewrite f(x) asaquotient and use the quotient ruleto find f'(x).

ANSWER:
(@
(@) =238z + (22" +2)(-32"")=8—-6—-6z""=2— 62"
(b)
22t 2

fl@)=—73

vy 22(82%) — (22 +2)(32%) _ 82® —62° — 62

f (1-) - ($3)2 - 1.6

6 2
- % 9 gt

2

3. Find the equation of the tangent lineto the graph of g(z) = z 1
T
ANSWER:
Since g(1) = -2
=T
We find the derivative of g(x) using the quotient rule:

at the point at which x = 1.

= —%, the tangent line passes through the point (1, —1/2).

() = (z+1)(22) — (2° —2)(1) 22> +2x—2>+2 2°+22+2
7= (@+1)? T @r? (@t
o , 14242 5 . o
Atz = 1, the slope of the tangent lineism = ¢'(1) = m =1 The equation of the tangent lineis
1 5
y+5=1@-1
_5, 7T
Y=Yt
4. Differentiate g(t) = e~ ¢ + 22! by writing each term as a quotient before finding the derivative.
ANSWER:
1 2
g(t) = praRaeTS
ef(0) — 1(ef)  e*(0) — 2(2e*
J(t) = ()”() ()2”( )
(e") (e*)
—et 4%

—t —2t
= — - —=—¢e  —de
o2t et
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5. Given f(z) = e, g(a) = 2%, h(z) = {(@)g(z), and j(a) = L)

(@ Find A’ (x) and h" (z).
(b) Find j'(z) and 5" ()

ANSWER:
@
h(z) = e*2°
B (z) = e (In2)2" 4 2%¢"
R (z) = €"(In2)%2" + (In2)2%¢” + 2%¢” + ¢*(In 2)2"
=2"e"((In2)° +2In2 + 1)
(b)
. 2¢
j(z) = P
gy _ € (In2)2" —2%e"  2%e*(In2-1) 2" B
j(x) = aE = 3o == (n2-1)
j'(@) = (2= 1)(%)
— (mn2—-1)(n2— 1)57
2ft
p— —_ 2_
=(n2-1) o
6. Given f(z) = —%— and g(x) = o2 and h(z) = f(x)g(x), find ' (2)
' T op 41 NI T T BEAEA '
ANSWER:
W (z) = f(x)g'(x) + g(z)f ()
o 327 (2x) — (2* + 2)(62) n 22 +2 2z +1)(32%) — z3(2)
T2 +1 (322)2 32 (22 +1)2
. z> 623 — 62> — 12z +x2+2 622 + 322 — 22°
T2z 41 9z? 3z2 42 + 4z + 1

ran 28 —12(2) 2242 [ 4(2)% +3(2)*
e e T ( 9(2) >+ 32)2 (4(2)2+4(2)+1>

§(—24)+£( 32+ 12 )
5\9-24 12 \16 +8+1

_ 4
1525 75
7. 1f j(z) = g(z)h(z) and §' (x) = 22> + 32%(2x + 1), what are g(z) and h(z)?
ANSWER:
7' (z) = g(@) (z) + h(z)g'(x)
g(z) =2 and h(z) = 2o + 1
8. Differentiate g(x) = 3e¢>® by first writing it as a product.
ANSWER:
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2
9. Differentiate —%—

3+ 1
ANSWER:

(2% + 1)(12z) — 62°(32%) _ 122" + 122 — 182"  —6a* + 122 _ 6z(—2° +2)
(3 +1)2 - (3 +1)2 - (3 +1)2 - (3 +1)2

Questions and Solutions for Section 3.4

1. The table to the right gives values for functions f

and g, and their derivatives. T -1 0 1 2 3
@
i I B R g i
—(f@)g() 7
éln% -3 =2 15| -1]1
i(M) q 2 3 2| 25| 3
dz \ g(z)
at
r=-1
(b)
Fcilnd
7o 9(@)
a?ld
29/ (@)
at
0.
ANSWER:
@
% (f(2)g(z)) = f(x)g'(x) + f'(z)g(z)
) =3(2)+(-3)1=3
d <@> _ '(z)g(z) — f(x)g'(x)
dr \ g(z) ) | __| (9(z))? S
(=)D =-B)® _ _,
12
(b)
L(fe@)| =7 nd@
=f(2)3) =-1(3) = -3
d . )
7z W(f (@) ) =g (f(x))f (2) B

2. A table of values for afunction F' near x = 3 and tables of values for afunction G near x = 3 and near x = 7 are given
below.

T 2.9 3.0 3.1
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x 29 | 30 | 3.1 x 69 | 70 | 71
G) || 52 | 5.0 | 48 G) || 195 | 2.0 | 2.05

(@ Find F'(3), G'(3), G'(7).

(b) If H(z) = F(z)G(z), find H'(3).
(¢) If H(z) = F(z)/G(z), find H'(3).
(d) If H(z) = G(F(z)), find H'(3).
ANSWER:
@
b L F(31) = F(3.0)  73-70
F @)~ 31-30 0.1 =3
rry L G(3.1) —G(3.0)  48-50
G~ 351-30 01  °
pon L G(71.1) = G(7.0)  2.05-2.00 1
G~ 71-70 0.1 )

(b) H'(3) = F'(3)G(3) + F(3)G'(3) =3-5+7-(=2) = 1.

F'(3)G(3)—G'(3)F(3 p
© H'(3)= (3) (G)2(3>() ():%.

@ H'(3)=G'(FR)HF(3)=G(NF(3)=3-3=13.

. The volume of acertain treeis given by V = ;L C”h, where C is the circumference of the tree at the ground level and
h isthe height of thetree. If C'is 5 feet and growing at the rate of 0.2 feet per year, and if h is22 feet and is growing at 4
feet per year, find the rate of growth of the volume V.

ANSWER:
We have
v=-"Lc
T 127w ’
% av 1 dc dh
_— —_ 2_
dat - 127 (ZChdt +C dt)'

i i ac dh .
Sincewe are given that C = 5, 7 = 0.2, h = 22 and 5 = 4, we get:

av 1

~ 3
o = Ton(205:22(0.2) +25-4) & 382t /yr.

. Let f(z) and g(z) be two functions. Values of f(z), f'(z), g(z), and ¢'(z) for z = 0, 1, and 2 are given in the table
below. Use the information in the table to answer the questions that follow.

t | f@) [ F@ | 9@) | 4@
0 1 -1 2 5
1 -1 2 4 0
2 7 3 11 0.5

(@ If H(z) = /™ + 7z, then H'(0) =
M) L4n
e
(i) e + 7z
(i) e+
@iv) e
V) m—e
(b) If J(z) = [f(2)]* then J'(1) =
(i) 1
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(i) —2
(iii) 4
(iv) —4
(v) 2
(c) If K(x) = f(g(x)), then K'(0) =
(i) 15
(i) 35
(i) =5
(iv) —1
v) 7
ANSWER:
@ H'(z)=e/@ f(x)+7
HO) =e/O () +r=¢"(-1)+n
@er—e
(b) J'(z) =2f(z)- f'(2)
J'(1) =2f(1)- f(1)
(d) —4
(© K'(z) = f'(9(x)) ¢ (x)
K'(0) = f'(9(0)) - g'(0)
=f(2)-4'(0) @15
=3-5=15

. (@) What isthe instantaneous rate of change of the function f(z) = e ar=0?ar =17z = 2?

(b) Usetheinformation from part (&) to sketch the graph of the function for z > 0.
ANSWER:

@ f'(2) = —2ze~"5 £/(0) = 0; /(1) = —2 75 f(2) = —de "

(b)

. (8) Find the equation of the tangent lineto f(z) = e %% at z = 2.

(b) Useit to approximate the value of f(2.2).
(c) Find the point where the tangent line crosses the z-axis.
ANSWER:

(@ Since f'(x) = —3e737, f'(2) = —3¢ 5. Moreover, f(2) = e~°. The tangent line to the graph of f a = = 2 goes
through (2, e %) and has slope —3e~°. The equation of the tangent line isthen
y—e ®=-3%z-2)
y= —3e %z +7e "

(b) £(2.2) = =3¢ %(2.2) + 7¢ ® = 0.4 ® = 0.00099.
(c) Thetangent line crossesthe z-axiswhen y = 0; that is, when z = 7/3.

. Find a point on the graph of y = ¢3® at which the tangent line passes through the origin.

ANSWER:

Call the desired point (g, ¢37). Then the slope of the tangent line at this point is 3e3?, and the equation of the tangent
lineat (g,e37) isy — €37 = 3e3(z — ¢). We know that this line passes through (0, 0), so we have —e®? = 3e37(—q);
q = 1. Sothedesired pointis (1,e)



8. Find the derivatives

@ h(z) = (22° +¢€")°

0 g@) = VarT T et

_ (2z° +€%)

© k@) = mrr
ANSWER:

(@ A (z) =322 +e")? (62> +e")
(0) g(z) = (22° + ")/
g (z) = %(291:3 + e’”)_l/z(fia:2 +e%)
©) k(z) = (22% +¢e")%/?
K (z) = (22° + %) (—%) (22° + e)~¥2(62% + ¢%) + (22° + e%)~V/2(3)(22° + e%)2 (62 + ¢®)
5
2
9. Find the derivatives:
@ flz) =217
(0) g(z) = \/e® + e?
ANSWER:
@ f'(x) =4In2. 2%
2\ 1/2
® g@) = (= +e)
g (x) = % (ex + 6902) o (eg” + 2xem2)

10. Find thefirst three derivatives of g(z) = (az” + b)%. Assumethat a and b are constants.
ANSWER:

(622 + €%) (22> + €)%/

g (z) = 2(az® + b)(2az) = 4az(az® +b)

¢ (z) = 4az(2az) + (ax’® + b)da = 12a°2> + 4ab
n 2

g (x) =24a"x

Questions and Solutions for Section 3.5

1. Find the derivatives:

d a1
@ Cge
(b) i (6sin(6%))
ANSWER:

d o1 2(¢—1)
@ —e =2e
dt

®) d% (6sin(6%)) = sin(62) + 6 (26 cos(6%)) sin(6) + 26 cos(6)

2. (@) Find afunction F(x) such that F’(z) = z* 4 sin x and F(0) = 5.
(b) Sketch the graph of afunction G(z) whose derivative G’ (z) = g(x) has the graph drawn below.

81
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Y
g9(z) = G'(x)
1.5
1 1 1 1 z
1 3 4 5
ANSWER:
(@ The anti-derivative of F'(z) = z* + sinz is % —cosz + C. Since F(0) = 5, % —cos(0)+ C =5,and C = 6.
So
: .
F(z) = 5 —cosz + 6.
(b) y
g9(z) = G'(x)
1.5 +
) ‘ 1 1 z
3 4 5
G(z)

3. A particle movesin such away that z(t) = 4t* 4+ 7sint.
(@) What istheinstantaneous rate of change at ¢t = 0?
(b) What isthe instantaneous rate of change at t = 5 ?
() What isthe average rate of change betweent =0 andt = 5?
ANSWER:

(@) Thederivativeisz’(t) = 8t + 7 cost, so the instantaneous rate of change at z = 0 isz'(0) = 7.
(b) (%) = 4r.
(c) The average rate of change over [0, Z] isgiven by

2(3) -0 _ (7*+7) -0 _2(z*+7)

% — = % - ~ 10.74.
4. Differentiate each of the following:
@ f(z)=2f —2? 4273 d f(z)=ze"
® fw)=Vw+5 () f(6) =sin(26” +1)
(© f(z)=e* /(* ~3) () f(2) = (z +sinz)”

ANSWER:
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(b) f'(z) = ( e ")+ 61”” =e "(1 Z;x)
© f'(w)=3w” +5)2.w:\/ﬁ
(d) () =co (293 +1) - 662 = 662 cos(26® + 1)
(2> —3)(22¢%) — 22(e”)  22(2% — 4)e”
(e) f (Z) (22 _ 3)2 - (22 _ 3)2

® f'(z) =n(x+sinz)™ (1 + cosz)

. Find the equation of the tangent line to the curve given by f(z) = zsinz at the point x = 7 /4.
ANSWER:
f'(z) = xcosx +sinx; f (Z) = % % £ \f(% +1). Since f(%) = % the equation of thelineis
7T\/_ \/5 ™ ™
y- g =5 g rUE-).
. Consider the two functions f(z) = — cos®(z) and g(z) = sin’(z).

(8 Showthat f' =g'.
(b) Use part (a) to derive the famous trigonometric identity 1 = sin®(z) 4 cos?(z).
[Hint: what can you conclude about two functions whose derivatives are the same?]
ANSWER:

d . . d . .
@ d—(— cos’ £) = —2cos z(—sin ) = 2 cos zsin z, and e sin® z = 2sin z cos z. S0,
x T

f=yq.

() Since these functions have the same derivatives, they must differ by only a constant. So — cos® ¢ = sin®z + C.
Since thisholds for all values of z, set = = 0. Then — cos?(0) = sin®(0) + C and C = —1. Sosin® z +cos’z = 1.

. When hyperventillating, a person breathes in and out extremely rapidly. A spirogram is a machine that draws a graph
of the volume of air in a person’s lungs as a function of time. During hyperventillation, the spirogram trace might be
represented by
V =3 — 0.05 cos(2007t)
where V' isthe volume of the lungsin litersand ¢ is the time in minutes.
(@) What are the maximum and minimum volumes of air in the lungs?
(b) What isthe period of this function?
(c) Sketch the graph of one period of this function, starting at ¢ = 0. Put scales on the V" and ¢ axes.
(d) Find the maximum rate (in liters/minute) of flow of air during inspiration (i.e. breathing in). Thisis called the peak
ingpiratory flow.
(e) Find the average rate of flow of air during inspiration. Thisis called the mean inspiratory flow.
ANSWER:
(a) Sincecos (2007t) varies between -1 and 1, V varies between 2.95 and 3.05.
(b) The period of thisfunction is ;22— = 1= min = 0.66 sec.
(o) V (liters)

3,

2,

1,

: — ¢ (min)
0.005 0.01

The following graph represents the same information, but it is shifted up and the V' scale is stretched to empha-
size the change in the curve with time.
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1%
V = 3 — 0.05 cos (2007t)
3.05
3 t
0.005 0.01
2.95

(d) Therateof flow is% = 107 sin (2007t), whose maximum is 107 liters/minute, exactly halfway through inspiration.

(e) The mean inspiratory flow is

[ 107 sin(200xt) dt
0.005

8. Find two different functions G1 (z) and G () that satisfy G’ (z) = — cos (3z).

ANSWER:
Since G’ (x) is of the form — cos u, we can make an initial guess that

= 20 litersminute.

G(z) = —sin (3z).
Then G'(z) = —3 cos (3z), so we're off by afactor of 3 and get

Gi(z) = —% sin (3z)

We can also add any constant to get G» (). For example, G2 (z) = —% sin (3z) + 7.
9. Find the derivative of the following functions:

(@ f(w) = sin (2w?) + cos (2w?)

(b) g(x) = cos (sin 2z)

(C) h(z) — eCOSZ + eSan
ANSWER:

(@ f'(w) = 4w cos (2w?) — 4w sin (2w?)

(b) ¢'(x) = —sin (sin 2x)(2 cos 2x) = —2 cos 2z sin(sin 2z)

(c) h'(2) = —sin 2e* + cos ze®™*

10. Isthe graph of f(w) = cos (w®) increasing or decreasing when w = 57 Isit concave up or concave down?

ANSWER:
We begin by taking the derivative of f(w) and evaluating at w = 5;

f'(w) = —6w’ sin (w°)

Evaluating sin (5°) = sin(15, 625) on a calculator, we see that sin (15, 625) < 0, so we know that —6w® sin (w®) > 0
when w = 5, and therefore the function isincreasing.

Next, we take the second derivative and evaluate it at w = 5;
' (w) = —30sin w® - w‘i—§6 cos w® - w“i

~~

~~
negative negative

From thiswe see f"’ (w) < 0, thus the graph is concave down.

Questions and Solutions for Section 3.6

1. If P dollarsisinvested at an annual interest rate of r%, then at ¢ years this investment grows to F' dollars, where

ro\*
F=P(1+—) .
( +100)

dF

= (Assume P and ¢ are constant.) In terms of money, what does this derivative tell you?
r

Find



ANSWER:

dF d o
— = P14+ —
dr dr (+100)
r tfld (
=pPt(1+—)"1t= (1
(+100) dr
_ﬁ( L)H
100 100

r . .
+ ﬁ) (using the chain rule)

The derivative tells me how much extramoney | will get for asmall increase in the interest rate.
2. Find the derivatives of the following functions.

@ f(x)=zlnz —=x

P
©RP) =10
ANSWER:
@ (b)
f(z) =zlnz —=z
, 1
I (z) =lnx+a:-5—1
=lhz+1-1
=In
© ‘ @
P
Rp) =1
i eP(14eP) —ePeP
R (p) - (1 + Ep)2
_ eP 4 2P — 2P . eP
(14+epr)2 (1 +er)?
3. Find f'(z)
(@ f(z)=e* cosba
(b) f(x) =sin \/inx +7
+
© fl@)= 575
ANSWER:

(b) g(t) = sin 3t — cos bt
(d)H(z) =1 —x2

g(t) = sin 3t — cos 5t
g'(t) = 3cos 3t + 5sin 5t

(@ f'(z) = 3> cos 5z + 5e® (—sin 5z) = €**(3 cos 5z — 5sin 5z).

(b) f'(z) =cos(vInz +7)

© f'(z) =

1 1 .l_cos\/lnm—i—?
‘ 2/Inz+7 = 2zvInz +7
(2> +3)—2zx(x+1) —z>—2r+3
(z2 + 3)2 (z2 + 3)2

4. Perform the indicated differentiation. Please do not simplify your answers!

@ d {xZ +1]

dr |72 —1

(b) % [e” sin z]

(C) di [46(312+7z):|

T

(d) %[arctanm +2z — 7

(e % [(ln z)’ — ln(xz)]

ANSWER:

2z(z® — 1) — 2z (x® +

1))

d [22+1
@ dz L’?—l]

@ =12

(b) 4 [e”sinz] = e"sinz + e” cosx

dx

85
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© % [4e<3“°2+”>] = 4(63 + 7))

d 1 1
(d) %[arctanm—f-m—\/}]—m—i—l—m
d 9 2y 2lnz 2
@ l(ne) (@) = 225 - 2

5. () Find an equation for the tangent line to the curve, y = 1n z, which passes through the origin. [Hint: Make a sketch.]
(b) Consider the equation In z = max where m is some constant (positive, negative, or zero). For which values of m will
this equation have no solution? For which values of m will this equation have one solution? For which values of m
will this equation have two solutions?
[Note: If you were unable to answer part (a), you may refer to the slope of theline as “myp“ ]
ANSWER:

(@) Slope of tangent = z_o
0

1
Slopeof y = Inz at o is —

o

. Yo 1

These must bethe same: — = —
To Xo

yo=1=lnzo = xo=c¢e

Slope of tangent = % _ E
Zo e

Tangent: y = L x

e

1 .
(b) m > - (no solution)
m = é and m < 0 (one solution)

1 .
0 < m < = (two solutions)
e

m> g m=z y=Ing
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6. Find, without simplifying your answers:

@ L (in(ae")) 0 & (520 © L (ViTe)

sin

ANSWER:

d 2 =z _i 2 T _i _z
@ %(ln(m e’)) = e (ln(x )+ In(e )) = dm(Zlnx—f-m) = +1
®) i (cosH) _ —sinf -sinf — cosfcosf _ 1

df \sinf/) ~ sin” 6 © sin? 6,

d d 3-In2-2%

— 1 232 _ 1 3z11)2) —
© dz(V + ) dz(” te 2/l 2%

7. Let a be apositive constant (i.e., a > 0). The equation
a* =1+

has the solution = = 0, for all a. Are there any solutions for > 0? How does your answer depend on the value of a?
You may explore with the computer or calculator by trying various different values of a to help answer this question, and
you will get partial credit for an answer which simply reports on the results of this exploration, but to receive full credit
you must include an exact answer with justification.

ANSWER:

The derivative of a” is(In a)a”, so the slope of a” at x = 0 isln a, and the slope increases without bound after that.
The graph of y = 1 + x isastraight line with slope 1. Hence if Ina > 1, the graph of a® is dways above the graph of
1+ z, sinceitisalwaysincreasing at agreater rate (see Figure 3.6.50). If Ina < 1, then a” starts out with slope less than
theslope of y = 1 + z but eventually overtakesit (see Figure 3.6.51), so thereisasolutiontoa® = 1 + x withz > 0.

1+2x

Solution for

x>0
No solutions for
/ x>0
. yd
xr
Figure 3.6.50: a = 10 Figure 3.6.51:a = 1.5

Now,Ina > 1ifa > eandlna < 1if a < e. Thusthe equation a® = 1 + = hasasolution for z > 0 whenever
a<e.
8. Find the derivatives of each of the following functions.
(@ f(z)=sin(2z) - sin(3z)
(b) fw)=e ="

© 1) = 55 0
(d) f(z)=In(cosz)
ANSWER:

@ f'(z) = 3cos(3z)sin(2z) + 2 cos(2x) sin(3z)

() f'(z) =201 —z)e” =2

’ _ 14 8z + 4z
©F@) = - s ay
(d) f'(z) =—tanz
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9. Differentiate the following functions

1
@ f(x)—\/EﬂLg—ﬁ-

(b) g(t) =2°""".
(©) h(#) = Bsin(h?).

@ fl) =2
ANSWER:
@ f) =i+
i d 1
£z (%)
= L@+ @
1 _1 1\ _s
= 3" 2+(‘§ v
-1 1
T2V 3¢z

(b) g(t) — 22(t—1) — 62(t—1) In2

: dg d 2(t—1)In2
By thech I - = —
y the chain rule, at dte

_ (2 In 2)62(t—1) In2
= (21n2)22¢" Y

=2"""In2
(©) h(8) =Hsin(h?)
dh _d
By the product rule, 7 = — (0sin(6%))
T SO
= sin(# )d9(9) +9d9 (sin(67))

= sin(8%) + 9d% (sin(#®)) (using the chain rule)

2 2y 4 »
sin 6~ + O(cos 6 )d99
= sin 6’ + 6(cos 6%)20

= 20” cos §* + sin 6°

(d) fly) = nm

d d
—d—yln(1+y)—d—yln(1—y)
1 d 1 d
Ty YT Ty Y
1 1 2
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10. What istheinstantaneous rate of change of the function f(z) = zlnz atx = 1?a x = 2? What do these values suggest
about the concavity of the function between 1 and 2?
ANSWER:

At any point z the derivative f'(z) isllnz + 1 = 1+ Inz,s0 f'(1) = 1,and f'(2) = 1 +In2 > 1. The
derivative of f appears to be increasing between 1 and 2; this observation suggests that f is concave up on thisinterval.

11. A certain quantity of gas occupies avolume of 40 cm® at apressure of 1 atmosphere. The gas expands without the addition
of heat, so, for some constant k, its pressure, P, and volume, V, satisfy the relation

PV'i =k
(@) Find therate of change of pressure with volume. Give units.

(b) The volume isincreasing at 2 cm?/min when the volume is 60 cm®. At that moment, is the pressure increasing or
decreasing? How fast?

(c) If the rate the volume increases doubles, how does that change the answers to (&) and (b)?
ANSWER:

(& Since P =1 when V' = 40, we have

k=1-(40"") =174.94
Thus we have

P =174.94V %,
Differentiating gives

dpP —2.4 —2.4 3
o7 = 17494 (-1.4V7*Y) = —244.92V > atm/em

(b) We are given that % =2 cm*/minwhen V = 60 cm®.

Using the chain rule, we have

ap _ dpP 4V _ _osatm cm?
== (e (o2

atm atm

= —244.92 (60 **) (2)—= = —0.0265——.
min min
Thus, the pressure is decreasing at 0.0265 atm/min.

Questions and Solutions for Section 3.7

1. Find theindicated derivatives.
@ f(z) =42® — 32> + 2z — 8. Find f' ().
() y =uvu+1,u = 22>+ 3. Find @, and 2.

du dx

© y= ¢*>s* % Find %
(d) p(z) = In((z — a)(z — b)(z — ¢)). a, b, c are constants. Find p’ (z).
© o= —S2  Fing 9
1+ cost dt

) (z+19)?=(2z+1)> Find Z—z (Useimplicit differentiation. Your answer will involve both z and y.)

ANSWER:
@ f'(z) =122" — 6z +2.

dy (1 1 T -1 (3 ! o9 du
(b) du—u(2(u+1) 2)+(u+1)2—(u+1) 5 (2u+1).S|nceu—2:1: +3,ond 7 = da,

dy_dvde o, oo (305t 1y 4n)
dx_duda:_@x +4)72 2(2a: +3)+1) (4z).
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(o) % — —2cosfsin e
(d) p(z) =In((zx —a)(x — b)(x — ¢)) = In(x — a) + In(z — b) + In(xz — ¢). Hence,
1 1 1

! j—
p(x)_m—a x—b+m—c
© dx _ cost(l+cost) —sint(—sint)  cost +cos’t+sin®t 1
dt (1 + cost)? - (1 + cost)? " 1+cost’

®
2(z +y) (1 + ;l—Z) =32z +1)%(2)

($+y)+%(x+y) =32z +1)°

@_3(21‘—}-1)2—1‘—3/

dr x4y
2. Suppose that zy? + siny + z* = 8.
(@ Find d—z.
(b) Give atable of estimates of values of y for x near 2. (Usex = 1.98, 1.99, 2.00, 2.01.)
ANSWER:
(@) Wedifferentiate implicitly:
y2 +x (Zy@) + cosyd—y +322 =0
dx dx
w -
d_y . 3z + y2

dr — _2my+cosy

(b) At(2,0), % = —12. Hencetheliney = —12x + 24 istangent to the given curve at (2, 0). Using this approximation
we obtain the following table:

x 1.98 1.99 2.00 201
y 0.24 0.12 0.00 —0.12

These aren’t very good estimates however; the actual values (rounded) are 0.18,0.10, 0.00 and —0.22.

3. Consider the following three equations:

(@ y?> —2cosz =2,
(b) zsiny+y=2,
(© Inly/(1 —y)| =0.71z + In2.

Assuming each of the above equations implicitly definesy as afunction of z, find dy for each equation.
X

d
ANSWER:
@
y2 —2cosx =2
2 dy +2sinz =0
Yir a

@ . _sina:

dx y

(b)

rsiny+y =2
. d d
smy—l—xcosyd—y +d—y =0
x x
dy _ siny

dr  wcosy+1°
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©
Y
1-y
Injy| —Injl —y| =071z +1n2
1 1 dy
-+ —]-==071
<y+1—y> dz

dy

LY — 07191 — y).
. 0.71y(1 —y)

In

‘ =0.7lx +1In2

4. The part of the graph of sin(z? + y) = « that isnear (0, =) defines y asafunction of = implicitly.
(8 Isthisfunction increasing or decreasing near 0? Explain how you know.
(b) Does the graph of this function lie above or below its tangent line at (0, 7)? Explain how you know.
ANSWER:

(8 To check whether the function increases or decreases near 0 we simply check the sign of j—g near 0. Implicit differ-
entiation of the function with respect to = gives

cos(z® + ) (290 + @) =1

dx
dy 1
- 9
dr  cos(z?+y) v
dy 1 1
= =——-2(0)=——-0=-1
de| _, y—r cos(02 + ) 0) -1
In fact j—z is negative near 0, so the function decreases near (0, 7).
(b) We check concavity of the function at 0 by finding
2
dy_d( 1,
dz?  dz \ cos(z2? +y)
1 . 2 ( dy)
= (= A2+ =2) =2
cos?(z2 +y) (=sin(z” +y)) - (22 + dz
sin(z® + y) 1
== T (op4— — 2] —2
cos?(z2 +y) < vt cos(z? + y) $>
_ sin(z? + y) _g
" cos3(z2 4+ y)
At (0, ), ji—g = —2, so the function is concave down here, and hence lies below its tangent line.

5. The purpose of this problem isto sketch the implicit function z* + 3® = —8.

(@) Find all the y-values for which z = 0.

(b) Calculatedy/dzx.

(c) Use parts(a) and (b), and a computer or calculator, to sketch thisimplicit function. Explain what program you used,
and what you did, and copy the sketch of the implicit function from the computer or calculator to your paper.

ANSWER:

@ fz=0,y°=—-8s0y=—2.
2
(b) Using implicit differentiation, we find that 32> + 3y2@ =0,%0 dy _ -=.
dx dx y?
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(© Yy

(07 _2)

2

Z—y = —x—2 into a program that draws slope fields and then getting the
X

program to draw the solution curve passing through the point (0, —2).

The curve above was found by entering

6. (a) Find the equations of the tangent linesto the circle (z — 2)* + (y + 2)? = 20 at the pointswhere z = 0.
(b) Repest part (a) for the pointswhere xz = 6.
ANSWER:

(@ Ifz=0,then (—2)* + (y +2)> =20
(y+2)> =16
y=2ory=—6
Wefind dy implicitly:
dx

2z —2) +2(y +2)°

—y:
dx 0
dy
2 2)=Z = —2(x — 2
(y+2)7E =—20-2)
dy —(z-2)
dr ~—  y+2
Sotheslopeat (0,2) is1/2 and at (0,-6) is —1/2.
Thetangent linesarey = 0.
(b) If z = 6, then (6)* + (y +2)* = 20
(y+2)" =4
y=0ory=—4
Wefind dy implicitly:
dx
dy _ —(z—2)
dr ~—  y+2
is=6-2 _ _ pis=6=2) _ =4 _
So the slope at (6,0) is 012 = 2 and at (6,-4) is 112 __2_2

Thetangent linesarey = —2(z —6) S0y = —2zr + 12andy + 4 = 2(z — 6) soy = 2z — 16.
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7. Find the equation of one line perpendicular to the tangent to theellipsem— + Y~ 1wherez =2.

16 25
ANSWER:
Taking the derivatives implicitly, we get
2, .2 dy _
16° " 2574
2 dy 2
2%7dr 16"
@ _ _2525

dr E
Atz =2,

<
N
Il ©
H ol
(@2}
“’SMEMw
w

At (2,33 dy_ =252) _ 5
2 ) dx 16(57‘/5) 4/3
The line perpendicul ar hasslope%\/g and at <2, 5—\2/§> , theequation is

53 43
y+——=—

>~ 5 @72

8. Find the equation of the tangent lineto 2zy = 1 at (4, 4).
ANSWER:

Taking the derivative implicitly, we get:
2 dy

2x”—= sdx =
xdx—i—yx 0

dy —4zy 2y
de ~ 22>
At (4,4) the slope is -2 and the equation of the tangent lineisy — 4 = —2(z —4) ory =
9. Find the equation of the tangent lineto z* = 3y* + y at (2, —3).
ANSWER:
Taking the derivative implicitly, we get:

—2x + 12.

dy dy
21 = by—= + —=
v Gydx+dm
dy
20 = —=—= 1
¢ = —(6y +1)
d_y_ 2x
dr = 6y +1
At (2,-3) the dlo| eisﬂ _ and the equation of the tangent lineisy + 3 = —i(x —2)or
‘ RS s 3) +1~ 17 ™ d AT
__ 4, 4
Y Tt T ar

Questions and Solutions for Section 3.8

1. True or false? Give areason for your answer. The equations = = cos(t%), y = sin(t®) parameterize acircle.
ANSWER:

True. Since 2> + y* = (cost?)? + (sint)* = 1, al such pointslieon acircle.
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2. Which of the following diagrams represents the parametric curve z = sint, y = cost,0 <t < w?

(A Y (B) Y ©) Y (D) Y
Figure 3.8.52

Justify your answer.

ANSWER:

The curve starts at (sin 0, cos 0) = (0,1) and ends at (sin 7, cos ) = (0, —1), so it's either (B) or (C). Also, since
sint > 0for0 <t <,z > 0onthecurve, so it must be (C).

3. Find parametric equations for aline through the points, A = (—1,1) and B = (2, 3) so that the point A corresponds to
t = 0 andthepoint Btot = 6.
ANSWER:

for —oco < t < 0.
4. A lady bug moves on the zy-plane according the the equations

x=2t(t—-6), y=1-t,

(@) Doesthelady bug ever stop moving? If so, when and where?

(b) Isthelady bug ever moving straight up or down? If so, when and where?

(c) Suppose that the temperature at a point (z, y) in the plane depends only on the y coordinate of the point and is equal
to 4. Find the rate of change of the temperature of the lady bug at time ¢.
ANSWER:

(a) Differentiating gives

dx dy
— =4t-12, —= =-1.
dt Todt
The lady bug comes to a stop whenever dz/dt = dy/dt = 0. Since dy/dt is never 0, the lady bug never comesto a

stop.

(b) The lady bug is moving straight up or down if dz/dt = 0 but dy/dt # 0. Since dz/dt = 0 only whent = 3
and dy/dt is always negative, the lady buy is moving straight down when ¢ = 3, or at the point (—18, —2) in the
zy-plane.

(c) Substitutingy = 1 — ¢ into the expression for the temperature gives us T'(t) = 4(1 — ). To find the rate of change
of the lady bug's temperature at time ¢, we differentiate T' with respect to ¢:

Rate of change of temperature = Cil—f =(-1)®)(1—-t)=8(t—1).
5. Theequationsx = % cos(mt/180),y = % sin(7t/180) describe the motion of a particle moving on acircle. Assume
and y arein milesand ¢ isin days.
(@) What istheradius of the circle?
(b) What isthe period of the circular motion?
(c) What isthe speed of the particle when it passes through the point (—4/7, 0)?
ANSWER:
@

4 .
r=+/z2+y? = — miles
T
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(b) on
period T = /180:360 days
(c) Since
and
@_ T 4 wt s

ar = 1807 “(1s0)) = 150"
then at point (—4/, 0) the particle’'s speed is

o2 4 (T~
v—\/( 55O + (355 (=)

=L miles per d

- per day.
6. Find two parametric equations for the line passing through the points (4,1) and (-2,-6).

ANSWER:
(-2-4) _ _(=6-1)
: = —6and 1 =-7

So the equations are

r=4—-6t y=1-T7¢t
and t=-2—-6t y=—-6-"7¢

7. Describe in words the curve represented by the parametric equationsz = 2 — ¢ and y = 3 + ¢.
ANSWER:
t?’=2—-2,50y=34+2—-zory=—x+5.
It isastraight line through the point (3,2) with slope -1.
8. Mation of aparticleisgiven by ‘
r=1t>—3t y=2t>—3t
where ¢ istime in minutes. Find the instantaneous speed of the particle.
ANSWER:
I nstantaneous speed is defined to be

o dt dt
dr dy ..

sov = /(2t —3)? + (612 — 3)2 = \/—12t + 36t — 32¢> + 18

Questions and Solutions for Section 3.9

1. (a) Find thebest linear approximationto f(z) = (1 + x)% ax=0.
(b) Use acalculator or a computer to plot f(x) and your linear approximation. Describe what program you used, what
you did, and how this confirms that your linear approximation is reasonable.
ANSWER:

(@ Weknow that f(0) = 1,and f'(z) = %(1 +1)7%, 50 f/(0) = % The best linear approximation to f(z) atz = 0

is the tangent line with slope 5 through the point (0, 1), whichistheliney = %a: + 1.
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(b) We plot the functions f(z) = (1 + z)"/? and g(z) = %x + 1 to get the graph below. From the graph, we see that
these two functions are very close near z = 0.

y Y= %x +1
f@) = (1+2)?
1
x
1
2. Thegraph of f(x) isshownin Figure 3.9.53.
)
2 L
f(z)
\ \ x
-2 2
—9
Figure 3.9.53

(@) Listinincreasing order (from smallest to largest)

f'(2), £(0), f'(=0.9), the number 1, f'(0), £ (1).
(b) Suppose we want to estimate f(1.5) by using tangent line approximations at x = 0,1 and 2. Which tangent line
yields the best approximation?
ANSWER:

(@ f'(2)iscertainly positive, and appearsto beabout 1. f(0) isgreater than 1, but lessthan 2. f'(—0.9) isapproximately
2. f"(0) isnegative. f"(1) looks likeit is about 0, since thereis an inflection point near z = 1. So we have:

F10) < (1) < f1(2) <1< f(0) < f(—0.9)
() Yy
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From the graph we see that f(1.5) can be best approximated using the tangent line at (1, f(1)) because the
tangent line at (1, (1)) appears to pass through (1.5, f(1.5)). (The graph between (1, (1)) and (1.5, f(1.5)) is

amost linear.)

Questions and Solutions for Section 3.10
1. Find thelimit:

. sinxcoszx
lim ——
z—0 xr

ANSWER:
Since both the numerator and denominator have limit 0, we use L' Hopital’s rule:

sin z cos . sin z(—sinz) + cos z(cos x)

lim = lim
z—0 xr z—0 1
= lim —sin’z +cos’z=0+1=1
r—0
2. Find the limit:
. be "+ bz
lim ——
T — 00 T
ANSWER:

Since both the numerator and denominator have limit co, we use L' Hopital’srule;

be™" 4+ bx . —be™"4+5

lim = lim 5
r—00 x r—00 1
3. Which function dominates as z — oo, 100 or z'%0?
ANSWER:
The exponential dominates. After 100 applications of L' Hopital’srule
lirn % 1002% lim 100! _0
r—00 6'01z - .016'01z - - T — 00 (.01)1006'01z o

Review Questions and Solutions for Chapter 3

1. Differentiate:
2 +1
@ flo)="2

T2 -1

(b) f(x) =2"tanx

© f(x)=+/(nz)>+5
ANSWER:

(@) Usethequotient rule,

d 2?2 +1) _ (22 -1)22) — (2 +1)(2z) 22°—20—22°—22  —dx
de \z2—-1) (2 —1)2 N (2 —1)2 T (22 —-1)2
(b) Since %(2’”) = 2% In 2, we can use the product rule:
d x __ T T
%(2 tanz) = 2 vy +2%(In2) tan z.
(c) Repeated application of the chain rule yields
; 21
4 S 5= ——t L (n2)? +5) = @o)fz  _ Inz
dx 2¢/(Inz)? + 5 dz 2\/(lnx)2+5 x\/(lnx)2+5

For Problems 2— 4, circle the correct answer(s) or fill in the blanks. No reasons need be given.
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2. If f(z) = (In2)*, then f'(2) is
(@ 2In2
(b) (In2)*
(c) approximately —0.176
(d) approximately —0.173
ANSWER:
© f(x) =(n2)*InIn2s0 f(2) = (In2)®-In In2 = —0.176
3. The function D(v) in the figure below gives the air resistance, or drag (in pounds), on a blunt object as a function
of its velocity. (Notice that the curve rises sharply near v = 700 miles’hour, the speed of sound. This represents the
“sound barrier”) If a blunt object traveling 725 miles/hour is accelerating at the constant rate of 7000 miles/hour®, at
approximately what rate (in pounds/hour) is the drag increasing at that moment? Circle the closest answer.
(8 6000 Ib/hr
(b) 8lb/hr
(c) 700 Ib/hr
(d) 60,000 Ib/hr

D (pounds)

1600

1200

800

400

v (miles/hour)
500 700 900 1100

ANSWER: D
(d) Slope of curveat V =725 is ¥t =~ 8 Ib/mph.
. dD dD dV
By chain ruIe% = a 8 - 7000 =~ 56, 000.
4. The dope of thetangent lineto the curvey cosz + ¢ =7 at (g, In 7) is

(@ 0
(b) 7
© (In7)
) (7+1n7)
(e) None of the above.

ANSWER: ( )

i In7-sin (% In7
, o vl r__ysmr 2) _Inf
(©y cosx —ysinz +ey =00y cosz + eV ST et -
5. Find derivatives of the following functions. Do not simplify your answers.
@
z

(b) sin(6 cos@

t

2

(C) E +e

(@) g—\/m2+1



(e) arctan (996_2)

ANSWER:
4 2
(a)i M :i(z3+zz+l)zgz2+2_i
dz z dz z 22
(b) die(sin(ﬁ cosf)) = cos(f cosf) - [cos§ — 6 sin 6]
d —t 2 —t —t
—(te e)=¢e " —te
© lte™ +e7) t
@ (et - @) =gt - @)

(e % (arcta,n (9—;)) — w . (—x_922)

6. Find derivatives of the following functions. You need not simplify:

2 - e 2
(a) cos(z” + 1) ®) 7773 @ -+Vi-z
ANSWER:
@ % cos(z® +1) = —2zsin(z® +1).
(b)
d e\ _ (14+a°)fLe ™) — (e )£ (1+2")
de \ 1+ 23 (1 + 2%)2
_ —e (1432 +2°%)
B (14 23)2

() 4 (2e _2 +v1 —m) =2z % — 1(1 —x)fé.
dx T 2
7. Differentiate each of the following:

(a) f(x) = (x +_Sin1-)e

(b) g(x) = p(ztsinz)
tan z

© F() = In 2z

5

(d) P(w)=5"w"2
(& R(0) = VO cos(6?).
ANSWER:
(@) Bythechainrule, f'(x) = e(x + sinz)° " (1 + cos z).
(b) ¢'(x) = ™" (1 4 cosz).
(c) Using the quotient rule,

——Inz — (tanz)2
4 __ cos2z z
Fiz)= (Inz)?

(d) P'(w)=5"1In 5w 3 +5Y (—gw_%)

(e R'() = ﬁ cos(6”) — VB - 20 sin(6?).
8. Find the derivatives of the following functions:

@ f(z) =2In(z?)

2 +4

) g(2) = 55—,

(© h(x) = (x* +1)arctanz

(d) m(z) = sin(cos(e3*))

ANSWER:

@ w = (%) (%) + 2z In(z”) = 2z + 2z In(z”) = 2z(1 + 21n ).

99
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d [zt 2 2

) 2?2-4 )  (¢° —4)2x — (2" +4)2z _  —16z
d;c N (z2 — 4)? T (22 —4)2°
© d((=* + ld) arctan z) =(z>+1)- > 1+ T + 2z arctanz = 1 + 2z arctan x.
T x

d(sin(cos(e:”z))) 3z . 3z 3z 3z . 3z 3z
(d) —— = cos(cos(e””)) - (—sin(e””)) - 3e”* = —3e”" sin(e””) cos(cos(e”™)).
. dy

9. Find Te if:

@ y=aze >
(b) y =cos*(3z —1)
©y= z2+1

ANSWER:

—3x
) 7d($2m ) =x(=3e ) +e " = 3xe T 4 ¥
2 —

®) W = 2cos(3z — 1)(—sin(3z — 1))(3) = —6sin(3z — 1) cos(3z — 1) = —3sin(6z — 2)

d 1 2 -1 . —
© Mz A DT gy gyan) GENE

10. Differentiate:
@ 2°vV1l—=z
(b) sin =
LT

(©) e

ANSWER:

d 2 _ — i 2 Qi _ — J _1 L x2
€] %(a: Vi—z)=+v1 a:dx(x )+ dx(vl z)=2xV1-—=x N x

d . 1 1 1
0 fon(t)-on(2) () (2)
9

d vy  de®” de”
dx T der  dx
e” T z+e”

11. Let f(z) = 2* — 4o + 2.

(@) How many zeros does f have? Justify your answer.

(b) Approximate one of the zeros by first getting an initial estimate and then improving it by using Newton’s Method
once.

(c) Aninitial estimate of x = 1, or = very near to 1, doesn’t work well for Newton’s Method. Why?

(d) Suppose we wished to solve f(xz) = b instead (same f). For which values of b would there be no solutions? For
which values of b would there be one solution? For which two solutions? For which more than two solutions?

ANSWER:

(@ Since f'(z) = 4 — 4 hasonly one zero, at = = 1, thefunction f has only one critical point. Therefore, f can have
at most two roots. Since f changes sign (f(0) = 2, f(1) = —1 and f(2) = 10) it must cross the x axis twice, so it
has two zeros, one between 0 and 1, the other between 1 and 2.

(b) Try the initial estimate zo = 0. Use the improved value of the root, z1 = zo — f(zo0)/f (zo), with £(0) = 2,
f'(0) = —4togetz; =0 — 2 = 1, abetter estimate.

(c) If wetry the above method with zo closeto 1, f'(zo) will be close to 0, so the fraction f(zo)/f' (wo) will be very
largeindeed. So z1 = w0 — f(zo0)/f' (xo) will be far from the true value of the root. Geometrically, the slope of the
tangent to the graph of f isvery flat near x = 1, so the point at which such atangent line intersects the z-axisis far

away.
(d) Since f(x) has only one critical point, aminimum at (1, —1), and f(z) — oo when z — oo, we see that f will
attain the value b twice if b > —1, once for b = —1, and not at al for b < —1. There can never be more than two

roots.
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b>—-1 b=-1 b< -1
f(z)="0
2 f(z) 2 f(z) 2 f(z)
1 1 1
xr T xr
W e,
Y -1
No Intersections

-2 -l \1,/ 2 -2 -1 =b
)
y=>ot

12. Sketch the graphs of g(z) = z and h(z) = e~ " for z > 0. Use Newton's method to estimate the location of the point of

intersection of the two curves correct to four decimal places.
ANSWER:

We want to find the point where z = e~ *. Thisis redly the same as finding the roots of f(z) = z — e~ ". The

iteration formulafor Newton’s method is given by

Pt =T )
n

where z,, isthe n*" iterated approximation of the root of f(z). We use aninitial estimate of zo = 0.5. f'(z) =1+¢77,

0
0.5 —e 0%
—0.10653
=05 = 450653
= 0.56631.
Similarly,
r2 = 0.56714,
r3 = 0.56714.

Thisiscorrect to four decimal places. The point of intersection isthus (0.56714, 0.56714).

13. The purpose of this problem isto find al the roots of f(x) = 32® + 22% — 4z + 1 exactly.
(8) Use acomputer or a calculator to obtain all the roots of f(z) to 5 decimal places. Do this using both the bisection

method and Newton’'s method. Explain what program you used, and what you did, paying particular attention to the
number of iterations, bracketing and initial values. How do you know you have found all the roots?
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(b) If you have done part (&) correctly, then one of the approximate roots you have obtained should suggest an exact root.
Which one, and how did you confirm that the root was exact?
(c) Based on the information you have obtained in part (b), find exact expressions for al the roots.

ANSWER:

(8) Using acomputer or calculator root-finding program, we find that the roots are at 0.33333, 0.61803, and —1.61803.
Since a cubic can have at most three roots, and we have found three roots, we must have found all of them.

(b) 1t seems likely that 0.33333 is, in fact, . Substituting 2 = + into the function, we obtain 0, so z = % isindeed an
exact root of the polynomial.

(c) Sincewe know that  isan exact root, we know that (3z — 1) isafactor of f(z). Thus f = (3z — 1)(z” + z — 1).
We then use the quadratic formula to find the roots of the second factor to give us the other two roots of f(z), which
turn out to be =145 and =155,
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Chapter 4 Exam Questions

Questions and Solutions for Section 4.1

1. Below isthe graph of the derivative of afunction £, i.e, itisagraph of y = f'(x).

1

N

(a) Statetheintervals onwhich f isincreasing and on which it is decreasing.

(b) Say where the local maxima and minima of f occur, and for each one say whether it is alocal maximum or alocal
minimum.

() Whereintheinterval 0 < z < 4 does f achieveits global maximum?

(d) Suppose that you aretold that f(0) = 1. Estimate f(2).

(e) Still assuming that £(0) = 1, write down an exact expression for f(2).
ANSWER:

(@) Thefunction f isincreasing between 2 and 3, since the derivative is positive there. It is decreasing everywhere else.

(b) The point z = 0 isaloca maximum, z = 2 isaloca minimum, x = 3 isaloca maximum, x = 4 is alocal
minimum.

(c) Thegloba maximum occursat x = 0.

(d) f(2) = —0.5; thisiscaculated as

1 — (the area between the z-axis and the curve, from 0 to 2).

Note that each grid square has area 0.25.
@ (2 :/ f'(x)dz + 1.
0

. Starting at time ¢ = 0, water is poured at a constant rate into an empty vase (pictured below). It takes ten seconds for
the vase to be filled completely to the top. Let h = f(¢) be the depth of the water in the vase at time ¢. On the axes
provided, sketch agraph of h = f(t). On your graph, indicate the region(s) where the function is concave up, and where
it is concave down. Finally, label the point (on the curve) at which f'(¢) islargest.

h (in)
12 12
9 9
6
33— 3
0 t (sec)

10
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ANSWER:
h(in)
" 12 T
concave down
o 9 /
Lo
6 h'(t) is largest here concave up |
3l s !
concave down
0 t (sec)
10

The rate of increase of h is greatest when the cross sectional area of the vase at length h is the smallest. Since the
vase gets wider as h increases from 0 to 3, the value of b/ (t) gets smaler. This means that the graph is concave down
between h = 0 and h = 3. For 3 < h < 9, the vase gets narrower as we go up, so k' (¢) increases over thisinterval, so
the graph is concave up and then the vase widens from h = 0 to h = 12, so it's concave down there.

Finaly, h'(t) is greatest when the vase is narrowest. Thisoccursat h = 9.

3. Giventhefollowing graph, label al points where the function has a maximum, aminimum, ahorizontal tangent, a vertical
tangent, a point of inflection or apoint where f is not defined.

ANSWER:
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4. A water tank is constructed in the shape of a sphere seated
atop a circular cylinder. If water is being pumped into the
tank at a constant rate, sketch the graph of the height of the
water as a function of time. Be sure to indicate the location
of al “interesting” points, including any critical pointswhere
the function has horizontal slope or is not differentiable, and
points of inflection.

ANSWER:
Mark the points a, b, ¢ in the picture as shown:

From h = 0 to h = a the height increases linearly with time since the radius, and hence the cross-sectional area of
the cylinder, does not change over this interval. From a to b, height will be an increasing but concave down function of
t; between a and b, the radius grows and % must slow down accordingly. Similarly, over the interval [b, c], h(t) will be
increasing, but concave up.

The points a, b, and ¢ are of interest. At h = b, the slope % is a minimum, since the radius is at its largest, so
concavity changes. (We also knew from the discussion above that concavity changes on either side of b.) Hence, we have
an inflection point when h = b. At h = ¢, the radius has shrunk to zero; hence % must be infinite at that point only.
When h = a, ‘fTQ does not exist. This is true because d;TQ = 0 over [0, a], and beginning at h = a, d;TQ immediately
takes on negative values that are not infinitely close to 0 (due to downward concavity). This discontinuity in the second

derivative isreflected in a“kink” in the graph of % vs. t, but cannot be seen in the graph of A vs. t. Here is the complete
picture:
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clL infinitedlope______

inflection point

linear concave concave
down up

5. (a) Sketch the graph of a continuous function with the following properties:
e f(0)=1,
o [f'(z)] < 0.5,
e f'(z) <0,forz <0,
e f(2)=0.
(There are infinitely many possible graphs.)
(b) Doesyour graph in (a) have alocal maximum for z < 0?
(c) Could the graph of f have alocal maximum for z < 0 and still satisfy the given four conditions? If so, draw such a
graph. If not, explain why not.
(d) Which of the following are inconsistent with the four conditions in part (a)? (Explain each answer.)
i) lim f(z) =0,

(i) £(2) =3,
@iy f"(2) =o0.
ANSWER:

(@) One possible graph would be the following.

L

7

xr
1 2
(b) No.
(©) Yes.
Y
local max
T
L L L L €T
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(d) (i) Inconsistent. Since f"'(x) < 0 for x < 0, f(x) can either cross the z-axis to the left of x = 0 and approach
—00, Or approach oo or a positive constant asx — —oo; it cannot approach 0.
(i) Inconsistent. Since f(0) = 1 and |f'(x)| < 0.5, the most that f(3) could beis1 + 2(0.5) = 2.
(iii) Consistent. We could have a picture like the following:

Y
fl@)=0
f'2)=0
PM
T
1 2 3
6. Given below are the graphs of two functions f(z) and g(z).
Y Y
5 5
f (@)
g9(x)
4 \ / 4 \
3 \ 3
2 / 2
1 1
T xr
1 2 3 4 5 1 2 3 4 5
Figure 4.1.54 Figure 4.1.55

Let h(z) = f(g(z)). Use the graphs to answer the following questions about h.

(a) Find (approximately) the critical points of h and classify them.
(b) Whereish increasing? Decreasing?
(c) Onthe axes below sketch agraph of h.

Y

5

1 2 3 4 5
Figure 4.1.56
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ANSWER:

(@ Notethat h'(z) = f'(g(z))g'(z). So h'(xz) = 0 whenever f'(g(z)) =0or g'(z) =0.But g'(z) = 0 forz = 3 or
x=1and f'(z) = 0 whenz = 2, s0 f'(g(z)) = 0 when g(z) = 2, i.e, when z = 4. Thus the critical points of
aeatr=1,r=3andz = 4.

Thecritical point of h at x = 3 isamaximum since, for = dlightly greater or lessthan 3, g(z) < ¢(3), and since
fisincreasing near g(3) = 3, f(g(x)) < f(9(3)).

The critical point of h a z = 4 isaglobal, hence local, minimum because h(4) = 0 and h(z) > 0 for dl =
(since f(z) > 0 for dl x).

The critical point of h at z = 1 isaminimum, since g(z) > ¢(1) for z near 1, and f(g(z)) > f(g(1)) forz
near 1 also, since f isincreasing near g(1) = 3.

(b) Foro0 <z < 1,¢'(z) < 0and3 < g(z) < 5,0 f'(g(x)) > 0and k' (z) = f'(g9(x))g'(z) < 0. Hence h is
decreasing on [0, 1].

Forl <z <3,¢g'(x) >0and3 < g(z) < 5,0 f'(g(x)) > 0and ' (z) = f'(g(z))g'(z) > 0. Hence h is
increasing on [1, 3].
For3 <z <4,¢'(z) <0ad2 < g(z) < 5,0 f'(g(x)) > 0and k' (z) = f'(g(z))g'(x) < 0. Hence h is
decreasing on [3, 4].
For4 <z <5,¢(z) <0and0 < g(z) < 2,%0 f'(g9(x)) < 0and k' (z) = f'(g(z))g'(z) > 0. Hence h is
increasing on [4, 5].

(© Y

(U
1 2 3 4 5
Figure 4.1.57: Graph of h(z) = f(g(x))

7. Let f(x) beafunction with positive valuesand let g = \/f

(@) If fisincreasing at x = xo, What about g?
(b) If fisconcavedown at z = x1, what about g?
(c) If f hasalocal maximum at = = x>, what about g?

ANSWER:

dg _dVF) _ f
@ %= "de T

increasing at = = xo.

‘ - ‘

(b) ﬂ = d(Q\/?) = f” +f - (_lf—% .f’) = 1= )/eh (/1) If f isconcave down at z = x:, then
dz? dzx 2V f 4 2VF ' "
f"(z1) < 0.Since f(z1) and (f' (1)) are positive,

’/

f'@) = (f1(21)"/2f (1))

If fisincreasing at = zo, then f'(x0) > 0. Thus, g’ (x0) = Lo 5 0, and 0 gis

24/ f(zo)

g"(x1) = is negative, and so g is concave down at © = ;.

2¢/f(z1)
(c) If f hasalocal maximum at x = z», then f'(z2) = 0, f' ispositive for z slightly smaller than z», and f' is negative
for x dlightly larger than z». Recall that g'(z) = (@) , and so ¢’ () hasthe same sign as f(z) for al = (since
2y/f(z)

24/ f(z) isaways positive). Consequently, ¢’ (z2) = 0, ¢ ispositive for z dightly smaller than z», and g’ isnegative
for z slightly larger than z». Therefore, g hasaloca maximum at z = x».
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8. Let f beafunction. Isthe following sentence true or false?
Theinflection points of f are the local extrema of f'.

Explain your answer in a couple of short, clear sentences. You may assume that the second derivative of f is defined
and continuous everywhere.

ANSWER:

Thisistrue. If z = p isan inflection point, then f” changes sign at x = p, so since f" is defined and continuous
everywhere, we have f'(p) = 0. Hence p isacritical point of the derivative function f'. Since f" changes sign at p, an
inflection point isalocal extremum of ', by the first derivative test applied to f'.

9. Lunch at Cafeteria Charlotte
Below isthe graph of therate r at which people arrive for lunch at Charlotte.

r(t)

30

20 \
10 \ \

0 t
11:50 noon 12:10 12:20 12:30

Checkers start at 12:00 noon and can pass people through at a constant rate of 5 people/minute. Let f(¢) be the length of
theline (i.e. the number of people) at time¢. Suppose that at 11:50 there are already 150 people lined up. Using the graph
together with the information above, answer the following. Explain your answers.

(@) Find and classify al critical points of f.

(b) Whenis f increasing? decreasing?

() Whenis f concave up? concave down?

(d) Sketch the graph of f. Label the important points.

(e) When istheline longest? shortest?

ANSWER:

(8 This problem compares two rates, the rate of people arriving in line, shown by the graph of r(¢) and the rate at which
they are checked through, a constant rate of 5 people/minute starting at 12:00 noon. To compare these rates draw the
liner = 5 starting from 12:00. Since f'(t) = r(t) = —5 and theliner = 5 cuts the graph of r(t) at approximately
12 : 03,12 : 10 and 12 : 34, these are the critical points of f(¢). The point ¢ = 12 : 03 isaloca maximum since

f' changes from positive to negative there. Likewise, t = 12 : 10 isalocal minimum and ¢t = 12 : 34 isaloca
maximum.

Symboalically, we could write
t
f@t) = / r(z) dx + 150, 0 <t<L10,
0

wheret = 0is11 : 50 and ¢ is measured in minutes, and for ¢ > 10

f(t) =150 +/ r(z)dz +/ (r(z) —5) dx

0

t t
= 150+/ r(:z:)dx—/ 5dx
0 10

=150 + /tr(a:) dx — (5t — 50)

t
= / r(x)dz — 5t + 200
0
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(b) f isincreasing when r(t) > 5, and that happens before 12:03 and from 12:10 until 12:34. f is decreasing when
r(t) < 5, whichisthe case between 12:03 and 12:10.

(c) We get the concavity of f by finding where f” is positive and where it's negative. Since f"’ = r', f is concave up
when ' > 0, which happens before 11:55 and between 12:07 and 12:23. f is concave down when v < 0, which
takes place between 11:55 and 12:07 and between 12:23 and 12:34.

@ £(t)
800
600 Pt
//
//
400
//‘
200 4
0 t
11:50 noon 12:10 12:20 12:30

(e) To answer the question, we check the critical points and the endpoints of f. f(11:50) = 150; f(12:03) = 361;
f(12:10) = 349; f(12:34) = 727, so thelineislongest at 12:34 and shortest at 11:50.

10. Consider f(z) = z%e " for—1 < = < 3.
(@ Show that f'(z) = e~ (22 — 2?) and that £/ (z) = e~ (2* — 4z + 2).
(b) For which z is f increasing? For which is f decreasing?
(c) Find the valuesof x where f(z) isthe greatest; where f(x) istheleast.
(d) Find al values of x where thereisa point of inflection.
(e) Find the values of = where f isincreasing most rapidly; where f is decreasing most rapidly.
(f) Sketch the graph of f.
ANSWER:
@
oy 2de”®) | d(@?)
fla)== dx dx ¢
=2z —z)e ".
oo _oad(e®) | d(2z — z?) _,
f(x) =02z —z") In -+ In e
= (2 — 4z + 2)e™".

=’ (—e ") +2ze "

= (2> —22)e™" 4+ (2 — 2z)e”"

(b) f isincreasing when f' is positive: that is, when (2z — z%)e™® > 0. Sincee™ > 0, we just need the condition
22 — 2 > 0, which isequivalent to 2(2 — z) > 0. Thisholdsfor 0 < z < 2. f’ will be negative, and consequently
f will be decreasing, when z < 0 or z > 2.

(c) The maximum and minimum of f will occur at critical points or the endpoints of our interval [—1, 3]. By part (b),
f'(x) =0whenz = 0orz =2.Since f(0) = 0, f(2) = 4e™ 2, f(—1) = e, f(3) = 9e3, we can seethat f(x) is
the greatest for z = —1 and theleast for £(0) = 0.

(d) f can have apoint of inflection only where f”(z) = e~ ®(z® — 4z 4+ 2) = 0, that is, when 2 — 4z 4+ 2 = 0 (since
e”" > 0). The solutions to this equation are z = 2 /2. Only 2 = 2 — /2 liesintheinterval —1 < 2 < 3. Since
the sign of the second derivative changes from positive to negative acrossz = 2—v/2, (2—v/2, (2—v/2)%e~(2=v?)
isan inflection point.

(e) The function f increases (or decreases) most rapidly where f is greatest (or least). The only critical point of ' on
—1 <z < 3occursat ¢ = 2 — /2. It isamaximum (since f’ changes sign from positive to negative across
z=2—v2).Now, f'(=1) = —3e, f'(3) = —3e~3, 50 f'(—1) isthe globa minimum for f'. Hence f isincreasing
most rapidly at z = 2 — /2, and decreasing most rapidly at = = —1.
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() 51
9l
1+ y=a%e®
‘ ‘ ‘ —
-1 9932 2 3

11. Given f(z) = 2* — 42® — 82 + 1 ontheinterval [—5, 5], find all the maxima and minima and points of inflection. Use
this information to sketch the curve.
ANSWER:
To find the maxima and minima of f on [—5, 5], we need to check critical points and endpoints. To find the critical

points, set f'(z) = 0.
f'(x) = 42 — 122° — 162
= 4x(z” — 3z — 4)
=dz(z —4)(x +1).
So critical points occur wherez = 0,4 and — 1.
f(x) = 122° — 242 — 16
Since f'(0) = —16 < 0, (0, 1) isalocal maximum point.
Since f'(—1) = 20 > 0, (—1,—2) isaloca minimum point.
Since " (4) = 80 > 0, (4, —127) isalocal minimum point.
Asfor theend points, we have f(—5) = 926 and f(5) = —74. Therefore, (—5, 926) isaglobal maximum and (4, —127)

isagloba minimum.
To find the inflection points, set ' (z) = 0. Then 3z? — 6z — 4 = 0, SO

Y 6+ /36 — 4(—4)(3)
a 6
V21

=1+ —
3

~141.528
= 2.528 or — 0.528

Since the second derivative changes sign across these z-values (we can see this because f'(—1) = 20, f(0) =
—16 and f"(3) = 20), they are the z-coordinates of inflection points.

Yy
100
inflection
50 points
A xr
—2 2 4
—50
—100
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12. Consider thefunction f(z) = z + 2cosx, for 0 < z < 2.

@
(b)
(©
(d)
C)
®

@

(b)

©
(d)

C)

Find where f isincreasing and where f is decreasing.

Find the largest and smallest values of f in decimal form.

Find all points of inflection.

Find where f isincreasing most rapidly.

Sketch the graph of f.

How many roots are there for f(z) = 1 inthegiveninterval 0 < x < 2x?How many for f(z) = 2? How many for
f(x) = 37 Explain your answers with pictures.

ANSWER:

f(z) =z+2cosz,and f'(z) = 1—2sinz. f increaseswhen f' > 0,i.e.when1—2sinz > 0, or whensinz < 3.
Thisistruefor 0 < z < %, and ‘%’* < z < 2m. f decreases when f' < 0, i.e. when1 — 2sinz < 0, or when
sing > 3. Thisistruefor Z <z < 2%,

The largest and smallest values of any function f over an interval occur either at the critical points of f or at the
endpoints of theinterval. f'(z) = 0 whensinz = £, namely whenz = Z, 3¢,

6’6
f(%) = %+2<§> ~ 2.26
f(%)=%+2<—?>z0.89

Now check endpoints: f(0) = 2, while f(27) = 2 4+ 27 = 8.28. Thusthe largest value of f is8.28 and the smallest
valueis0.89.
Inflection points can only occur when f'(z) = —2 cos z = 0. Thisistruefor z = 7/2, 3w/2. Since f” (x) changes
sign at both z = 7/2 and = 37 /2, these arein fact inflection points.
The maxima of f" will occur at the critical points of f' (namely z = 7/2 and 37 /2) or at the endpoints (namely
z = 0and 2x). Now, f'(0) = 1, f'(x/2) = —1, f'(3w/2) = 3, and f'(2w) = 1, s0 f increases most rapidly at
x =3m/2.

)

3
2
1
T
us us 5 In L lim
6 2 6 6 2 6

(f) A solutionto f(x) = constant will occur whenever the graph of y = f(x) intersects the graph y = constant. Ascan

be seen below, f(z) = 1 has 2 solutions, f(z) = 2 has 3 solutions, and f(z) = 3 has 1 solution.
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13. Thegraph of f’ is shown below. (The graph of f isnot shown.) Use the graph of ' to answer the following questions.

4
3
2 /
1
0

(& Onwhichintervals, if any, is f increasing?

(b) At which values of z does f have alocal maximum? A local minimum?

(c) Onwhich intervals, if any, is f concave up?

(d) Which values of z, if any, correspond to inflection points on the graph of f?

(e) Sketch agraph of f”. (Your graph need only have the right general shape. You do not need to put units on the vertical
axis.)

(f) Assumethat f(0) = 0. Sketch agraph of f. (Your graph need only have the right general shape. You do not need to
put units on the vertical axis.)

ANSWER:

@ 3<z<6

(b) Local max at x = 6; local minat z = 3.
©0<z<land2l<zr<49and772 <z <8
(d) z=1,2.1,4.9,7.2

S | :
1 | :
oA 1 7\

lCi 3 4\1 6 7
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|
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Questions and Solutions for Section 4.2
1. Let

M)

fl@)=e" 7,

where b is a positive constant.

(@) Using a computer or a calculator, sketch a graph of f. By choosing various different values of b, observe how the
shape of the graph changes when b is made larger or smaller. Describe your observation in a clear, concise sentence
that would make sense to someone who can not see your graph.

(b) Find theinflection pointsof f, intermsof b.

(c) Useyour answer to (b) to explain mathematically the effect of varying b that you observed in (a).

ANSWER:

(8 The graph, which is a bell shaped curve with height 1 and centered at = = 0, becomes more spread out horizontally
as b isincreased, while retaining the same central height of 1.

(b) Tofind theinflection points, we need to find the second derivative.

Setting this equal to 0, we get

[N

. 22 4>

sincee™ & isnever 0. <;2 — =0
0® 2
b2 b
22 =1

Since f" (z) changes sign on either side of the points z = \/g and xz = —\/g, these are indeed inflection points.
(c) Asbincreases, theinflection points move farther out from the y axis. This explains the horizontal spreading observed
in ().
2. Consider the two-parameter family of curves
y=ar+ —.
T
Assumethat a > 0,5 > 0.

(a) For three (reasonable) choices of a and b witha < b, a = b, a > b, respectively, sketch the three curves. (You may
use your calculator. Label your choices of a and b.)



(b)

(c
d

= =

@

(b)

©

(d
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For the family
Yy =ax+ 2,
T

determine the critical points, critical values, local and global maxima or minimaand concavity in terms of the param-
etersa and b. (In the general case, not just for your curvesin part (a)).

In words and in sketches explain how the sizes of a and b influence the shape of y = ax + %

From part (b) deduce the famous inequality between the arithmetic and the geometric mean:
. a+b
If @ and b are positive numbers, then: Vab < 5
ANSWER:
Graphsfora < b,a=b,a>b
Yy
8 a=2>b=
67 a=1b=2
4,,
a=1b=1
2,,
—t—t— H——t—+—t
-4 -3 -2 -1 1 2 3 4
+ -2
=1b=1
“ 14
=1b=2
¢ -—6
a=2b=1
-—8

Solvingy' = a — % = 0, weget only two critical points: z = \/E andz = —\/E. The coordinates of the critical
T a a
. b b n b - " b
points are thus ( E,Zx/ab), and (— E,—Z\/ab). Now, 3 = ZF' Since y" ( E) > 0, the graph has a loca
minimum at (\/E, 2V ab). Sincey”(—\/g) < 0, the graph has alocal maximum at (—\/E, —2Vab).Asz — 01,
a a a

y — +ooandasxz — 07,y — —oo. Therefore, we seethat x = 0 is an asymptote and that there are no global
maxima or minima. Finally, sincey” > 0 for z > 0 and 4" < 0 for z < 0, the graph is concave up for z > 0 and
concave down for z < 0. No inflection point.

a and b do not influence the concavity of y = ax + g Let’'s consider the effect on the critical points at (\/g, 2\/@)

and (—\/E, —2\/@) of varying a and b. If a isheld fixed, increasing b causes the graph to move farther from the
a

x-axis and the critical points to move farther from the y-axis. If b is held fixed, increasing a causes the graph to move
farther from the z-axis and the critical pointsto move closer to the y-axis. Or, thelarger the ratio of b to a, the further
out from the y-axis the critical points will be, and the larger the product of a and b, the further from the z-axis the
critical pointswill be.

From Part (b) we know that the curvey = az + g attainsalocal minimum y = 2vab at z = \/g Since the curve

has no other critical pointsfor > 0 andasz — 0% or x — +o00, y — 400, we seethat 2v/ab isaglobal minimum
of y=ax + b for z > 0. We therefore have:
T

2\/¢E§ax+£ forz > 0.
Letx = 1. We get:
2vVab<a+b

Vab < “;b.
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3. The purpose of this problem isto explain the graph of f(z)

1
1+ae—"=

(8) Usethe computer to graph the function f(z) for a > 0. Do thisfor various values of a. Based on what you see, write
down what you think happens to the graph of f(x) asa increases. Pay particular attention to what happens to any
asymptotes, maxima, minima, and points of inflection.

(b) Itisclaimed that if = representstime, then f(z) isrelated to the number of people on Earth. Briefly explain why this
might be reasonable.

(c) Forget what you did in parts (8) and (b). Calculate f'(z) and " (z).

(d) Using the results you obtained in part (c) confirm that the statements you made in part (a) are accurate.

ANSWER:

(8 There are no vertical asymptotes; there are horizontal asymptotesat y = 1 and y = 0 for al values of a. f(x)
approaches 1 as x approaches infinity, and f(x) approaches 0 as = approaches negative infinity. The graph is strictly
increasing, so there are no maxima or minima. The point of inflection, which always has ay-value of £, movesto the
right as a increases. It seems that all curves in the family Hﬁ’ a > 0 arejust horizontally shifted versions of
one another.

(b) At first, f(z) increases very slowly, but its rate of increase is growing. This continues until its rate of increase is
quite large, at which point it starts slowing down. Here, f(z) is still increasing, but more and more slowly, until the
graph is practically level. Similarly, the world’s population has always been increasing, but at different rates. When
the population was small, so was the rate of increase. Over time, the population has grown larger and so has the rate
of increase of population. Theoretically, if the population gets too large, the rate at which it is increasing will start
decreasing, as the effects of overpopulation become significant. The asymptote as = approaches infinity corresponds
to the maximum population the Earth can support.

, ae™ " n ae “(ae”™" —1)

A s E A (e

(d) Forall z, f' ispositive, so f isaways increasing. The second derivative of f iszero when z = In a, which givesay
value of % so theinflection point is (In a, %), and does move to theright as a increases.

Consider the one-parameter family of functions

f(z) =az(1l—x), a>0,

for 0 < z < 1. Assimple asthis family is, it exhibits many remarkable properties which have been studied intensively
over the last several years.

(a) Sketch several members of the family for a intherange 1 < a < 5. Also sketch the liney = x. Label your choices
of a. (Remember, take 0 < z < 1).

(b) Findthelocal and global maximaand minimaof f(z) intermsof a.

(c) What isthelargest value of a such that wehave f(z) < 1foradl 0 <z < 1?

(d) Intermsof a, find al pointsz in0 < z < 1 where f(xz) = x. These are called the “fixed points’ of the function.
How can you spot the fixed points from your sketchesin Part (a)?

(e) If zo isafixed point of f(x) = ax(1 — z) and zo # 0, show that f(z) < x for x > x¢. Prove this using calculus
and also relate it to your sketchesin Part (a).
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ANSWER:
@ Yy

©
7'() = = (aw(1 — 2))

_d,
—dx(ax azr”)

=a — 2azx.

Soif f/(z) = 0,a — 2az = 0. Then 2z = 1 (since a cannot be 0) and z = . Thus 1 is the only critical point.
Checking endpoints, f(0) = f(1) = 0 areglobal minima, and (%) = % isamaximum, since f”(z) = —2a < 0.

(c) Since 7 isthe maximum of £, f islessthan or equal to 1 forall 0 < = < 1, provided a < 4. The largest value occurs
whena = 4.

(d) f(z) =z meansthat az(l —z) = z,0z(a(l —2) — 1) = 0,and thusz = 0 or z = 1 — L. Thefixed points are
where each curve intersectstheliney = .

1
(e) From Part (d), weseethat zo =1 — - Forz >axzo=1-1,
f(z) = ax(1—x)
< az(l —xo) becauseweareconsideringz > zo
= am(l) becausezo =1 — 1
a

= .

In Part (8), the curve liesbelow the line y = x after the point of intersection.
Another way of doing thisis as follows:

Notethat f'(z) = a — 2az. If z > xo, we have

1
r>1——
a

—2ax < —2a(l — 1)
a
a—2ar < a—2a+2
flz) < —a+2

But sincea isat least 1, f'(x) can be at most 1, when a = 1. So theslope of f islessthan the slope of theliney = «
for z > xo, and hence f(z) < z for z > xo. This can also be seen on the graph.

5. Given the following data about the second derivative of afunction f,

T 0 1 2 3
) | 1| -1 ] =3 ] =5

which of the following types of function could f be? (Circle al that apply.) Assume b > 0. The other constants can be
positive or negative.

(@ aeb®
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(b) e ="
(©) A quadratic (i.e., az> + bz + c¢).
(d) A cubic (i.e., az® + bx® + cx + d)
(e) sin(bz).
ANSWER:
The datain the table suggests that /() isalinear function. We expect f(x) to be acubic.

Incoming light Reflected light

I
Scattered light

Shiny surface

When light strikes a shiny surface, much of it isreflected in the direction shown. However some of it may be scattered
on either side of the reflected light. If the intensity (brightness) of the scattered light at the angle 6 (shown in the picture)
is I, the Phong model says that

I =k cos"(9)
where k and n are positive constants depending on the surface. Thus this function gives an idea of how “spread-out” the
scattered light is.

(@) Sketch graphs I against 6 for 0 < 6 < % for various values of k£ and n.

(b) Explainin words what effect the parameter & has on the shape of the graph.

(c) Explain in words what effect the parameter n has on the shape of the graph. In particular, what is the difference
between the ways in which surfaces with small n and surfaces with large n scatter light?

(d) If k remainsfixed, what happens to the graph of I against 8 asn — co? What does thistell you about how I depends
on 6 in this case?

ANSWER:
(@ n =1, variousk's k =1, variousn's.
I I
5 k=3 n=1
2
1
6
w/2

(b) Stretches graph upward (k > 1), shrinks (k < 1).
(c) Vaueof I dropsto 0 more quickly asn increases. Surfaces with small n scatter light more, those with large n scatter
lesslight.

(d) 1t drops more and more sharply from the vertical intercept:

I
1

maller n

Large

0
w/2

Asn — oo, lesslight is scattered. Inthelimit, I = k when § = 0 and I = 0 elsewhere. This mans that no light
is scattered—we have a perfectly reflecting surface.
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7. Consider the one-parameter family of functions given by

e + e 4% where A > 0.

Use calculus to draw a graph of members of the family. Show what happens as A gets very small and very large. Be
sure to label critical points and points of inflection, if any.

ANSWER:

Consider the general curve f(z) = e® + ¢~ To find the maxima and minima of this function, set

d e
f’(x):% (eAm+e A ) =0
Ae*™ — Ae™ " =0
Az —Agx
et =e

Thisistrue only when x = 0. To find concavity, take the second derivative:

f'(x) = % (AeA“c — Ae*Aﬂl) — A2 (eAm +67A’3) .

Since this quantity is positive for al = and any A, any curve in this family is concave up and has a minimum at the
point (0, 2). Since there is no change in the concavity, there are no inflection points. This function is also even, aswe can
see by replacing z with —z in the original function: f(—z) = e~4% 4 e® = f(z). We also know that the greater A is,
the greater is the curvature or concavity. We obtain the following family of curves:

A=15
vy
A=1
A=05
2 A=0
xr

8. For thefunctiony = aze™>®

ANSWER:
To find the critical points of y = aze ™", set

, choose a and b so that y has a critical point at x = 2 and a maximum value of 7.

y =0
ae " —abze " =0
a(l —bz)e ™ =0
Thereisthusacritica point at x = % Since
y' = —abe " —ab(1 — bx)e "

= —ab(2 — bx)e ",
y"(3) = —abe™ " < 0, and so there is indeed alocal maximum at z = 7. b must then be 1, and since y(2) =
2qe ' =7,a= %e.

9. (8 Findthefamily of al quadratic functionsthat have zerosat x = 1 and z = 5. (Your answer will contain one arbitrary
constant.)
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(b) Useyour answer to (a) to find the family of all cubic functions, f, that have critical pointsat z = 1 and z = 5.
(c) For dl cubics, f, inthisfamily, find
(i) p, the z-coordinate of the point of inflection;
(i) f"(p), where p isthe z-coordinate of the point of inflection;
(i) f'(1).

(d) From the list below, check off the data you would like to be told in order to specify the cubic f uniquely. Don’t ask
for more or less information than you need. (There are many possible answers. Just give one choice or one set of
choices.) Briefly explain your answer.

__f(0)

__ f(p) where p isthe point of inflection
__f'(p) where p isthe point of inflection
__f(0)

ANSWER:

@ y=D(x—1)(x—5),where D isan arbitrary constant, isthe family of all quadratic functions having zerosat z = 1
and z = 5.

(b) The derivative of acubic with critical pointsat 1 and 5 isaquadratic with zerosat 1 and 5 . So a cubic with thiskind
of derivative is an antiderivative of D(z — 1)(z — 5).

flx) = /D(a: —1)(z — 5)dz

:D/x2—6x+5da:

_Da:3
T3

() (i) f"(z) =2Dx —6D. Thisiszerowhen D(x — 3) = 0, S0 p = 3 isthe z-coordinate of the point of inflection.
(i) f"(3)=0
(i) f'(1) =0, since f hasacritica point at x = 1.

(d) Since the expression found for f in (b) has two arbitrary constants, we need two conditions to fix f uniquely. Any
two conditions from £(0), f'(0), f(p) and f'(p) will work, except for thetwo f'(0) and ' (p), since neither of these
two will fix C'.

10. Find al critical points of f(x) = 42® + 72? + 4z.
ANSWER:

—3Dz*+ 5Dz + C

f'(x) = 122° + 14z + 4
= 2(6” + Tz + 2)
=22z +1)(3z + 2)

2r+1=0, 3z+2=0
2

r=—— 0or X=——

2 3

Questions and Solutions for Section 4.3

1. Find the best possible upper and lower bounds for the function f(z) = xze™" for x > 0, i.e, find numbers A and B such
that
A<ze "<B, z>0.

The numbers A and B should be as close together as possible.
ANSWER:
First find the critical points. Set f'(z) = 0 to obtain:
fl(z)y=e " —ze™® =0,

e "(1—2)=0.
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Since e~ never equals 0, z = 1 isacritical point. Since f’ is positive to the left of z = 1 and is negative to the
right of x = 1, thereisalocal maximumat z = 1. f(0) = 0 and asxz — oo, f(x) — 0. So thelower bound of f(z) is0
and the upper boundis f(1) = e '. S00 < ze™™ < e ! forz > 0.

2. Find two positive numbers whose sum is 8 such that the sum of the cube of the first and the square of the second is a
minimum.

ANSWER:

Let z, y be the two positive numbers such that 2 + y = 8; we wish to minimize 2® 4 y2. Sincey = 8 — x, we need
to minimize z® + (8 — z)2. Differentiating and setting this derivative equal to zero,

327 +2(8 —z)(—=1) =0
32> — 16 +2z = 0.

Using the quadratic formula, we obtain:

But « must be positive, so z = 2, y = 6. Comparing values of 2* 4 y* at the critical points, namely z = 2,y = 6,
and the endpoints, namely z = 0,y = 8 and z = 8, y = 0, we seethat z = 2, y = 6 isin fact the global minimum.
3. A landscape architect plans to enclose a 3000 square-foot rectangular region in a botanical garden. She will use shrubs

costing $25 per foot aong three sides and fencing costing $20 per foot along the fourth side. Find the dimensions that
minimize the total cost.

ANSWER:

A rectangle with area 3000 ft> has dimensions of « ft by @ ft. The cost of lining three sides of the rectangle
with shrubs will be 25(2z + M) dollars, and the cost of lining the remaining side with a fence is 20 - 3000 dollars.

T T
Therefore, the total cost incurred will be C(z) = 50z + @ + @ = 50z + @ dollars. To minimize the
cost, set C'(z) = 0, to obtain:
y 135000
C'(x) =50 — o =0
2% = 135000
50

xr = V2700 =~ +52.0 ft.

Sinceweare only interested in positive distances, wediscard x ~ —52.0 ft. Now, z ~ 52.0 ft isapossible minimum.

Since C"'(52.0) = % > 0, z = 52.0 ft isindeed aminimum. The dimensions of the plot are then ~ 52.0 ft by
3000 '

—— = 57.71t.

52.0

4. A rectangular sheet of paper isto contain 72 square inches of printed matter with 2 inch margins at top and bottom and 1
inch margins on the sides. What dimensions for the sheet will use the least paper?
ANSWER:
Let = be the length of the side of the printed matter. Then % isthe length of the top edge of the printed matter.
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7 IZin

The area of the sheet isgivenby A(z) = (7—:: +2)(x +4). Tominimize A(zx), set A'(z) = —2%5 +2=0.Since

x = 12 isthe only positive (and hence reasonable) solution to this equation and since A”(12) is positive, z = 12 must
minimize the area. Thus, the piece of paper must be 16 inches high and 8 inches wide.
What point of the parabola whose equation isy = z” is nearest to the point (6, 3)?

ANSWER:

We wish to minimize the distance between a point (2, *) on the parabolay = 22 and the point (6, 3). Using the
distance formula we note that d(z), the distance from the parabola to (6, 3), equals \/(x —6)2 + (2 — 3)2. Thiswill
be minimized if and only if its square is a'so minimized. We will call this f(z).

f(@) = (z = 6)" + (z* - 3)*
= (2" — 122 4 36) + (z* — 62> +9)
="' — 52® — 12z + 45.
f(x) = 42 — 10z — 12
To find critical points, set f'(z) = 0,
4z® — 10z —12 =0
2> — 55 —6=0
(# —2)(22° + 42 +3) = 0.
Thereisonly oneread solution, z = 2; the other two roots are complex. Thus (2, 4) isacritica point since the derivative
iszero at x = 2. Since points on the parabola move away from (6, 3) for large z, this critical point minimizesthe distance.
Alternatively, ' (z) = 122° — 10, s0 f"(2) = 48 — 10 = 38 > 0, S0 (2,4) isaminimum. (2, 4) is closest to (6, 3)
since z = 2 isthe only critical point.

. A single cell of abee’s honey comb has the shape shown to the right. The surface area of this cell is given by

_ 3 5 —cosf V3
A_6h5+25 (sinﬁ +sin0>

where h, s, 6 are as shown in the picture.

(a) Keeping h and s fixed, for what angle, 6, is the surface area minimal?
(b) Measurements on bee's cells have shown that the angle actually used by beesis about & = 55°. Comment.



123

ANSWER:
(@ Tominimize A with h and s fixed we have to find %
% _ sgi V3 —cosf
0 de sin f

sin? 6

2 (sin2 6 — cos(v/3 — cos 9)>

3
T2
3,
T2
_ §52 sin?6 — v/3cos§ + cos? @
T2 sin’ 6
_3
T2

sin?

g2 (1 —\/§c059>

0= =y % S0 6 ~ 54.7° isacritical

point of A. Since

% = ;.92 <M> =0.Then1 — v/3cosf = 0 and cosf =

24

d6?

3 5 <\/§sin30—2sin€cos€(1 — \/§c050)>

:55

14
6=54.7 sin” f 6=54.7

Q

352(2.122) >0,

f = 54.7 isindeed a minimum.
(b) Since55° isvery closeto 54.7°, we conclude that bees attempt to minimize the surface areas of their honey combs.
7. Find the best possible bounds for each of the following functions.

@ z®+322+3z, for—3<z<3
(b) sin2z + 2z, for0 <z < 2«

ANSWER:
(@ Lety = x® + 322 + 3z. To locate the critical points, we solvey’ =0 :

Yy =32 +6x+3=0
=3z 4+22+1)=0
=3(xz+1)(z+1)=0

The critical pointisz = —1.
To find the global minimum and maximum on —3 < z < 3, we check the critical point and the end points.
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y(—=1) = (-1)* +3(-1)>+3(-1) =—-1+3-3=—1
y(=3) = (=3)* +3(-3)> +3(-3) = -9
y(3) = (3)® +3(3)> + 3(3) = 63
Thus the global minimum isat x = 1 and the global maximumisatz =3. —9 <y < 63.
(b) Lety = sin 2z + 2.
y = 2cos2z + 2.
y' = 0whenz = /2

Checking the critical points and the end points:

y(r/2) ==
y(0) =0
y(2m) = 4w

Thus the global minimum isat z = 0 and the global maximum isat z = 27. 0 < y < 4~.

8. For f(x) = 2cos®> z —sin(z) and 0 < = < , find, to two decimal places, the value(s) of = for which f(z) has aglobal
maximum or global minimum.
ANSWER:
Find the critical points:

f'(x) = —4coszsinz — cosz = cos (1 — 4sinx)

z =m/20rx = arcsin (—1/4) ~ —0.25.
Since —0.25 isnot in thedomain 0 < z < 7, we need only check the first three answers.

f(r/2)=-1  f0)=2 f(r)=2

Global maximaareatz =0 and xz = .

Globa minimumisat z = /2.

9. Sketch agraph of afunction with two local minima, no global maximum, but a global minimum. Indicate the domain of
your function.
ANSWER:
Answerswill vary. One example:

\

Figure 4.3.58

Questions and Solutions for Section 4.4

1. Thecost C(q) (in dollars) of producing a quantity of ¢ of a certain product is shown in the graph below.
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600
/ Clo)
400
200
q

100 200

Suppose that the manufacturer can sell the product for $2 each (regardiess of how many are sold), so that the total
revenue from selling a quantity ¢ is R(q) = 2q. The difference

isthetotal profit. Let go be the quantity that will produce the maximum profit.
You are told that go can be found by finding the point on the graph where C’(qo) = 2.

(a) Draw the graph of R on the figure above and then explain why this rule makes sense graphically.
(b) Now give a mathematical explanation of the rule, using what you know about maxima and minima.

ANSWER:

@
600
400
R(q
200 :
|
Vow
I
I q
10090 200

Graphically this makes sense, because the point where the separation between R(q) and C(q) is greatest isthe
point where the slopes of the two lines are equal (namely 2).
(b) Mathematically, to maximize = (q), first find the first derivative,

7' (q) = R'(¢) — C'(q)
=2-0C'(g).

Now set (q) = 0. Weknow go where C’(qo) = 2 isacritical point. Since 7’ (q) = —C"(¢) and the graph of C(q)
isconcave up, 7' (g) < 0. Hence go isaloca maximum. Since 7/ (q) < 0 for all g, qo isthe global maximum.

. Given below is the graph of the cost C'(¢q) of producing the quantity ¢ and the revenue R(q) = pq of selling the quantity

q, where p isthe price per unit (p isa constant).

(a) Show graphically where the quantity go is such that the average cost per unit, a(q) = % isaminimum. Explain
what you are doing.

(b) Show graphically where the quantity ¢; is such that your profit R(q) — C(q) isamaximum. Explain the relationship
between C’(g1) and p that should be evident in your picture.
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(©

@

(b)

Whichislarger, C'(qo) or C'(q1)?If you want to maximize profit, should you minimize your average cost? Explain
your answer.

R(q) = pq

ANSWER:

The quantity a(q) = C(q)/q isthe slope of aline joining the point (¢, C(g)) to the origin. So to minimize a(q) we
must search among lines that join the origin to a point on the graph of C' and find the one L of least ope. From
the figure, we can see that the line L will be tangent to C' at the point (g0, C(go)). The quantity go is the one which
minimizes a(q). (We can exclude the possibility of an end-point minimum by looking at the given figure.) Also,
notice that C' will be concave up near qo because it lies above itstangent L.

C(q)

R(q) = pq

qo

This result can also be obtained analytically. Wefind that o’ (¢) = (¢C’(¢q) — C(q)) /¢>. If qo isacritical point
for a, then a’(qo) = 0,50 ¢oC'(q0) — C(gqo0) = 0, which leadsto C’(q0) = C(g0)/qo; i.e. the Sope of the tangent
a (qo,C(qo)) is the same as the slope of the line joining (g0, C(qo)) to the origin, which is exactly what we found
above. This will be a minimum point if a”’(qo) > 0. Since a’’(q) = C"(q)/q — 2 (¢C'(q) — C(q)) /¢*, we find
a"(qo) = C"(go)/qo- Since go > 0, we shall have a” (qo) > 0 if and only if C""(go0) > 0; i.e., C' is concave up at
qo- The geometric argument gives much clearer insight into the problem.

The profit 7 will be maximized at apoint ¢; where ' (q:1) = 0. (Again werely on the picture to exclude the possibility
of an end-point maximum.) Son'(q1) = R'(q1) — C"(g1) = 0, giving p = C"(g1). Hence the profit 7 is maximized
at the point ¢: where the tangent M to C' is parallel to the graph of R(q).
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(c) The picture showsthat the slope of L islessthan theslope of M, so C'(q0) < C'(g1). Thusif we decide to minimize
average cost (by setting ¢ = o), we will not in general have maximized profit (which requiresq = ¢1).

The enlargement shows that since C' is concave up in thisregion, ¢ < qi.

3. Thecost C(q) (indollars) of producing a quantity ¢ of acertain product is shown in the graph below.

C(q)

The average cost isa(q) = 2.

(@ Interpret a(q) graphicaly, asthe slope of aline in the sketch above.

(b) Based on the graphical interpretation in (a), find on the graph the quantity go where a(q) isminimal.

(c) Now suppose that the fixed costs (i.e., the costs of setting up before production starts) are doubled. How does this
affect the cost function? Sketch the new cost function on the same set of axes asthe original one.
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(d) Let g1 be the quantity where the new a(q) is minimal. Whereis ¢: in relation to qo? Does your answer make sense
in terms of economics?
ANSWER:

(8 Thefunction a(q) isthe slope of the line through (0, 0) and (¢, C(q)).
(b) The average cost is minimized when the slope of thelinejoining (0, 0) to (¢, C(q))is minimal. This occurs when the
line L istangent to the graph of C'(¢), asdrawn in Figure 4.4.59. Thus (g, C(q0)) isthe point where L touches the

graph of C(q).

Figure 4.4.59

(c) Thecost function is shifted up by C(0).

(d) Suppose M is the tangent line which gives the new minimal value of a(q). From the figure, we can see that M is
steeper than L. Since C'is concave up, M touches the cost graph to theright of ¢. Thusqi > go. In practical terms,
this means that if the start up costs are double, the manufacturer must make more of the product to minimize the

average cost. This makes economic sense.
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new C(q) M
Clq)
L
/1
2C(0)
C(0)
q
qoq1

Figure 4.4.60

. Total cost and revenue are approximated by the functions C = 1500 + 3.7¢q and R = 5¢q, both in dollars. Identify the
fixed cost, marginal cost per item, and profit.

ANSWER:

Fixed cost =1500, marginal cost per item =3.7, and profit = R — C' = 5q — (3.7q + 1500) = 1.3q — 1500.

. Writeaformulafor total cost as a function of quantity » when fixed costs are $50, 000 and variable costs are $1, 200 per
item.

ANSWER:

Total cost =50, 000 + 1, 200r.

. Therevenue for selling ¢ itemsis R(q) = 400q — 2¢> and the total cost is C'(¢) = 100 + 40¢. Write afunction that gives
the total profit earned, and find the quantity which maximizes profit.
ANSWER:

P = 400q — 2¢° — (100 + 40q)
= 360q — 2¢> — 100

To find the maximum profit we find the critical points of P :

P'(q) = 360 — 4q

P'(q) = 0 when ¢ = 90.
P"(q) = —4, so profit will be amaximum when ¢ = 90.

. The function C(r) = 15r% — 50 gives cost in dollars of producing = items. What is the marginal cost of increasing r by
1 item from the current production level of r = 57

ANSWER:

Marginal cost =C’(r) = 30r. For r = 5, C'(r) = 150 dollars.

. Find the marginal cost and marginal revenue for ¢ = 100 when the fixed costs in dollars are 3,000 and the variable costs
are 200 per item and each sells for $400.

ANSWER:

Margina cost = 200

Marginal revenue = 400.
. Find the quantity ¢ which maximizes profit if the total revenue, R(q), and the total cost, C(q), are given in dollars by

R(q) = 7q — 0.02¢>

C(q) = 400 + 1.5q, where 0 < g < 600 units.
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ANSWER:
We look for production levels that give marginal revenue=marginal cost:

MR =R'(q) =7 —0.04¢

MC=C'(q)=15

7—0.04g =15

q = 138 units

Does this value of ¢ represent alocal maximum or minimum of profit? We can tell by looking at production levels
of 137 units and 139 units.

When g = 137 wehave MR = 1.52.
When g = 139, MR = 1.44.

Therefore, ¢ = 138 isaloca maximum for the profit function.

Questions and Solutions for Section 4.5

1. A wireof length L is cut into two pieces. [We allow the possibility that one of the pieces has zero length.] Thefirst piece
is bent into a circle, the second into a square. How long should the piece of wire that is bent into a circular shape bein
order to maximize the sum of the areas of the two shapes? How long should that piece be if you want to minimize the sum
of the areas? [For full points, you must explain in detail why the length you suggest will indeed result in a maximum or
minimum for the sum of the areas of the two shapes.]

ANSWER:
x = length bent into the circle.
L — z = length bent into the square.
x = circleof circumference x = = = 2nr

r=-" soareaof cirde= ——z> = 2
T or’ T Ax2T T Ar
L— 2

r = Area = ( 1 a:)

Let A(z) = sum of areas.

T 2 1 2_i2 i o2
yRcLy +16(L x) = +16(L z)",z €[0,L]

Now find a max/min of A(z) on [0, L]:

Alz) =

dr ~ 4rx 16

%—Owhenixjtlx—lL:m;— Lm
doe 2r” 87 8 1+ 2 w44
d’A 1 1 ) _ . . .
T (% + §) > 0 for adl z, i.e. thelength Lz /(7 + 4) will give aminimum area. Consider the endpoints:

A(0) = L?/16, A(L) = L? /4w > A(0). Therefore, the absol ute maximum area occurs when = = L.

dA—lx—l—l(L—a:)(—l):ia:—l(L—a:):(%4—;) L
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2. A rectangular building is to cover 20,000 square feet. Zoning regulations require 20 foot frontages at the front and the
rear and 10 feet of space on either side. Find the dimensions of the smallest piece of property on which the building can
be legally constructed.

ANSWER:
Assume that the front of the building is x feet long. Then the sides of the building must be Zoiﬂ feet long. The
dimensions of the property will thus be z 4+ 20 and “’;ﬁ + 40. The area of the plot will be:

2 4
A(z) = (z + 20) (% + 40> = 20000 + 00;)00 + 800 + 40z
Differentiating and setting this equal to zero,
A(z) = _400200 Ld0—0
xr
40— 400800
xr
z® = 10000
z = 100

(No negative roots allowed!) The property will thus have dimensions 120/ x 240’.

20000
= + 40 < 20000

3. Theregular air fare between Boston and San Francisco is $500. An airline flying 747s with a capacity of 380 on thisroute
observes that they fly with an average of 300 passengers. Market research tells the airlines’ managers that each $20 fare
reduction would attract, on average, 20 more passengers for each flight. How should they set the fare to maximize their
revenue? Why?

ANSWER:

Suppose we lower the fare by z dollars. Then the revenue generated at this fare will be:

r(xz) = (500 — z)(300 + x),
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where x is the discount in dollars. (For every dollar decrease in fare, another person will fly.) To maximize revenue, we
examine the critical points of r:

dr d

T dn ((500 — z)(300 + x))
= —(300 + z) + (500 — z)
=200 — 2z.

So, j—; = 0 when z = 100. But thisis too high, since when x = 100, the number of people on the plane is 400. So the
maximum must occur when z = 80 or 0 (the endpoints.) When x = 80, r(xz) = 420 - 380 = 159,600; when z = 0,
r(z) = 300 - 500 = 150,000. Hence, the airline would do best to fill up its planes at $420.

4. The purpose of this problem isto find the z-value which produces the shortest distance from the point (0, 0) to the curve

y =e".

(8) Usethe computer. Plot the curve y = e and acircle of radius a centered at (0, 0). By varying a, estimate the value
of = which gives the shortest distance from (0, 0) to the curve. What is your estimate? Explain what you did.

(b) Using calculus, confirm that the statement you made in part (8) is accurate. (You may need to use a computer or a
calculator to find roots.) What isyour estimate for z, accurate to 5 decimal places? Explain what method you used to
get this accuracy.

ANSWER:

(@ When a = 0.78, the circle barely touches the curve e”. They touch at x ~ —0.43, so that value of z gives us the
point on the curve closest to the the origin.

<

NI

(b) The distance from the point (z,e”) to the originis D(z) = \/x2 + (e*)? = \/x2 + e2%, s0, in order to find the
closest e® comes to the origin, we want to minimize D(z). By taking the derivative and solving for aroot (using a
root-finding program), we find that = —0.42630 gives the desired minimum.

D) = VT + @ [

—o

T
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5. If you throw a stone into the air at an angle of 6 to the horizontal, it moves along the curve

2
y=xztanf — ;K—k(1+tan20)

where y isthe height of the stone above the ground, z is the horizontal distance, and & is a positive constant.

(a) If theangle 8 isfixed, what value of z gives the maximum height? (Your answer will contain k and 6.) Explain how
you know this z-value gives a maximum.

(b) Suppose the stone isto be thrown over awall at afixed horizontal distance ¢ away from you. If you can vary 6, what
isthe highest wall that the stone can go over? (Your answer will contain k and £.) You do not need to justify that your
answer isamaximum.

ANSWER:

dy 2z 2 . ktan 6
— = — —(1 = = = .
@ Iz tan 6 2k( +tan” #) = 0 givesz T+ tanZ0

This value gives a maximum because curve is an upside down parabola.
2
(b) Whenz = ¢,y = ftanf — é—(l + tan” 6)

2k
dy L 7 (2tan9) ¢ (k — £tan ) k
- = -7 = hen -——= = tanf = —.
d9 cos2f 2k \ cos?26 Owenk cos2 6 0 s0 tan {
_ E o2 'S 1.5 o Kk>—02
Thushe|ght|5y_€-z—ﬁ<1+é—2>—k—%(é +k%) = o

6. A rectangle with its base on the z-axis isinscribed in the region bounded by the curve f(z) = 22, the z-axis and the line
x = 4. Find the dimensions of the rectangle with maximal area.
ANSWER:
Choose a rectangle that has one corner at (4, 0). If the other vertical side of the rectangle intersects the z-axis at
(z,0), then the length of the base of the rectangle is 4 — z, and the height is z°. The area will thus be (4 — z)z>. To
maximize this, set the derivative equal to 0. This gives

d 2 3 2

dx( z°)=8x -3z =xz(8—3x) =0

There are two roots to this equation, z = 0 and z = 8/3. Theroot z = 0 corresponds to the rectangle of height 0 lying
along the z-axis, and it certainly does not maximize the area. Since the second derivative of the area, 8 — 6z is negative
when z = 8/3, areaisindeed maximized when z = 8/3. Thus the base has length ~ 1.33 and the height is~ 7.11.

Yy

16

12
r=4

8

y =1

4 <~ rectangle with maximal area

xr
1 2 3 4

7. A submarine can travel 30 mi/hr submerged and 60 mi/hr on the surface. The submarine must stay submerged if within
200 miles of shore. Suppose that this submarine wants to meet a surface ship 200 miles off shore. The submarine leaves
from a port 300 miles along the coast from the surface ship. What route of the type sketched below should the sub take to
minimize its time to rendezvous?
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distance in hundreds

of miles
300 Sub
L
(speed = 0.3)
L (2,0)
coast
(speed = 0.6)
Ship
200
Figure 4.5.61
ANSWER:
— 4 o
U1
r
>y |
coast 3
V2 3—r
200

We wish to minimize t = ¢1 + t2, where ¢, is spent traveling with speed 0.3, and ¢» is spent traveling with speed
0.6. Let r = 3 — y. We know (by the Pythagorean Theorem) that the distance traveled at the slow speed isv/4 + r2, s0

we have
t =1t +1t2
_\/4+r2+3—r
T 03 0.6
:%(2 4+r2+3-7)
dt _ 1 oy L1 . . _ 2
pr %(2r(4+r )" 2 — 1), whichiszerowhenr = -
. d2t 1 2y —1 1 2 —3
S = —((4 2 (==)(4 2.2
nced,r.Q 5 03(( +’I") +’I" ( 2)( +’I") r
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r= % isindeed a minimum. So y should be equal to 3 — % for the submarine to minimize time.

8. Daily production levelsin aplant can be modeled by the function G(t) = —3¢> + 12t — 12 which gives units produced at
t, the number of hours since the factory opened at 8am. At what time during the day is factory productivity a maximum?
ANSWER:
To find the maximum productivity, first find the critical points of G(t) :

G'(t)=—-6t+12=0

t=2
Since G" (t) = —6, productivity is amaximum at 10am, 2 hours after the factory opens.

9. The number of plantsin aterrarium is given by the function P(c) = —1.2¢> + 4c + 10, where ¢ is the number of mg of
plant food added to the terrarium. Find the amount of plant food that produces the highest number of plants.
ANSWER:
Find the critical points:
P'(c)=—24c+4=0
c~1.67
Since P (c) = —2.4, ¢ = 1.67 is where the maximum occurs.

10. The function y = .2(z + 2)* — 5z + 2 gives the population of atown (in 1000's of people) at time 2 where z is the
number of years since 1980. When was the population a minimum?
ANSWER:

y =4z +2)-5
= 4x —4.2
xr = 10.5

Sincey’' = .4, the population was a minimum halfway through 1990.

Questions and Solutions for Section 4.6
1. Find the derivative:
y = cosh”® (9z) + sinh” (9z)
ANSWER:
y' = 18z cosh(9z) sinh(9z) — 18 sinh(9z) cosh(9z) = 36 cosh(9z) sinh(9z).

2. Find the derivative:
__cosh (22)
"~ cosh? (z)
ANSWER:

, _ 2sinh (22) - cosh? (z) — 2sinh z - cosh = - cosh (27)
v= (cosh z)4
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3. Find the derivative:
y = sinh (sin z)
ANSWER:

y' = cosx - cosh (sin x)

4. Find the derivative:
y = tanh (3)
ANSWER:

/ 3

~ cosh? (3z)

5. An arch over alake has the form y = 200 — 40 cosh (z/40) where z is the number of feet from a point on one side of
the lake. What is the highest point on the arch?
ANSWER:
Find the value of z suchthat y’ = 0 :

’ . xr
y = —sinh 0
z=0
We need to check the second derivative to determine the concavity:
» _ —cosh 45
40
Atz =0,y” = —0.025, so z = 0 iswhere the maximum occurs and the height is 160 feet.

Questions and Solutions for Section 4.7

1. Provethat if f(x) = z? then there existsanumber ¢, 2 < ¢ < 5, such that f'(c) = 7.

ANSWER:

By the Mean Value Theorem, there is a number ¢, with 2 < ¢ < 5, such that
’ _ f(5) _ _f(2)

fo)="%—5>
2 _ o2 _
_Y -2 B4
5—2 3
2. Provethat if f(z) = 2 + 2, then f isincreasing on [0, 10].
ANSWER:

f(z) = x? + 2 is continuous on [0, 10] and differentiable on (0, 10). Since f'(z) = 2=, f'(x) > 0 on (0, 10). By
the Increasing Function Theorem, f isincreasing on [0, 10].
3. What can you conclude about f if f iscontinuous on [0, 5], differentiable on (0, 5), and f'(z) > 0 on (0, 5)?
ANSWER:
By the Increasing Function Theorem, we conclude that f isincreasing on [0, 5].
4. The speed of acar at timet, 5 < t < 10, isgiven by f(t) = —2(¢t — 10)*>. What is guaranteed by the Mean Value
Theorem about

f010) - f6),
10-5
ANSWER:
Since f(t) is continuous on [5, 10] and differentiable on (5, 10), there existsanumber ¢, 5 < ¢ < 10, such that

/ F(10) = f(5) _ 0= (=2(5 - 10)*)
FO="1=5 = 5
So there will be a point in the interva [5, 10] when the instantaneous acceleration will be equal to 10, the average
acceleration over theinterval.
5. What does the Extreme Value Theorem allow us to conclude about f if f iscontinuous on [0, 100]?
ANSWER:
f has aglobal maximum and a global minimum on [0, 100].

= 10.
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Review Questions and Solutions for Chapter 4

1. Onefineday you takeahike up amountain path. Using your trusty map you have determined that the path is approximately
in the shape of the curve
y = 4(z® — 124° + 48z + 36)

Here y is the elevation in feet above sea level and z is the horizontal distance in miles you have traveled, but your map

only shows the path for 7 miles, horizontal distance.

(@) How high above sealevel do you start your hike?

(b) How high above sea level are you after 7 miles?

(c) Useyour calculator to draw an informative graph of the path (i.e. Onethat lookslike a cubic.) and sketch your answer.
Show the scale you use. (Take your answers in parts (a) and (b) into account!)

(d) Where on the path isaniceflat place to stop for a picnic? Explain.

(e) Estimate the elevation after 7.5 horizontal miles. (You do not know the shape of the path explicitly after 7 miles!)

(f) If your friend, whoisnot in“good shape” followed this path for 15 milestotal, in horizontal distance, the day before,
does it make sense that the equation for the elevation continues to hold much beyond the 7 mile mark? Explain.
ANSWER:

(8 Atthestart of the hike, z = 0, so y = 4(36) = 144 feet.
(b) After 7 miles,x = 7, s0y = 508 feet.
©

432

y = 4(x® — 1222 + 48z + 36)

144
100

(d) A flat place occurs when the elevation is neither increasing nor decreasing, i.e., when dy = 4(3952 —24x+48) = 0.

dx
This happens \;\l/hen x = w = 4, s0 stop about 4 miles along for apicnic.
() Whenz =17, d—y = 4(3(7)® — 24(7) + 48) = 108. Local linearization yields
X

y(7.5) = y(7) + 0.5(y'(7))
= 508 + (0.5)(108)
= 562 feet.

(f) No, since according to the equation y(15) = 5724, my friend would have to hike over a mile up, which is not easy.
Beyond the seventh mile, the equation says things go uphill quickly. So if he does walk for 15 miles and is a so out
of shape, then in all likelihood the equation does not apply beyond the 7 mile point.

For Problems 2— 4, decide whether each statement is true or false, and provide a short explanation or a counterexample.

2. If f" =0a x =0, then the graph of f changes concavity at z = 0.
ANSWER:

FALSE. Thegraph of f(z) = z* has f”(0) = 0, but it is concave up everywhere.
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3. If f/ > 0 onaninterval, the function is concave UP on the interval.
ANSWER:
FALSE. The graph of f(x) = z® has f' > 0 for al = # 0, even though it is concave down for = < 0.

f(a) =a?

fi>a

4. If f isaways decreasing and concave down, then f must have at least one root.
ANSWER:
FALSE. The function f(z) = —e” isaways decreasing and concave down and it has no roots.

2

5. Given the function f(z) = x?e 2%, find al the maxima, minima and points of inflection and use this information to

sketch the graph.
ANSWER:
@) = %
fl(x) = 2ze > — 227 % =2(z — ) >®
(@) =2(1 = 2z)e *" —4(x — 2¥)e > = 2(1 — 4x + 22%)e ",

The zeros of these functions are as follows:

f(x) iszeroat | = =0.
f'(z) iszeroat | r=0andz = 1.
f'(x) | iszeroat | x=1+4+sadz=1- -

5"

So the critical points of f(z) areat 0 and 1, and its possible inflection points are at 1 + % and 1 — % We now

need to classify these points, and learn what the graph looks like. We make atable of the approximate values of £, f, and
f"' at these points, and their signs on the intervals between:
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x f(x) f'(z) " (=)
(—o0,0) + — +
0 0 0 2 Z€ero, minimum
(0,1 — %) + + +
1-— % 0.0478 0.2306 0 inflection point
(1- %, 1) + + -
1 0.1353 0 —0.2707 maximum
1,1+ 75) + - -
1+ o 0.0959  —0.0794 0 inflection point
(1+ 5,00 + -

Notice that the table tells us that £’ () does indeed change sign acrossz = 1 + % andz =1— % so these are

inflection points.
Using the information in the table, we now draw the graph:

maximum

inflection points

minimum,zero

\:K

6. Draw the graph of apolynomial of degree four that hasalocal minimum at (—3, —27) and inflection pointsat (—1, —11)

and the origin.
ANSWER:

10

(=3,-27)
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Chapter 5 Exam Questions

Questions and Solutions for Section 5.1

1. Consider a sports car which accelerates from 0 ft/sec to 88 ft/secin 5 seconds (88 ft/sec = 60 mph). The car’s velocity is
given in the table below.

t o 1 2 3 4 5
vie) | 0 30 52 68 8 88

(8) Find upper and lower bounds for the distance the car travelsin 5 seconds.
(b) Inwhich timeinterval isthe average acceleration greatest? Smallest?

ANSWER:

(8 Sincew(t) isincreasing, alower bound is given by the left-hand sum, and an upper bound is given by the right-hand
sum.

lower bound = 0 + 30 + 52 + 68 + 80 = 230 feet;
upper bound = 30 + 52 + 68 4 80 + 88 = 318 feet.

(b) Inthefirstinterval it isgreatest. Inthe last interval it is smallest.
2. The graph shown below is that of the velocity of an object (in meters/second).

30

’ /

10

1 2 3 4 5

(@) Find an upper and alower estimate of the total distance traveled from¢ = 0 to ¢ = 5 seconds.
(b) Atwhat timesisthe acceleration zero?
ANSWER:
@ v(0) =0,v(1) =20,v(2) =30, v(3) = 20, v(4) = 15, v(5) = 30.
Since this function isincreasing over [0, 2], decreasing over [2, 4], and increasing over [4, 5], we need to break
the function into three partsin order to determine an overestimate and an underestimate of the distance traveled.

Over [0, 2], lower bound = 0 + 20 = 20,
upper bound = 20 + 30 = 50.
Over [2, 4], lower bound = 20 + 15 = 35,
upper bound = 30 + 20 = 50.
Over [4, 5], lower bound = 15,
upper bound = 30.

So, adding the upper and lower bounds for the separate intervals, we get

lower bound on distance traveled = 20 + 35 + 15 = 70 meters;,
upper bound on distance traveled = 50 + 50 + 30 = 130 meters.

() v =0att=2andt=4.



141

3. Attimet, in seconds, the velocity, v, in miles per hour, of acar is given by

v(t) =5+ .5t>for0 <t < 8.

Use At = 2 to estimate the distance traveled during thistime. Find the left- and right-hand sums, and the average of
the two.

ANSWER:

Using At = 2,

Left — hand sum = v(0) - 2+ v(2) - 2+ v(4) - 2 + v(6) - 2
=2(5) +2(5 +.5(2)%) + 2(5 + .5(4)%) + 2(5 + .5(6)%)
=96
Right — hand sum = v(2) - 2+ v(4) - 2+ v(6) - 2+ v(8) - 2
=160

The averageis (96 + 160)/2 = 128.

4. A car travels exactly 20 mph faster than the car from Exercise 3. What are the left- and right-hand estimates of the
distance traveled by the new car (also using At = 2)?
ANSWER:
Each term of the new estimates will be 2 - 20 miles greater for atotal of 4 - 2 - 20 = 160. The left-hand sum will be
256 and the right-hand sum will be 320.

5. If an upper estimate of the area of a region bounded by the curve in Figure 5.1.62, the horizontal axis and the vertical
linesz = 3 and z = —3 is 15, what is the upper estimate if the graph is shifted up one unit?

4
/——\
2
1 N
-4-3-2-10 1 2 3 4

Figure 5.1.62

ANSWER:
The new areawill be 6 units more, or 21 units.

6. Figure 5.1.63 shows the graph of the velocity, v, of an object (in meters/sec.). If the graph were shifted up two units, how
would the total distance traveled between ¢ = 0 and ¢ = 6 change? What would it mean for the motion of the object?

v (m/sec)
40
30
20
10

t (sec
123456()

Figure 5.1.63

ANSWER:

The distance would increase by 6 - 2 or 12 meters. Shifting the graph up 2 units means the velocity at each time
would be 2 mph greater.
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7. Estimate the area bounded by the z-axis, y-axis, y = e~ * + 1 and x = 2 with an error of at most 0.8.

ANSWER:
We want the error to be less than 0.8, so we take Az such that |f(2) — f(0)|]Az < 0.8, giving

0.08
Az < - ~ 0.93
N CEEDEICES)]
Sotake Az = 1 or n = 2. Then theleft sum = 2 4+ 1.37 = 3.37 and theright sum =~ 1.37 + 1.14 = 2.51, s0a
reasonable estimate for the sumis (3.37 + 2.51) /2 = 2.94.

8. A car isobserved to have the following velocities at timest = 0, 2,4, 6 :

Table 5.1.10
time(sec) 0 2 4 6
vel ocity(ft/sec) 0 21 40 66

Give lower and upper estimates for the distance the car traveled.
ANSWER:
Lower estimate = 0(2) + 21(2) + 40(2) = 122 feet.
Upper estimate = 21(2) + 40(2) + 66(2) = 254 feet.
9. Attimet, in seconds, your velocity v, in meters/sec, is given by

v(t) =242t" for 0 <t < 6

Use At = 2 to estimate distance during thistime.
ANSWER:

Left — hand sum = v(0) - 2+ v(2) - 2+ v(4) - 2
=2-2+10-2+ 34-2 =92 meters

Right — hand sum = v(2) - 2 + v(4) - 2+ v(6) - 2
=10-2+34-2+74-2 = 236 meters

Average = (92 + 236)/2 = 164 meters. Distance traveled ~ 164 meters.

10. Repeat Exercise 9 with At = 1. Compare the accuracy of your two answers.
ANSWER:

Left — hand sum = v(0) - 14+ v(1) -1 +v(2) - 14+ 0v(3) -1+ v(4)-14+v(5)-1
=2-1+4-14+10-14+20-1+34-1+52-1
= 122 meters

Right —handsum =v(1)-14+v(2) -1+ v(3)-14+v(4) -1+ v(5)-1+v(6)-1
=4-1+10-1+20-1+34-1+52-1+74-1

= 194 meters

Average = (122 + 194)/2 = 158 meters. Distance traveled = 158 meters.

Since the estimate of 158 meters was obtained using more and smaller intervals of time, it is more accurate than the
estimate obtained by using At = 2.

Questions and Solutions for Section 5.2

1. Estimate f 810 In z dz with accuracy 0.1. Show why you chose the Az that you did.
ANSWER:
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Since ln z isincreasing on [8,10],

10
LEFT(n) < / Inz dz < RIGHT(n),
8

and
|RIGHT(n) — LEFT(n)| < |In10 — In8|Axz

We need 0.224 Az < 0.1, soweteke Az = ,n = 6, and wefind LEFT(6) ~ 4.35 < [,° Inzdz < RIGHT(6) ~
4.43, 0 fsm In z dx ~ 4.39 with an accuracy of 0.1.

. Consider the region A bounded above by the graph of f(z) = ¢=*", bounded below by the graph of g(z) = e’ —1,and
bounded on the left by the y-axis.

(a) Sketch and label the curves f(z) and g(x) and shade the region A. Find (approximately if necessary) and label the
coordinates of the three corner points of A.

(b) By justlooking at your sketch in Part (a), decide whether the area of A ismore or lessthan 0.7. Isit more or lessthan
0.3? Give agraphical justification of your answers.

(c) Expressthe areaof theregion A asanintegral, or asasum or difference of integrals. Approximate the value(s) of the
integral(s) with an accuracy that allows you to decide whether the area of A is more or less than 0.5. Explain what

you are doing.
(d) Name the possible sources of error in your calculation of the area of A in part (b).
ANSWER:
@ y
(0, 1)
g(z) = e 1
A (0.7, 0.62)
fl@)=e""
T
(0, 0) (1, 0)

(b) The areaof A ismore than 0.3 but less than 0.7. To visualize this, draw a triangle connecting all three “corners’ of
the area. If we take the base of the triangle to be the | eft side of the area then:

An (@) =3

Sincex ~ 0.7, A = 0.35 < 0.7. Not only is this approximation of A greater than 0.3, we also know it is less than
the actual value of A. Thus A > 0.3.
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Y
1
g(z) = e —1
fa)=e
T
0.3 0.7 1

(©

0.7 0.7 0.7
2 2 2 2
/ e ¥ dr — / (e —1)dx = / (e_x —e" + 1) dz
0 0 0

We can approximate the value of this integral with left and right Riemann sums, dividing the region [0, 0.7] into
fourteen subdivisions. Then

0.441235 = RIGHT < A < LEFT = 0.492219,

which shows that the exact value of A islessthan 0.5.
(d) The sources of error from this method are the extra space in A not included in the triangle, and our approximation
for the point of intersection of the functions f and g.

Using Figure 5.2.64, draw rectangles representing each of the following Riemann sums for the function f on the interval
0 <t < 12. Calculate the value of each sum.

(8) Left-hand sum with At = 3
(b) Right-hand sum with At = 3
(c) Left-hand sum with At = 6
(d) Right-hand sum with At = 6

16 |
14
12 ft) 4
10
8 AN
6
4 \\
2
t
3 6 9 12
Figure 5.2.64
ANSWER:
@ 16
14
12
10
8
t
. 1)
4
2

3 6 9 12
Figure 5.2.65



Left-hand sum = 16(3) + 15(3) + 12(3) + 7(3) = 150

(b) 16
14
12
10
8 ft)
6
4
2
t
3 6 9 12
Figure 5.2.66
Right-hand sum = 15(3) 4+ 12(3) + 7(3) = 108
(© 16
14
12
10
8 (t)
6
4
2
t
3 6 9 12
Figure 5.2.67
Left-hand sum = 16(6) + 12(6) = 168
(d) 16
14
12
10
8 ft)
6
4
2
: t
3 6 9 12
Figure 5.2.68

Right-hand sum = 12(6) = 72

50
4. Usethetableto eﬂimate/ f(z) dz. What values of n and Az did you use?
0
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Table 5.2.11
T 0 10 20 30 40 50
f(x) 30 35 45 50 70 85

ANSWER:
50

We esti mate/ f(z) dz using left- and right-hand sums.

0
Left sum = 30(10) + 35(10) + 45(10) + 50(10) + 70(10) = 2300
Right sum = 35(10) + 45(10) + 50(10) 4 70(10) + 85(10) = 2850

50
Wea;timatethat/ f(z)de ~ 5
0

2300 + 2850

= 2575. In this estimate, weused n = 5 and Az = 10.
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5. Estimate the area of the region above the curve y = cos z and below y = 1 for 0 < = < /2.
ANSWER:

y = cos(z)

/2

Figure 5.2.69

/2
Area:/ (1 —cosz)dx =~ 0.57
0

6. Estimate the area of theregion between y = cosz,y = z,z = —n/2,and z = 0.

ANSWER:
y = cos(x) —
—m/2
‘ x
y=z
Figure 5.2.70

0 0
Area:/ coszdr + / —xrdr ~ 2.2337
—m/2 —7/2
7. Estimate the area of the region under the curvey = —z® + 5 and above the z-axisfor 0 < z < /5.
ANSWER:

Figure 5.2.71

¥5
Area=/ (—2® + 5) do ~ 6.41241
0
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8. Estimate the area of the region under the curvey = sin(z/2) for 0 < z < 2.

ANSWER:
Sincesin(z/2) > 0 for 0 < z < 2, theareais given by

2
Area:/ sin(z/2) dz = 0.91939
0

Questions and Solutions for Section 5.3

1. (@) The acceleration of an object is given by the graph shown below. Make a graph of the velocity function v, of this
object if v(0) = 0.

a(t) in misec? v(t) in misec
2 2
1 1
t t
1 2 3 1 2 3
1 _ 1

(b) What isthe relationship between the total change in v(t) over theinterval 0 < ¢t < 3 and a(t)?
ANSWER:

@

(b) / a(t)dt =v(3) —v(0)
Check this:
/ at)dt=2-1+1=2;, v(3)—v(0)=2-0=2.

2. Each of the quantities below can be represented in the picture. For each quantity, state whether it is represented by a
length, slope, or an area. Then using letters on the picture, make clear exactly which length, slope or area represents it.
[Note: Theletters P, Q, R, €tc., represent points.]



148

)
U
:
! y = f(z)
|
|
|
I
|
________ + R
| |
| |
| |
| |
| |
| |
| |
| |
| |
p! 1S .
a a+h
@ f(a+h) = f(a)
(b) f'(a+h)
© f'(a)h
(d) f(a)h
(e) State whether the quantity
a+h
ARG
isrepresented by alength or areain the picture. Draw the length or shade the areain the picture above.
ANSWER:
(@ lengthTR
(b) Slope TV
(c) lengthUR
(d) area PQRS
(e) Theaverage of f over theinterva [a,a + h] isalength.
Y
y = f(z)

Average value of f over interval

\:

~
- —————————

IS]

IS

+ O —————
= |»
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Breakfast at Cafeteria Charlotte

3. Below isthe graph of the rate r in arrivalminute at which students line up for breakfast. The first people arrive at 6:50
am. and the line opens at 7:00 am.

r

30
/
20 /
/ \

10 1/

/

/ N

™~
t
650  T:00 7:10 720 T7:30 7:40

Suppose that once the line is open, checkers can check peoples’ meal cards at a constant rate of 20 people per minute.
Use the graph and this information to find an estimate for the following:

(8 Thelength of theline (i.e. the number of people) at 7:00 when the checkers begin.
(b) Thelength of thelineat 7:10.

(c) Thelength of theline at 7:20.
(d) Therate at which thelineisgrowing in length at 7:10.

(e) Thelength of time a person who arrives at 7:00 has to stand in line.
(f) Thetime at which the line disappears.

ANSWER:
(8 The length of the line at 7 : 00 will simply be the number of people who arrived before 7 : 00 am. This is just
7:00
r dt. By counting squares, this turns out to be 150 students.
(b) T?{i5sowill simply be the [number of people who have arrived] - [number of people checked]

7:10
:/ rdt — 10(20)
6

:50

7:00 7:10
:/ rdt+/ rdt — 200
6:50 7:00

~ 150 + 280 — 200
= 230.

(c) Similarly, at 7 : 29 we have the number of peoplein line

7:20
e / rdt — 400
6:50

7:20
=430+/ rdt — 400
7

:10
= 430 + 220 — 400

= 250.

(d) At7: 10, therate of arrivalsisabout 28 people per minute. The checking rateis 20 people per minute, so thelineis
growing at arate of 8 people per minute.
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(e) A person who arrives at 7 : 00 has about 150 people waiting in front of her. At a checking rate of 20 people per
minute, she will spend approximately 7.5 minutesin line.
7:40
(f) The total number of arrivals, from the graph, r dt, appears to be about 800. At a checking rate of 20 people
6:50
per minute, thiswill take 40 minutes, beginning at 7 : 00 am. So the line will disappear at 7 : 40 am.

4. (a) Explain, using words and pictures, how you would decide whether or not the quantity

9 3
—/ sin t dt
T Jo

is greater than, lessthan, or equal to 0.5 without doing any calculations. (Please be as concise as possible.)

z
(b) Which of the following best approximates 2 / sin t dt? Circle one. No explanation needed.
s
0

0.35 04 0.45 0.5 0.55 0.6 0.65

ANSWER:
a
@ L b B

sin x
A xr
O 7'['/2 \
Compare the areas:

areaOAB j areaunder sine curve

2 x aeaOAB < 2 x areaunder sine curve.

%x%x1x§<%f0§sintdt

5 < 2 [Zsintdt
(b) 0.65

5. (@) Theaverage value of afunction gon0 < z < 1 isaconstant g given by

1 1 1
-0 i g(x)da:z/o g(z)dz.

g =
Show that .
/ g9(x) dz = §*.
0
(b) Since (g(z) — g)? > 0 (being a square), we have
1
o< [ ) -9tan
0

Use this and part (a) to show that

ANSWER:
@

/0 Go@)de =3 / (@) dz = (3"

Notice that g is a constant and therefore can be factored out of the integral.
(b) Since [} (g(z) —7)*dz > 0 and

/ (9(x) - 7)° du = / ((9(2))* - 259(2) + 7°) da
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we have

f

A B

A car is moving along a straight road from A to B, starting from A at time¢ = 0. Below is the velocity (positive
direction isfrom A to B) plotted against time.

velocity (km/min)
2

t (minutes)

—2

(@ How many kilometers away from A isthecar at timet = 2,5, 6, 7, and 9?
(b) Carefully sketch a graph of the acceleration of the car against time. Label your axes.

ANSWER:

(@) Sincedistance isfound by integrating velocity, we find the area under the curve:
t = 2, the distance from A is 1(2)(2) = 2
t = 5, thedistancefrom Ais2 + 3(2) =8
t = 6, thedistance from A is8 + 1(1)(2) = 9
t = 7, thedistance from A is9
t =9, thedistance from A is9 — (2)(1) = 8
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(b) acceleration (km/min?)
2
1
i t (minutes)
1 2 3 45 6 7 9
-1
—2

7. A shop isopen from 9am—7pm. Thefunction r(¢), graphed below, gives the rate at which customers arrive (in people/hour)
at time ¢. Suppose that the salespeople can serve customers at a rate of 80 people per hour.

r(t) in people/hr
100

80 -
60 -
40

20

1 1 t
10am11 12 1pm 2 3 4 5 6 7pm

(@ When do people have to start waiting in line before getting served? Explain clearly how you get your answer.
(b) Whenistheline longest, and how many people are in the line then? Explain your answer.
(c) When does the line vanish? Justify your answer.

ANSWER:
100 |-
80 N

(& The line starts forming when people arrive faster than they can be served, which happens when r(¢) > 80. This
happens first when¢ > 1 pm.

(b) The line builds up from 1pm to 3pm. After 3pm, the rate of arrivals falls below 80 and so the line starts to shrink
again. The line is longest at 3pm, and the number in line is the shaded area above line at 80, i.e., length of line
= % -2-20 = 20 people.

(c) The line vanishes when an extra number served (over and above new arrivals) equals the 20 people in line before.

This occurs when areais marked A = 20, slope of r(¢) (for 2 < ¢ < 7pm) is 500 = —20. Thus, if T isthetime

beyond 3pm when the line vanishes, Area = % T - 20T = 1072 = 20 s0T = /2 or 1.41 hours ~ 1 hour and 25
minutes, so around 4:25pm.
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8. To theright is the graph of the velocity,

in feet per second, of ahat that isthrown v
up in the air from ground level. Positive 40
velocity means upward motion.
[Note that this is the graph of velocity,
not distance.]
20
(1,15)
1 1 1 t
1 2 3 4
(3,-10) (4, —15)
_20 [

(@) When does the hat reach the top of its flight and about how high isit then?
(b) About how high isthe hat at timet = 47?
(c) About what isthe average velocity, 0 < t < 47?
(d) About how big isthe average speed, 0 < ¢ < 4?
ANSWER:

(a) Atthetop of itsflight, the velocity of the hat (the derivative of its height) is zero and this occurs when ¢ = 2. Since
the hat starts at ground level, the height it reaches is the area under the velocity graph betweent = 0 and ¢t = 2,
which we approximate by the trapezoid rule with n = 2 as 22115 4+ 1240 — 35 feet. Since the graph is concave up,
thisis an overestimate.

(b) We now subtract the areafromt¢ = 2 to ¢t = 4 to the value obtained above for the area betweent = 0 and ¢ = 2,
giving atotal distance of & 35 + 2512 + =19=15 = 17.5 feet.

(c) Theaverage velocity isgiven by fotaldisplacement o 17.5 4 4 ft/sec.

total time

(d) Speed isdefined as|v|, so the average speed is given by

4 2 4
Jo lldt _ Jovdt+ [, (-v)dt 354175
4 4 4

~ 13.1 ft/sec.

. Rashmi and Tia both go running from 7:00 am to 8:00 am. Both women increase their velocity throughout the hour, both
beginning at arate of 8 mi/hr. at 7:00 am and running at arate of 12 mi/hr by 8:00 am. Rashmi’s velocity increases at an
increasing rate and Tia's velocity increases at a decreasing rate.

(@ Who has run the greater distance in the hour? Explain your reasoning clearly and convincingly.
(b) Who has the greatest average velocity, Rashmi or Tia, or do they have the same average velocity?

ANSWER:
(@) Consider the graphs of the two velocities:

12 Tia's velocity
8 Rashmi's velocity
1
7am 8am
8
Then, total distance covered = (velocity)dt =(areaunder curve between 7 and 8).

7
Areaunder Tid's curveislarger so she has covered more distance.
(b) average velocity = (total distance covered)/(time it took to cover it)

Since both spend one hour running and Tia covered more ground, her average velocity must be greater!

Lo ' change in velocity .
N.B. Average velocity is not defined to be ~Change intime Il That would be average acceleration.
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10. Find the average value of the function over the given interval.
@ h(z) =2z +2over[l,3]
(b) f(x) = > over [0, 10]
ANSWER:

(12) = 6

DN | =

3
(a) Averagevalue = 3%1/ (2 +2)dx =
1

10
(b) Average value = / ¥ dr =~ %(2.4 x 10%) = 2.4 x 107
0

1
10-0

Questions and Solutions for Section 5.4

1. Suppose f(t) isgiven by the graph to the right. Complete the table of values of the function F'(z) = f 0’” f(¢)dt.

x F(z) Y
0 y=f(t)
1 1r
2 S E E—— ¢
Il Al 2 3 4,/5 6
4
5 |
6 |
ANSWER:
0 0
1| -
2 | -1
3| -2
4| -3
5 | -1
6| -

b b b b
2. Suppose/ g(x)dr = 5,/ (g(z))’ da = 8,/ h(z)dr =1, and/ (h(z))’ do = 4.
Find thei n%egrals ‘ ‘ ‘

b
@ / ((9(x))? + (h(x))?) do
b b
) / g(x)dm—< / (2h(x)) de

b b b
@ [ (@) + 0@)) do= [ @e)ars [ o) =g iz

2

4
3. Let/ f(x)dz = Cy
0

(8 What isthe average value of f(x) ontheinterval z = 0 tox = 47
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4
(b) If f(x)iseven, Whatis/ f(x)dz?
—4

ANSWER:
(8 For0 <z <4,wehave

4
Average value = 1 f(z)dz
4-0),
Ly G

=3 =7

(b) If f(x) iseven, the graph is symmetric about the y-axis. By symmetry, the areabetween z = 4 and z = —4 istwice
theareabetweenx = 0 and z = 4, s0

/ f(z)dz =2C,

4
. Evaluate the definite integral / (2 + 5z) dz exactly.
0

ANSWER:
We can break the integral up as follows:

4 4 4
/(2+5a:)da:=/ 2da:+/ Sz dx
0 0 0
4 4
:/ 2dx+5/ rdr
0 0

From the area interpretation of the integral, we see that

4
/ 2dr =8
0

4
5/ zdx = 5(8) =40
0
Therefore, .
/ f(z)dz =8+ 40 = 48.
0

4
. Compute 3z” da using two different methods.

ANS/\}ER:

We can use left- or right-hand sums to approximate the integral. For example, using left-hand sums, we obtain
3(1) + 12(1) 4+ 27(1) = 42

forn=3and Az = 1.

We can also compute the integral exactly. Wetake f(x) = 3z>. We know that if F(z) = 22, then F'(z) = 3z°.
So, by the Fundamental Theorem, we use f(z) = 322 and F(x) = z* and obtain

/4 32> dr = F(4) — F(1) = 63.

4 4
A f(z) = g +4andg(z) =z + 1, how do/ f(z)dz and/ g(x) dz compare? Interpret your answer in terms of
0 0

areas.
ANSWER:

4 4
Since g(z) < f(z) for0 <z < 4, we know/ g(z)dz < / f(z) dz. We conclude that the area under g(z) is
0 0

less than the areaunder f(z) on0 < = < 4.
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3 7
7. If/ f(x)d:z::5and/ f(z) dz =9, evaluate
1 3

@ [ fle)de
1
3
®) [ flz)de
7
ANSWER:

@ Weknowthat/f da:_/f da:+/f

Therefore/f )dr =5+9=14.

(b)/f dx—/f

8. How can you know the value of
a b

15 4z and sin z dx?
* ANSWER:

f(z) = z'® is odd and the limits of integration are symmetric around 0, so/ " dr = 0.

b
Sameistruefor f(z) =sinxz so/ sinzdx = 0.

9. Ifflsevenand/ f(z)dz =16, Whatdoes/ f(z)dz =?
ANSWER:
Smceflseven/ f(z dx_z/f 16) = 32.
10. The average value of y = h(x) equalsa for 0 < z < 3, and equalsd for 3 < z < 9. What isthe average value of h(z)

for0 <z <97
ANSWER:

3 3
We know that the average value of h(z) = afor0 <z < 3, s0 ﬁ / h(z)dz = a, and thus/ h(z) = 3a.
- 0 0

Similarly, we know

1 9 9

The average valuefor 0 < z < 9 isgiven by

9
Average value = L/ h(z) dx
9-0/,

:%(/3h(x)dx+/:h(x)dx>

a4+ 2b
Review Questions and Solutions for Chapter 5

o

(3a + 6b) =

:olr—*

3

For Problems 1- 3, circle the correct answer(s) or fill in the blanks. No reasons need be given.

1. Suppose A = the areaunder thecurvey = e over theinterval —1 < z < 1. Which of the following is true?

e’

@ A=FQ1)- F(-1),where F(z) = 50"
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(b) 1.495 < A.
(c) 1.492 < A < 1.495.
(d) 1.487 < A < 1.492.
ANSWER:
(c) Usecalculator; A = 1.49365.

2. If r(t) represents the rate at which a country’s debt is growing, then the increase in its debt between 1980 and 1990 is

given by
@ 7(1990) — r(1980)
1990 — 1980

(b) (1990) — (1980)
1 1990

980
1990

(d) r(t)dt

1980

1 1990
(e m / ' (t)dt
1

980
ANSWER:
(d) Fundamental Theorem

3. Thegraph of £ isshown below.

[N .

/112\\3/156

If fisincreasing at x = —1, which of the following must be true? (Circle al that apply.)

@ f'(2)=f(4)
(b) £'(4)
/(4

fl
(=1
(© f'4)>0

(d f(5) = f(6)
ANSWER:
fincreasing at z = —1 means f'(—1) > 0.

LRV

4
(@ fase f'(4) — f'(2) = / F(t)ydt <0

4
(b) true: f'(4) — f'(—1) :/ ' (t)dt >0
(c) true: f'(4) > f'(—1) > 0_1

(d) fase: f/(t) > 0foral t > —1 50 £(6) > f(5).

For Problems 4— 6, decide whether each statement is true or false, and provide a short explanation or a counterexample.

1
T

4, 1—22der = —.
/ z?dx 5

' ANSWER:
TRUE. Theintegral represents the area under the upper half of the circle radius 1 centered at the origin. The areaiis
thus 7.
5. If afunction is concave UP, then the | eft-hand Riemann sums are always | ess than the right-hand Riemann sums with the
same subdivisions, over the same interval.
ANSWER:
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FALSE. On the example below, the function is concave up, yet the left-hand sum is clearly larger than the right-hand
sum.

6. If fab f(z)dz = 0, then f must have at least one zero between a and b (assume a # b).
ANSWER:
TRUE, if we allow only continuous functions. FALSE, if we allow discontinuous functions. The function shown
below has no roots, yet ffz f(z)dz =0.

3 f(z)
.—
xr
-2 1 4
—o
-3
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Chapter 6 Exam Questions

Questions and Solutions for Section 6.1

1. Sketch afunction that represents the total area between f(x) and the z-axisfrom 0 to a.

Y f(@)

Ve

[Hint: Thisisnot the same as/ f(z)dz]
0

ANSWER: "
Werecall that since the areaisaways non-negative, the areabetween f(z) and the z-axisfromOtoa is/ |f(x)|dz.
0

v /0 f(z) dw

We therefore obtain the graph below:

N\

L T

a

2. If f isgiven as below, sketch two functions F, such that F' = f. In one case, have F(0) = 0 and in the other, have

F(0) = —1.
1Y y = f(z)
T
1 2
—1
ANSWER:
Y Y
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3. Match the following functions with their antiderivatives:
Antiderivative

Function
@ ()
() ()
© (D)
(d) (Iv)
ANSWER:

@ — IV

(b) — 1

() — 1l

(d — 1l

4. A young girl who aspires to be a rocket scientist launches a model rocket from the ground at time ¢ = 0. The rocket
travels straight up in the air, and the following graph shows the upward velocity of the rocket as afunction of time:

v

Let i be the height (or vertical displacement) of the rocket, let a be the acceleration of the rocket, and let h = 0 be
the ground level from which the rocket was launched. Recall that the first derivative of displacement is velocity and that

the first derivative of velocity is acceleration.
(a) Sketch agraph of the acceleration of the rocket as afunction of time.
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(b) Sketch agraph of the height of the rocket as a function of time.
(c) Let v(t) bethe function that gives the velocity of the rocket at time ¢. From the graph of the rocket’s velocity, which

/0 ’ u(t)dt /t ’ u(t)dt

physicaly?
(d) Write astory about what happened to the rocket. In particular, describe what could explain the features of the graphs
of the height, velocity, and acceleration at timest; , 2, and ¢3.

ANSWER:
@ a

is larger, or

t3
? What do you know about the sign of / v(t)dt? What does this mean
0

t1 to }
J

constant negative slope on v

(b) h

Maximum height

Concave down

Inflection point

Concave up

(c) Theareaunder v(t) fromt = 0tot = t» islarger than the areaabove v(t) fromt = ¢, to t = t3. Therefore,

/ ’ v(t)dt / ’ v(t)dt

to t3
Since/ v(t)dt > 0 and / v(t)dt < 0, we can conclude that
0 to

/Otav(t)dt:/Otzv(t)dt—i—/ttav(t)dt>0

t3

Because / v(t)dt isthe height of the rocket after ¢5 time units (and h = (constant after time ¢3), the rocket

>

cameto rest sor%ewhere above the ground. (It landed on aroof, got caught in atree, etc.)
(d) A possible explanation:

Theengine on therocket fired from¢ = 0 tot = ¢, yielding increasing upward acceleration (increasing probably
because of less mass/less drag/etc.) At ¢t = ¢, the engine stopped (ran out of fuel, perhaps), and there was constant
negative acceleration (due to gravity) fromt¢ = ¢, to ¢t = ¢3. Since the velocity was till positive (upward) until time
t2, the rocket continued to ascend. Attimet = ¢,,it was at its maximum height (v(¢2) = k' (t2) = 0). Attimets, the
velocity suddenly went to zero, implying the rocket hit something and stayed put thereafter. From part (c), whatever
the rocket hit was above the level from which it was launched.

5. You decide to take a trip down a stretch of road that runs straight east and west. The following table gives your eastward
velocity (in miles per minute) measured at one-minute intervals for the first ten minutes of your trip.

Time (min) 0 1 2 3 4 5 6 7 8 9 10

Velocity (mi/min) 0.00 0.53 0.90 113 1.20 113 0.90 0.53 0.00 —0.68 —1.50

(a) Sketch agraph of your velocity as afunction of time, and give a description of what happened in words.
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(b) Sketch agraph of your acceleration as afunction of time. (This only needsto be asketch. You don't have to calculate
any values of acceleration.)

(c) Sketch agraph of your total eastward distance from your starting place as afunction of time. (Again, this only needs
to be a sketch.)

(d) What is your best estimate of the total eastward distance of your car from your starting position after ten minutes?
You may do this by any means of your choosing, but explain your method.

ANSWER:

@ Velocity (miles/minute)
1.2 +

0.9

0.6 -
0.3 -

T T T T T T :
—03F 1 2 3 4 5 6 7 8\9 1
—0.6 -
—-0.9
—1.2 -
—1.5

You begin driving east, increasing your speed for four minutes, when you reached a peak speed of 1.2 mi/min.
During the next four minutes, you continued east, but began slowing down, and at eight minutes, you reversed
direction and began going west.

(b) (©

Acceleration Distance

N -

4 4 8

(d) The total distance can be represented as the area under the velocity function (geometric representation). Since the
velocity graph looks like an upside down parabola, approximate it by v(t) = kt(8 —¢). Whent = 4, v = 1.2, s0
1.2 = 16k. Thus k = 0.075. To find distance traveled, integrate from 0 to 10, as follows."

10 ) t3
/ 0.075¢(8 — ¢) dt = 0.075 - <4t2 - §> ?
0
= 0.075 - (400 — 333.3) =~ 5 miles

f'(z)

20+
1 / x
10 2(\/’,0
1920

Figure 6.1.72

If Figure 6.1.72 shows the graph of f'(z), sketch f(x) if £(0) = 100.
ANSWER:
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500+

300+

100

1 1 1 T

0 10 20 30
Figure 6.1.73

7. Given the values of the derivative f'(z) in the table and that £(0) = 40, estimate f(z) forz = 2, 4, 6.

Table 6.1.12

f@) | 3|15 | 27 | 39

ANSWER:
By the Fundamental Theorem of Calculus, we know that

f@—=f0)= [ f(z)da.

0

2
Using aleft-hand sum, we estimate/ f'(z)dz = (3)(2) = 6.
0

2
Using aright-hand sum, we estimate/ f'(z)dz =~ (15)(2) = 30.
0

6+30

18.
5 8

2
Averaging, we have/ f(x)dr =
0
Weknow f(0) = 40, so
2
f(2) = £(0) + / f'(z)dz ~ 40 4 18 = 58.
0

Similarly, Weestimate/4 f'(z)dz ~ w — 49

So f(4) = f(2) + / f'(z) de =~ 58 4+ 42 = 100
Similarly, /6 f(z)dz = w =66
So f(6) = f(4) + /6 f'(x) de = 100 + 66 = 166.

The values are shown in the table:

Table 6.1.13

fz) | 40 | 58 | 100 | 166
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g(t) . 5
Area = 20 rea =

| ‘ /L\ t
1 Z\Ti;/l 5

Area = 10

Figure 6.1.74

Using Figure 6.1.74, sketch 2 graphs of antiderivatives G1 (t) and G2 (t) of g(t) satisfying G1(0) = 10 and G2(0) =
—5. Label each critical point with its coordinates.
ANSWER:

30
25
20
15
(0,10)

Figure 6.1.75

9. The rate of change in concentration of a certain medication in a person’s body, H'(t), in micrograms per milliliter per
minute, is —1 for thefirst 2 seconds. Then it increases at a constant rate for 2 seconds, reaching 1 at ¢t = 4. Then it remains
constant for 1 second. Sketch H'(t) and H(t), assuming H(0) = 6.

ANSWER:

-1
Figure 6.1.76
Yy
6
3 [
L H(t)
: T
3

Figure 6.1.77
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10. Figure 6.1.78 showsthe graph of f. If F' = f and f(0) = 0, sketch f(¢).

1 f@)

Figure 6.1.78

ANSWER:

Figure 6.1.79

Questions and Solutions for Section 6.2

1. (a) Find the derivative of % Be sure to simplify your answer as much as possible.
a xr
(b) Usepart () to find an antiderivative of T
(a” +22)%
ANSWER:
(a) Usethe product rule (or the quotient rule):

(al _’_xl)fl/l — (al _’_xl)fl/l _ Em(al +m2)73/2(2x)

—
dx
- (a? +$2)—3/2 (a2 12 _$2)
- (a2 + x2)3/2'
(b) By part (a),
/ o’ dr = z +
(@ +22)3 Va2 +a?
1 1 x ’
——dr = - - — +(C".
/ (a2+x2)% a®> a? +x?
2. Find afunction F" such that:
(@ F'(z) ==z — % (b) F'(z) =sinz + 1
T x
ANSWER:
@ F(z) =iz -2z +C

(b) F(x) =—cosz+Injz|+C
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3. () Sketchthegraphsof y =¢” andy = ex.
(b) For which values of z ise” > ex? Explain how you can be certain of your answer.
(c) Find the average value of the difference between e” and ex on theinterval between z = 0 and z = 2.
ANSWER:

@ ]

exr

(b) Theequation of thetangent lineof y = e” atz = lisy —e' =e'(z —1),i.e.y = ex. Sincey” = (e”)' =e” > 0
for al z, the graph is concave up for al z, and lies above itstangent line y = ex. Hence e® > ex for dl x.
(c) The average differenceis given by
2
0)

2
1 e _1 (.,
m/o (e" —ex)dr = 3 (e

4. Decide whether the following statement is true or false and provide a short explanation or counterexample.

(e’ —1—2e).

N =

An antiderivative of 2z cos z isz? sin z.

ANSWER:

FALSE. The derivative of z2 sin z is 2z sin = + x2 cos x, Not 2z cos .

5. Find the total area bounded between the curve f(z) = «® — 522 + 4« and the z-axis.

ANSWER:

Since z® — b5z” + 4z = z(x — 4)(z — 1), theroots of f(z) are 0, 1, and 4. As the magnitude of = gets large, for
z>4andz < 0, f(z) goesto co and —oo respectively, and thus the area between f(x) and the z-axis is unbounded in
these regions.

Betweenz = 0 and x = 1, f(z) ispositive, and the area it bounds over thisinterval will be

/f(z)d$=/(x3—5x2+4a:)da:
0 0
1

~ 0.5833.
0

1’4

:Z—gl's—’-zl'z

Between z = 1 and x = 4, f(z) drops below the z-axis, and the area it bounds over the interval will be:

4
~ 11.2500.

1

‘ ' 5
— r)yde = — = + —2® — 227
4 3
1

Thus the total bounded areais~ 11.25 + 0.5833 = 11.8333
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Bounded
areas

xr
1213 4

[Note that simply taking the integral | 04 f(x) dx does not give the area bounded by the curve f(z), because area, as
we have defined it, is a positive quantity. What we have done above is to cal culate the area using f 04 |f(x)| dx]

2
. . . . ts . . .
6. A factory is dumping pollutants into a lake continuously at the rate of % tons per week, where ¢ is the time in weeks
since the factory commenced operations.

(a) After oneyear of operation, how much pollutant has the factory dumped into the lake?

(b) Assume that natural processes can remove up to 0.15 ton of pollutant per week from the lake and that there was no
pollution in the lake when the factory commenced operations one year ago. How many tons of pollutant have now
accumulated in the lake? (Note: The amount of pollutant being dumped into the lake is never negative.)

ANSWER:

@

rate .
ssweeks —— time

1 2 A~ N
amount dumped = @(t?:) dt

0
1

6

&l

o
ol w

52

5
= .01(52)3 = 7.24tons
0

5
= .01¢3

(b) Natural processes will remove all pollutants until the dumping rate exceeds 0.15 tons/week. This will occur when
2

©®_ 015 =>t= (9)% = 27 weeks. So we need to compute the difference between amount dumped and amount

removed for the last 25 weeks of the year:

52
1 2 5
(—t3 —0.15) dt = (.01t3 —.15t)
27 60
——

dumping  removal
rate rate

52

27

= 1.06tons
7. Find an antiderivative of each of the following functions.

1
2

a —_—
@ 7+’ +—

1
0 Vi-
(c) cos(20)
(d) e2t +e?
SRS
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8. Suppose the rate at which ice in a skating pond is melting is given by dV/dt = 4t + 2, where V' isthe volume of theice

9. Suppose F'(z) = 3sinx + x + 5. Find the total areabounded by F'(z),z = 0,z = 7w andy = 0.

ANSWER:
3 —1
@ 7z + % - ”’T +C

®) gx%+2g;—%+c
© %sin(20)+C
(d) e +e*t+C

2
® 2l + - +C

in cubic feet, and ¢ is the timein minutes.

(a) Write adefinite integral which represents the amount of ice that has melted in the first 4 minutes.

(b) Evauate the definiteintegral in part (a).
ANSWER:

4 4
(8 Amount of ice melted in the first four minutes = / v dt = / (4t +2) dt.
4 0 dt 0
= 40 ft*.
0

4
(b) / (4t + 2)dt = (2t + 2t)
0
ANSWER:

10 F(x)

Figure 6.2.80

Areaz/ (Bsinz + z + 5)dr
0

2/ 35ina:dx+/ a:da:+/ 5dx
0 0 0

T 2

N
0 2

™

+ 5z
0

™
= —3coszx

0
7_[_2

(—=3(=1) + 3(1)) + <7 - o) + (57— 0)

2

=%+57r

10. Find the exact area between the graphsof y = 2® + 5andy = —z + 5for0 < = < 2.

ANSWER:
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Area =

Questions and Solutions for Section 6.3

1. A carisgoing 80 feet per second and the driver puts on the brakes, bringing the car to a stop in 5 seconds. Assume the
deceleration of the car is constant while the brakes are on.

(@) What isthe acceleration (really deceleration) of the car?
(b) How far does the car travel from the time the brakes are applied until it stops?

(c) Suppose the car is traveling twice as fast and the brakes are applied with the same force as before. How far does the
car travel before it stops?

(d) Suppose the brakes are twice as strong (can stop the car twice as fast). How far does the car travel if its speed is 80
feet per second? How far if its speed is 160 feet per second?
ANSWER:

(@ Using v = v + at, where vop = 80 ft/sec, we can find a by using the condition that v = 0 whent = 5. So since
0 = 80 + 5a,a = —16ft/sec?.

(b) Remember that distance traveled is the integral of velocity with respect to time. So

5

5
d= / (80 — 16t) dt = 80t — 8t”
0

0
= 400 — 200 = 200 ft.
(¢) Now, vg = 2-80 = 160, s0v = 160 — 16¢. The car will cometo astop whent = 10. So

10

10
d= / (160 — 16t) dt = 160t — 8¢°
0

0
= 1600 — 800 = 800 ft.

(Thisisfour times as great as the prior stopping distance.)
(d) If the brakes are twice as strong, then the deceleration will be twice as great, so v = 80 — 32¢. The car will come to
astop when v = 0, that is, when ¢ = 80/32 = 2.5 sec. So

2.5 2.5
d= / (80 — 32t) dt = 80t — 16t
0

0
= 200 — 100 = 100 ft.
Finally, if vo = 160, then v = 160 — 32¢; the car will come to astop whent¢ = 5. So
5 5
d= / (160 — 32t) dt = 160t — 16t
0

0
= 800 — 400 = 400 ft.
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2. A ball is dropped from a window 100 feet above the ground. Assume that its acceleration is a(t) = —32 ft/sec® for

t>0.

(@) Find the velocity of the ball as afunction of time ¢.
(b) Find itsheight above the ground as a function of timet.
(c) After how many seconds does it hit the ground?

ANSWER:

(a) Let v(t) be the velocity of the ball as a function of time ¢. d(ZlE:t)) = a(t) = —32. Integrating a(t) gives v(t) =
—32t + C. Whent = 0, we know that v(0) = 0, so C' = 0. Hence v(t) = —32¢ ft/sec.

(b) Let s(t) be the height above the ground as a function of time ¢. d(il(;)) = v(t) = —32t. Integrating v(t) yields

s(t) = —16t> + C. Since s(0) = 100, we get C = 100. Thus, s(t) = —16t> + 100 feet.
(¢) Theball landswhen s(t) = 0. Set s(t) = —16¢> 4 100 = 0 to obtain:

16t> = 100
t= 2 sec
=5 ¢
[Note that we discard the root t = —3 sec as not physically meaningful.]

Thus, the ball hits the ground after 2.5 seconds.

3. On planet Janet the gravitational constant g is —15 feet per second per second: that is, for every second an object fallsit

picks up an extra 15 feet per second of velocity downward. A ball isthrown upward at time ¢ = 0 at 60 feet per second.

(@ When does the ball reach the peak of itsflight?

(b) Find the peak height of the ball by giving equations for the ball's acceleration a, then its velocity v (including
computation of the antidifferentiation constant C'), then its position s.

(c) Find the pesk height instead by left and right sums for v(¢). (First give atable of valuesfor v.)

(d) Find the peak height instead by graphing v versus ¢ and recalling how distance traveled is related to the graph of
velocity.

(e) On planet Nanette, g is % as great as on Janet. Use the method in Part (d) to find the peak height (same initial velocity
of 60 feet per second.)

ANSWER:

(8 Theball reaches its peak when the velocity is 0. % = —15,0v = —15¢ + C, but the initial velocity v(0) = 60 so
C =60. Sincev(t) = —15t + 60 isOwhen ¢t = 4, the ball reaches its peak after 4 seconds.
(b) Sincea = —15 and v = —15¢ + 60, we have

t
s(t) =/ v(z)de = —%MGOHC.
0

Since the ball is thrown from the ground level, C' = 0. The pesk height, occurring at ¢ = 4, is therefore s(4) =
4

—152 4 60¢| =120 ft.
0
©

t o 1] 2] 3
o) | 60 | 45 | 30 | 15 | 0

A left-hand sum is LEFT(4) = 60 + 45 + 30 + 15 = 150 ft., and the corresponding right-hand sum is
RIGHT(4) = 45 + 30 + 15 + 0 = 90 ft., with At = 1 sec. These sums approximate the integral of the velocity of
the ball, which isthe the distance it travels.

(d) Thedistance traveled equals the area under the graph of velocity betweent = 0 and ¢t = 4. Since the areaiisjust that
of atriangle, it isequal to bh/2 = 4(60)/2 = 120 ft. See Figure 6.3.82.



171

00 % v(t) (ft/sec)

v(t) (ft/sec)

t (sec) t (sec)
4 12

Figure 6.3.82: Ball on Planet Janet Figure 6.3.83: Ball on Planet Nanette

(e) On Nanette, v = 60 — 5t, and so the ball will reach its pesk at t = 12. The areaunder the curve isthus 12(60)/2 =
360 ft., so the peak height is 360 ft. See Figure 6.3.83

4. A ball isthrown vertically upwards from the top of a 320-foot cliff with initial velocity of 128 feet per second. Find:
(@) how long it takesto reach its peak;
(b) its maximum height;
(c) how long it takes until impact;
(d) the velocity upon impact.
ANSWER:
Taking upwards as the positive direction, the velocity of theball isv(t) = v + at = 128 — 32t, so the displacement
(which is the integral of velocity) is s(t) = [v(t)dt = 128t — 16t> + C. Since s(0) = 320, C = 320 and s(t) =
128t — 16t> + 320.
(@) The peak isreached when the velocity is zero:

128 =32t =0
t=4s.

(b) s(4) = 576 ft.
(c) Thebadl hitsthe ground at the base of the cliff when s(¢) = 0:

128t — 16¢% + 320 = 0
2 —8—-20=0
t = —2,10.

We discard the meaningless negative root and conclude that the ball lands after 10 seconds.
(d) v(10) = —192 ft/sec. (That is, 192 ft/sec downwards.)

5. Assuming the 440 feet is accurate and you neglect air resistance, determine the accuracy of the following paragraph:
MY JOURNEY BENEATH THE EARTH

Condensed from*“ AWblverineis Eating My Leg”

Tim Cahill:

I amin Ellison’s Cave, about to rappel down Incredible Pit, the second-deepest cave pit in the continental United
States. The drop is 440 feet, about what you'd experience from the top of a 40-story building. If you took the
shaft in a free fall, you'd accelerate to more than 100 miles an hour and then—about five seconds into the
experience—you'd decelerate to zero. And die.

ANSWER:

Assuming that depth is the positive number that gives the distance below the Earth’s surface, and that g = 32 ft/sec?,
we have v(t) = 32t since v(0) = 0, and d(t) = 16t since d(0) = 0.

Whend = 440, wehavet® = £ = 27.5, s0¢ & 5.24 sec. The maximum speed reached will occur at the bottom of
the cave, where t ~ 5.24, SO vmax =~ 32 - 5.24 =~ 168 ft/sec. Converting thisto mph, we get 168 ft/sec - 3600 sec/hour -

=355 Milesfoot &~ 115 mph. The paragraph is accurate!
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10.

(@) A function g is known to be linear on the interval from —oo to 2 (inclusive) and also linear on the interval from 2 to
oo (againinclusive.) Furthermore, g(1) = 2, g(2) = 0, g(4) = 8. What are g(0), g(3)?

(b) Another function f satisfies £(0) = 0 and ' = g. What are f(2), f(3)?

(c) Giveformulas that express f(t) directly in terms of ¢.
ANSWER:

(@ Forz < 2, gisof theform g(z) = mx + b, because g is linear. The equations g(1) = m + b = 2 and g(2) =
2m+b=0gvem = —2,b = 4 0 g(z) = —2z + 4 when z < 2. Using asimilar method for z > 2 with the
points (2,0) and (4, 8), weget g(x) = 4z — 8 for z > 2. Thus,

9(0) = —2(0) + 4 =4
9(3) = 4(3) —8 = 4.

(b) Forz < 2, f(z) = /g(a:)dx =2’ +4x+ C.Since f(0) = 0, f(x) = —a® +4a forz < 2. Forz > 2,

flz) = /g(x) dz = 2z” — 8z + C. From the work we've just done, we know that £(2) = —(2)% 4 4(2) = 4, s0

dnce f(2) = 4 = 2(2)? — 8(2) + C, weknow that C' = 12. Thus, £(3) = 2(3)? — 8(3) + 12 = 6.
(© f(t)=—t>+4tfort <2; f(t) =2t> — 8t +12fort > 2.

The police observe that the skidmarks made by a stopping car are 200 ft long. Assuming the car decelerated at a constant
rate of 20 ft/sec?, skidding all the way, how fast was the car going when the brakes were applied?

ANSWER:

We are given that % = —20 o, integrating, v = wo — 20¢, where v, is the speed when the brakes were first
applied. Integrating thisto get an expression for distance, we have s = sp + vot — 10¢2. so = 0 Since we stQart meesgring

distance from the place the brakes were first applied. When v = 0,¢ = 32, and s = 200 0 200 = 32 — 105 0
vo = V200 - 40 = 89.44 ft/sec.
dy

. (8 Find the genera solution of the differential equation pri —4z + 3.

(b) Find the solutions satisfying y(1) = 5 and y(1) = 0.
ANSWER:

@ y= / (—4z + 3) dx, sothe solution isy = —22 4 3z + C.
(b) 1f y(1) = 5, we have —2(1)* + 3(1) + C = 5 and so C = 4. Thus we have the solution y = —2z* + 3z + 4.

If y(1) = 0, wehave —2(1)®> +3(1) + C = 0 and s0 C' = —1. Thuswe have the solution y = —2x* + 3z — 1.

. Find the solutions of theinitial value problems:

(a % = 3 — cos 2t when K(0) = —10.

(b) C;—It) = —10e~" when P(0) = 20.

ANSWER:
@ K = /(3—cos2t)dt =3¢~ 502 L 0 1f K(0) = —10, then 3(0) — w +C =—-10and C = 10.
Thus K = 3t — 22 2t _ 10.

(b) P= /—IOe_t dt = 10e™" + C. If P(0) = 20, then 10e® 4+ C' = 20 and C' = 10. Thus P = 10e~* + 10.
Show that y = (1 — e~ 2) sin 2z isthe solution to the initial value problem

d _ -
% =2(1—e ?)(cos 2z) + e > sin 2z, y(0) =0

ANSWER: p

Sincey = (1 — e~ 2%) sin 22, we differentiate to see that it 2(1 — e *")(cos 2x) 4+ e >" sin 2.
T

To show that it also satisfies the initial condition, we check that y(0) = 0 :

y(0) = (1 —€°)sin0 =0
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Questions and Solutions for Section 6.4

1. For —1 <z <1, define

F(z) = /j V1—t2dt.

(a) What does F'(1) represent geometrically?
(b) What isthe value of F/(—1)? F(0)?
(c) Find F'(z).

ANSWER:

(& F(1) representsthe areabounded by y = /1 — 22 and y = 0 between x = —1 and = = 1, which isreally the area
of asemicircle of radius 1.

(b)
F(-1) = /:1 V1—t2dt =0.
F(0) = / 01 V1-t2dt
= /01 V1—u2du (substituteu = —t)

N | =

1 1
1 N
+ —d using integral table
) /Om “> (using integral teble)

1 1

+ arcsin u
0

(v
o3)

> (again using integral table)

0

NI e N | =

Note that thisis i the area of acircle, radius 1.
(c) Using the Fundamental Theorem, F'(z) will simply be v/1 — z2.

2. Evaluate each of the following:
@ /(x2 +e3) (2 + egm)% dx
cos(ln z)dz

z
8e ™2V
© / 6 _pe—2w v
(d) %/g log, (tm)sin(\/f)dt.

ANSWER:
(@ Substitute w = x> 4 €3*, and dw = (322 + 3¢®") du; then the integral becomes

3 27
(b) Substitute w = Inz and dw = 1 dx. Then the integral becomes

1
—/w4/5dw:2i7w9/5+02 i($3+63x)9/5+0.

/coswdw =sinw+ C =sin(lnz) + C.

(©) Setu =6 —5e " and du = 10e™>" dw. Theintegral becomes
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4 du

4 _ 4 —2w
E u_gln|u|+C—5ln|6—56 |+ C.
(d) Letlogs(t*") sin v/ be the derivative of some function f(t). Then we have:

d ’ 21 s _d C
%/E log, (t )sm\/fdt—%/e £ (t)dt
d T

ey

d
= 2 (f@) = 1))

But f(e) isjust aconstant, so we have

(@) = £(0)) = = f(@) = £ (@) = logs(™") sin V&
3. Given below isthe graph of afunction f.

(d) Draw agraph of £/, the derivative of f.
(b) Draw agraph of/ f(t)dt.

0

[
<
w
g
o
o -
-~

ANSWER:
@y

by
y=f(x)

|
1 2 3 4 5 6
4. Given the graph of f below, draw agraph of the function fox f(t)dt.



ANSWER:

Y I fat

5. Thefunction f(¢) is graphed below and we define

F(z) = / F(8)dt.

Arethe following statements true or false? Give a brief justification of your answer.

(& F(z)ispositivefor al x between 2 and 3.
(b) F(x)isdecreasing for al = between 1 and 3.

(¢) F(x)isconcavedown for z = %
ANSWER:

175

(8 True. Although f(t) is negative there, the area below the curve (between 2 and 3) is so much smaller than the area

T 2 T
between 0 and 2 that the integral / ft)dt = / f(t)dt+/ f(t)dt ispositivefor 2 < z < 3.
0 0 2

large + small —
(b) False. Fisincreasing 1 < z < 2, because f is positive there.
F isdecreasing 2 < z < 3 because f is negative there.

(c) False Atz = % F' = fisincreasing so F is concave up.
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6. LetF(a:):/ sint dt, and G(m):/ sin” ¢ dt and consider the quantities
0 0

e (g) . F(r), G(m), F(@m).
(@) Show how each quantity can be represented on a graph.
(b) Usethe graph to rank these quantities in ascending (i.e., increasing) order.

ANSWER:
@

Figure 6.4.84

In the above graph, divide the area under the curves into regions A, B, C, D, J, and K, with positive area. We
can now see that

G(3) =B
F(r)=A+B+C+D
G(n)=B+C
F(2r)=A+B+C+D-K

(b) A+ B+ C+ D =K, so F(2r) = 0. Therefore,
F(2r) < G(g) < G(r) < F(m).
7. Find the derivatives:
@ % /0 " (cos (£7) + sin (7)) dt

d 1
5
(b) dx/m (1+1t)° dt
ANSWER:

(@ cosz? + sinz>

(b) %/ (1+t)5dt:% (—/m(1+t)5dt> =—(1+2)°

8. Write an expression for the function, f(x), with f'(z) = sin® z + sin and f(7/2) = 5.
ANSWER:
If f'(x) = sin® z + sin z, then f(z) isof the form

flx)=C+ / (sin® t + sin t) dt.
Since f(m/2) = 5, wetakea = /2 and C = 5, giving

flz) =5+ / (sin” t 4 sint) dt.
/2

9. Find the value of G(w/2) where G’ (z) = 2sin z cos z and G(0) = 1.
ANSWER:
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Since G'(z) = 2sin z cos x and G(0) = 1, we have

G(z) = G(0) +/ 2sintcostdt
0

= 1—+—/ 2sintcostdt
0

Substituting z = 7/2 and evaluating the integral gives us

w/
G(7r/2):1+/ 2sintcostdt
0

/2
=1 +sin’t

0

10. Forz = 0,1, 2, and 3, make atable of valuesfor H(z) = / o> dt.
ANSWER: °
Table 6.4.14

z |o|1] 2] 3
H@xz) | 0] 3| 24| 81

Questions and Solutions for Section 6.5

1. Attimet = 0, abowling ball rolls off a375-foot ledge with velocity 30 meters/sec downward. Express its height, h(t),

in meters above the ground as a function of time, ¢, in seconds.

ANSWER:

Since height is measured upward, the initial position of the bowling ball is h(0) = 375 meters and the initial
velocity isv = —30 m/sec. The acceleration due to gravity is g = —9.8 m/sec®. Thus, the height at time ¢ is given by
h(t) = —4.9t* — 30t + 375 meters.

. A boulder is dropped from a 200-foot cliff. When does it hit the ground and how fast isit going at the time of impact?

ANSWER:

The velocity asafunction of timeisgiven by v = vo + at. Since the object startsfrom rest, vo = 0, and the velocity
isjust the acceleration times time: v = —32t. Integrating this, we get position as a function of time: y = —16t> + o,
where the last term, yo, is the initial position at the top of the cliff, so yo = 200 feet. Thus we have a function giving
position as afunction of time: y = —16¢> 4 200.

To find at what time the object hit the ground, we find t when y = 0. We solve 0 = —16t> + 200 for ¢, getting
t*> = 200/16 = 12.5, S0t ~ 3.54. Therefore, the object hits the ground after about 3.5 seconds. At that time it is moving
with an approximate velocity v = —32(3.54) = —113.28 feet/second.

. How does the answer change if the boulder from Exercise 2 isdropped from acliff that has twice the height instead?
ANSWER:
Sincey = —16t>4yo, y = —16t>+400. Tofind thetime when the boulder hitsthe ground, solve0 = —16¢>+400,
gettingt® = 400/16 = 25, sot = 5. At thistimethe boulder ismoving with avelocity v = —32(5) = —160 feet/second.

. On the moon the acceleration due to gravity is 5 feet/sec?. A brick is dropped from the top of atower on the moon and
hits the ground in 20 seconds. How high is the tower? (Give your answer in feet.)
ANSWER:

a(t) = —5. Since v(t) is the antiderivative of a(t), v(t) = —5t + vo. But vo = 0, S0 v(t) = —5¢. Since s(t) is
2

the antiderivative of v(t), s(t) = _Zt + so, where sy is the height of the tower. Since the brick hits the ground in 20

—5(20)2
2
. If acceleration on another planet istwice what it is on the moon, how would the answer to Problem 4 change?
ANSWER:
a(t) = —10. v(t) = —10t 4+ vo. Since vp = 0, v(t) = —10t. s(t) = —5t? + so, where s isthe height of the
tower. s(20) = 0 = —5(20)? + so. Hence so = 2000. So the tower is 2000 feet high, or twice the height of the tower on
the moon.

seconds, s(20) =0 =

+ s0. Hence so = 1000 feet, so the tower is 1000 feet high.
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Review Questions and Solutions for Chapter 6

1. Find an antiderivative F'(z) with F'(z) = f(z) and F/(0) = 6 when f(z) = sinz — cos z.
ANSWER;

F(z)= [ (sinz —cosz)dr = —cosz —sinz + C.

If F(0) =6,then F(0) = —cos(0) —sin(0)+C =—-1—-0+C =6.
SoC =T7and F(z) = —cosx —sinz + 7.

2
2. Usethe Fundamental Theorem of Calculusto eval uate/ (32° — 4z + 5) dz.

-2

ANSWER:

2 2
We have/ (32° — 4z + 5)dx = z® — 24° + 5z

2 -2

(2%) =2(2)° +5(2)) = ((=2)* —2(=2)" +5(~2))
—8—8+10+8+8+10=36

3. Find the exact area of the region between ¢y = —2(z — 3)> + 18 and y» = .
ANSWER:
We need to find where y; and y» cross
2 -3 +18==z
—22> + 120 — 18+ 18 =z
r=11/2

11/2
The areais/ (=2(z — 3)° + 18 — z) dx
0

11/2
= / (—2z° + 11z) dz
0

2.4 11 o |11/2
= 3x+2x0

S {ORS1C))
T3\ 2 2 \ 2

=~ 55.5.

~ 3.2

4. Theareabetween y = 2*/2, the z-axis, and = = b is 64/5. Find the value of b using the Fundamental Theorem.
ANSWER:
Since the area between the curvesis64/5, we have

b
232 dp = 25/2 b 24502 _ 64
0 5 o b 5
Thusb®/? = 32 and b = 4.

5. A boat has constant deceleration. It was initially moving at 90 mph and stopped in a distance of 350 feet. What isitsrate
of deceleration? (Give answer in ft/sec®. Note: 1 mph=22/15 ft/sec.)
ANSWER:

. . d . L
The velocity of the boat decreases at a constant rate, so we can write ) = —a. Integrating thisgivesv = —at + C.

The constant of integration C' is the velocity whent = 0, so C1 = 90 mph = 132 ft/sec., and v = —at + 132. From
this equation we can see that the car comes to rest at time ¢t = 132/a. Integrating the expression for velocity we get

s = —%tQ + 132t + C», where C5 istheinitia position, so C> = 0. We can use the fact that the car comesto rest at time
t = 132/a after traveling 350 feet. Start with
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s = —=t> +132t,
2
and substitute t = 132/a and s = 350.

2 2
350 = — & (ﬁ) +132 (&) _ (1329)

2 a a 2a
(132)* 2
= = 24.89 fi
a 2(350) 89 ft/sec
6. Find the general solution of the differential equation j—z = i + sin 3z.
ANSWER:
y = / (l +sin3m) dr =In|z| — cos 3z +C
T 3
7. An object falls from the top of a 500-foot building. When does it hit the ground and how fast is it going at the time of
impact?
ANSWER:
Velocity is given by v = v + at. The object starts at rest so v = 0, and velocity isv = —32t. Integrating this,
we get position as a function of time: y = —16t> 4 yo where yo is the initial position, so yo = 500 feet and we get

y = —16t% + 500.
To find when the object hits the ground, wefind ¢ when y = 0.

0 = —16t> + 500
16¢% = 500
t2 =31.25
t ~ 5.59

Theobject hitsthe ground at approximately 5.59 seconds and at that timeismoving with avelocity v = —32(5.59) =
—178.88 feet/second.

8. Find antiderivatives for the following functions. Check by differentiating.
@ g(z) =3sin9zx — 4cos2zx
(b) h(z) = % + sinaz, a is constant
ANSWER:
@
G(z) = / (3sin9x — 4 cos2z) dx = —% cos 9z — 2sin2x + C

(b)
H(m):/(%—f-sinam) dm:aln|x|—%cosam+0

9. Find antiderivatives for the following functions. Check by differentiating.
(@ j(z) = ae” + acoszx + ax?, a is constant
®) k@) = 2 +5¢
ANSWER:
@
J(z) = / (ae” + acosz + az’) dx

" . az®
= ae’ —+—asmm+? +C

(b)
K(x):/(g—i—f)efm) dr =5In|z| + e 4+ C
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Chapter 7 Exam Questions

Questions and Solutions for Section 7.1
1. Evaluate the following indefinite integrals:
5 22—z +1
(a)/4x dx (b)/Tdm (C)/e” cos (e*) dz
ANSWER:
€] /4x5 de = %xG +C.

2 2
(b) /wdmZ/(m—l—f-l)dm:%—m+ln|x|+0.
xr T
(c) Letu = e”, du = e"dz. Substituting, we get

/cos(eg”)e’” dzx = /cosudu =sinu + C =sin(e”) + C.

2. Find antiderivatives of the following functions:

@o>- 242
r T
(b) (a: + \/sin(2z) + 3) (x — /sin(2z) + 3)
ANSWER:

2 3 2 $3 1
@ /(x _E+F)dx:?_3ln|$|_P+C'

(b) /(x + +/sin(2z + 3))(z — \/sin(2z + 3)) dz = /(a:z —sin(2z + 3)) dx = %3 + % cos(2z +3) + C.

3. Compute:

R sing
a) d
() [R1+$4 z

B
(b)/0 7(4+m)2dx

ANSWER:
sin

$4 isan odd function, the integral from —R to R is zero.

(@ S|nce1+m
R
1
/0 7(4—}-!%)2 dx

(b)

| ___1 _ <_1)
© d4w|, 4+R 4
L1
"4 4+4+R
4. Find the integrals. Check by differentiating.
@
/Gy(y2+6)3dy

(b)
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ANSWER:
(@ Letu=y>+6
du = 2y dy

/6y(y2+6)3dy:3/(y2+6)3(2ydy) :3/u3du

3u? 3
=2+ O=S(+6)'+C
(b) Letu =9 — 2?2
du = —2xdx
4z —2zxdzx du —1/2
— L dp=—2 2 o[ d
/ Voo Vo—a? Va / v
=4+ C=-409-2)"*+C
5. Integrate
(€Y
/cos4 2x sin 2x dx
(b)
/ (tan 2z + cos 2z) dz
ANSWER:

(@) Letu = cos2zx
du = —2sin 2z dx

4 . 1 4 u®
cos 2xsm2xdm:—§ v du=——+4+C

10
cos® 2z
=10 +C
(b) Recall that tan§ = S22 o,
cos f
in 2
/(tan2x+c052x) dr = / St 22 da:+/cos 2z dx
cos 2x
In|cos2z| = sin2z
=— C
5 + 5 +
6. Usethe Fundamental Theorem to calculate the definite integral
/ cos’ rsinz dz
0
ANSWER:
Letu = cosx. Thendu = —sin z dx and
T T=7 3 z=mn 3 T
cos’ zsinzdr = — u2du=—u— -
0 =0 3 le=o 3 o
3 3 3

0 —1(-1 1 2
_ _cos (7r)+cos(): ( )+_:_
3 3 3 3 3

7. Calculate the exact area between the curve y = sin” @ cos 6 and the z-axis between § = 0 and § = /2.
ANSWER:

/2 ) .. 3 /2
Area :/ sin?fcosfdp = S0 0" _ 1
, 35 |, ~3



182

8. Find the area between f(z) = 6ze* and g(z) =xforz > 0.
ANSWER:
We need to find where f(x) and g(z) intersect for z > 0. They are both 0 at z = 0. To find other points, we solve

6xe =x
2
6e " =1
g2 1
© 7%
2
e’ =6
22 =1n6

z=VIn6~ 134
1.34 )
Theareais/ (6ze™™ —z)dz.
0

Use the substitution v = —2?%, du = —2z dz

1.34 ) z=1.34 1.34
/ (6ze™ —x)dx = —3/ e du — / z dx
0 2=0 0
2z
= <_36 — 7

2
= 31807 _ @ +3¢° 40 = 1.60412

1.34

0

2
9. Suppose / f(t) dt = a where a is aconstant. Calculate the following:
0

(@ 1
/ F(2t) dt
0

2
/ 3f(2 — t) dt
0
ANSWER:

(& Letw =2¢t, dw=2dt. Whent =0,w =0. Whent =1,w = 2.

/Olf(%)dt=/02f(w)d7w=%/02f(w)dw=%

(b) Letw =2 —t, dw = —dt. Whent =0,w =2 andwhent = 2,w = 0.

(b)

/023f(2—t)dt:/20—3f(w)dw:3/02f(w)dw:3a

10. Propellant is leaking from the pressurized fuel tanks of the space shuttle at arate of r(t) = 15¢™°'* psi per second at
time ¢ in seconds.

(a) Atwhat rate, in psi per second, is pressure reducing at 15 seconds?
(b) How many psi have leaked during the first minute?
ANSWER:
(@ Att =15, r(t) = 15e**1% ~ 3.35 psi/sec.
(b) To find the amount of propellant leaked during the first minute, we integrate the ratefrom¢ = 0 to ¢ = 60.

60 15 60
/ 15¢7 0" dt = ——=¢7 %" =149.628psi.
o 0.1 0
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Questions and Solutions for Section 7.2

1. Find the following indefinite integrals:
€] /e_O'St sin 2t dt

(b) / (Inz)*dz (Hint: Integrate by parts.)
ANSWER:
@ /e‘% sin 2t dt; use formula#8 from the table witha = —%, b=2:

_t . 1
e 2sin2tdt = 5
1

4
4
17

_t 1
46 5 (—5 sin2t—2cos?t) +C

67% (% sin 2t + 2 cos 2t) +C

(b) /(ln z)%dz.

Letu = (Inz)?. Thendu =
Letdv = dxz. Thenv = .

/udu:uu—/udu:»/(lnxfda::x(lnx)?—/a:(21;‘$)da:

=z(lnz)’ —/21nxda:,use#4from thetablefor/ln:cdx:

21
na:dx.

=z(lnz)’ - 2zlnz — 2]+ C =z(lnz)’ — 2xlnz + 2z + C

2. Calculate the following integrals:

2 : _ 1 ]
€) /sec 0 dé [Note. secf = o050
(b) /zeszz+1 dz

© / ysec’y dy

dt
@ /1+\/¥

dx
(e / m a, b constants

ANSWER:
(@ [sec’®ddd =tané + C (since d% tan § = sec” f).
(b) Letw = 32% + 1. Thendw = 6z dz S0 z dz = dw/6. Then

/z6322+1 dz = %/ew dw

Z%e“’+0

1 3.241
= —e” C.
¢ *

(©) Letu=y,v' =sec?y,u' =1,v = tany. Then, through integration by parts,

/yseczydy:ytany—/tanydy:ytany—/wdy

cosy

=ytany +Injcosy|+ C. (Setz = cosy,dz =siny dy.)
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(d) Letuw =1++/t.Then (u—1)®> =t 02(u — 1) du = dt. Then
dt u—1
)
/1+\/i u “
:2/(1—1) du
u

=2u—2lnju|+C
=2(1+ V1) —2In(1 + V1) + C.

(e Letu=b+ azx. Thendu = a dx sOdx = C%U.Thel"l

e _1[du
(b+azx)?  a | u?

1 _
=——u'+C
a

1
e b+ ax) +c
3. For each of the functions f(z) below, find afunction F(z) with the property that F'(z) = f(z) and also F/(0) = 0.
@ f(x) =z -sin(2z)
(b) f(z) =2 e*
© f(z) =2 (4+2*)"
ANSWER:
(a) By Tahle#15, (p(z) = z,a = 2)

4
(or by partswith u = z, dv = sin(2z)dz)), we get du = dz, v = — <522

/a:sin(Za:)da: = —%a: cos(2z) + 1 sin(2z) + C

F(z) isof theform —%m cos(2z) + % sin(2z) + C

F(0) =0implies0 = F(0) = —%0c0s(2 -0) + isin(z -0) + C = C. Therefore
F(z) = —%x cos(2zx) + i sin(2z)
(b) By Table#15, (p(z) = 2%, a = 2)

9 1 1 . 1.
/a:zezxdx = 56290 T Ze” -2z + ge” 24+ C =F(z)

0:F(0):i+0,so€:—i

F(x) =e™ (lxz — lx + 1) !

2 2 4 4
(or use by parts two times, starting with u = 22, v’ = ¢2?).
(0 /a:2(4 + 2)!0da; use substitution with w = 2° + 4, C:TZ = 322

2 310 5 odw 1 44 _ 1 2111 _
/x(4+x) dx—/w 5 = 33% —+—C—33(4+x) +C =F(z)

11 411

_ Ll _omao 4
0=F(0)= - (4-0)' + 0= +C=5 0= -1

1

Therefore F'(z) = 3

[(4—+—m2)11 _ 411]

4. Integrate:
3
@ / Tl g
T
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2 1‘2
® / a1
(c)/”;”[”dg[,=

(d) /sin(?mt)ems‘o’“c dz

ANSWER:
@

(o) Setu=2z%+1,du = 3z dz, to get:

2 2 9
T 1 du 1
d = — —:—l
/0 B+17 73 L ou 3n|u|

(¢) Setu=Inz,du=1/xdz,toget:

/\/mxdx:/\/ﬂdu:%u%—i—C:
T

= é In9 ~ 0.7324.

1

wlw

+C.

Wl

(Inz)
(d) Setwu = cos 3z, du = —3sin 3zdz, to get:

1 1 1
/sin(3x)ecos(3$) dr = -3 /e“ du = —56“ +C = —gecos(?’z) +C.

. Find the following integrals. Show your work.

€) /(%_’_1 —ﬁ> dx (b) /xcostdx

ANSWER:
(8 Wesubstitutey = z + 1, dy = dx, giving

1 1 1 1
/—dy—/—2dy:ln|y|+—+C:ln|x+1|+—+C’.
y y Y z+1
(b) Integrating by partswithu = z, v' = cos 2z,

1 1 1 1
/a:cosZa:da:: 5xsin2x—/§sin2xda:: 5xsin2x+zc052x+C.

. Find [ te“* dt where a isa constant.

ANSWER:
Let u =t, v = e
w =1 v= leat
a

IS]
Q|
)

. Find [ 6” cos (af) df where a is a constant.

ANSWER:
Let u = 62, v' = cos (af)
I — 2 = —gi
w 0 v=_—sin (ab)

Then / 6? cos (ab) df = é92 sin (af) — / %29 sin (af) df
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Use integration by parts again on/ % sin (af) df

Let u =6, v' = sin (af)
[ _ =
u =1 v = acos(aG)
. 20 . 26 6 1
That gives / -, Sin (ab) df = o <_E cos (af) + / ~ cos (ab) d9>

: 6’ 2¢° 20
2 . .
Thus /9 cos (af) df = - sin (ab) — 7 cos (ab) + 3 sin (ab)

8. Concentration in mg/ml of a drug in the blood is a function of time, ¢, in hours since the drug was administered, and is
given by
C = 10te "™

The area under the concentration curve isameasure of the overall effect of the drug on the body, called the bioavailability.
Find the bioavailability of the drug betweent = 2 and ¢ = 4.

ANSWER: .

Bioavailability:/ 10te % dt

0

Using integration by parts, v = 10t and v’ = e~ %% sou' = 10dt and v = —ge‘o'gt. Then,

¢ 5 5
/ 10te™ %% dt = (10¢) (——e‘”t) —/(——e‘w) 10 d¢
. 4 4

_ —2—2515670'8'5 + ? /B—O.St dt — _%te—o.& — 106" 4 ¢

4 25 4
Thus / 10te %8 gt = (—Ttefo'gt — 10670'&)
0 0

= —2.44573 4+ 10 = 7.55427 (mg/ml) — hours

9. S|10\Nthat/lna:da:=a:lnx—a:+0.

ANSWER:
Let u =Inz, v =1
, 1
u ==, v==2x
T

/lnxdmlenz—/(m-%) dx

=zlnz—z+C

Questions and Solutions for Section 7.3

1. Usethetable of antiderivatives to evaluate each of the following:
dx dt
@ / 60110 @ / o=
dx 4
b _— € “cos3xd
o [ e @ [t cossd
2
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ANSWER:
@

dzx _ dx
r2—6x+10 | (r—3)2+1

dx du
/(x—3)2+1 :/u2—+1
= arctanu + C
= arctan(z — 3) + C.

Letu =z — 3, du = dz, to obtain:

(b)

Letu =z — 3, du = dz, to obtain:

=/1n|u+\/u2—+1|+c

:/ln|m—3+\/(x—3)2+1|+0.

z? > +5—5
/mdm—/wdff
5
= 1——
/( x2+5)d$

T
=z — Vb arctan — + C.
V5

(©

(d)

= —1 arcsin t +C
- 3
V5 75

= —— arcsin ﬁ + C.

NG 3
(e

4z 1 4z .
/e COS31’dl‘:42—+326 (4cos 3z + 3sin3z) + C

1
= 2—5649”(4 cos 3z + 3sin 3z) + C.
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2. Calculate the following integrals.
(@ [ cos(76)d6

eﬂ
(@/LHM
t+5
© /t2+10t+77dt
2dx
@ /x2+4x+3

(e f sin (\/g) dy
ANSWER:

(a) Setu="70%0 d_7u =dbie /cos(79)d9 = % /cos udu = % sin(70) + C.

dx

oz oz . Em _ 1 1,
(b) Setu=e"s0du=¢e dml.e./1+62z— 1+u2—tan (e®)+C.
(c) Setu=1t>+ 10t + 77 S0 du = 2(t + 5)dt i.e. d—2“ = (t + 5)dt. Hence

t+5 1 1 1 .

(d) Noticethat > +4rx +3 =2 +4rx+4— 1= (z +2)> — 1. Lettingu = z + 2, du = dx we get

2dx . 2dx 9 1 du — 2 1 d
2+4z+3 ) @+22-1 ) w1 w-—D@+rn™

. du
‘2/w—nw—em'

By the tables (or by decomposing into partial fractions!), the last integral equals (a = 1,b = —1):

du 1
=2 Injlu—1| —In|u+1|) + C,
[ty =t e e
or, going back to z,
2dx
(e) Letz = \/ysodz = ﬁydy or 2,/ydz = dy. But since \/y = x, we have dy = 2zdx s0 [sin (\/7) dy =
2 [ @sin(x)dz. Integrating by partswithu = z, v’ =1, 0" = sinz, v = — cos z gives

2/xsina:da::2 {—a:cosa:—l—/cosxdx] =2(sinz —xzcosz)+ C,

or

/sin\/@dy: 2 (sin/y — \/ycos/y) + C.

3. As astorm dies down, rainfal in inches is given by y =

1 . . .
%1 for 0 < t < 2 wheret is hours since the point of
heaviest rainfall. What was the average rainfall over the two hours?

ANSWER:

1?1
Average rainfall = / ——dt
0

2—-0 .25 + 2
= l (i) arctani
T2\ 5

2
= arctan 4 — arctan 0 = 1.33 inches/hour
0

. -1 . _ -2-1 .
4. 1s [ sin 2zdr=—sin *zcosz + /sm Yy dx?

-2 -2
ANSWER:
No. To use the reduction formula, the power of sin must be positive.
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5. As astorm dies down, rainfal in inches is given by y = Bre for 0 < t < 2 wheret is hours since the point of
heaviest rainfall. What was the average rainfall over the two hours?

ANSWER:
1 2

— | et
2-0 ), 25+1

Average rainfall =

= l (i) arctan i
T2\ 5

2
= arctan 4 — arctan 0 = 1.33 inches/hour
0

6. |S/sin72 rdr = _—; sin ®zcosz + —2 ; ! /Sin74 rdz?
ANSWER:
No. To use the reduction formula, the power of sin must be positive.

Questions and Solutions for Section 7.4

1. Consider the semicircle of radius 3 pictured below.

x
-3 3

(a) Writeadefiniteintegral intermsof f(x) that gives the area of the semicircle.
(b) Based solely on your knowledge of geometry, what is the value of this definite integral ?
(c) Evauate the indefinite integral.

(d) Find the area of the semicircle by substituting the limits, then compare this result with your answer in Part (b).
ANSWER:

3
(a / (9 — z2)dz
-3

(b) %m’r? ==
(c) Use#30 witha = 3:

2 m:1~ x —z2 - ;x
/\/(9—m)d 2[ (9 )+9/\/md]

To integrate thisintegral, use #28 with a = 3:

N | ©

=

+ constant

= % [a: (9 — x2) + 9 arcsin (%)] +C
3

(d) % . [1‘ (9 — 22) + 9arcsin (f)]

= ~ - [arcsin(1) — arcsin(—1)]

3/11_s 2
_2.2_2.(_3)_2.W
2 2 2 2/ 2

2. Find the following indefinite integrals:

1
@ / pom— L
(b) / cos® Bdf
ANSWER:

1 1
@ /(x2+x—6>d”’:/(x+3)(x—2)d““'



190

Using #26 from the table in the back of the book (or by decomposing into partial fractions!), the last integral
equals(a = —3,b = 2):
—%(ln|x+3| Cnje—2)+C
(b)

/cos3ﬂdﬂ = /cosﬁu—sm?ﬂ)dﬂ:sinﬂ—%/3cosﬂsin2ﬂdﬂ

=sinf — %/%(singﬂ)dﬂzsmﬂ— %sin3ﬂ+0.

One may aso use #18 from the table in the back of the book.

) 2¢ + 1
. Fi S
3 |nd/ 527+ da dx

ANSWER:
Factor the denominator and split the integral into partial fractions:

2r +1 2z +1 A B

202 + 4 2x(x+2) :%_’_aﬁ—l—?

Multiplying by 2z(x + 2) gives

2¢+1 = A(z +2) + B(22)
= Ax +2A+ 2Bz
=z(A+2B)+24

A+2B=2 24=1, A=

1 3
—+2B=2 2B=—-, B =
2+ 2’

3

1

A B 1 3
/(%+x+2) dm_/ﬂdm+/4(x+2)dx

1
zzln|m|+%ln|m+2|+0

4. Find the area of the cirdle y> + 2 = 9 using trigonometric substitution and integration.
ANSWER:
y2 — 9 _ x2

y = V9 — x? gives the top half of the circle.

3
v/ 9 — x2 dz will give area of aquarter of the circle.
0

3
Area of circle:4/ 9 —z2dx
0

Choose x = 3sin 6.

dx
dx = 3cosfdf d9_3c059

\/9—x2:\/9—98in29:3\/1—sin29:3\/cos29=3c059

Forz = 0,usef = 0. Forz = 3, use = /2.

/2
3cosf-3cosfdb

3 b
4/ \/9—$2dx=4/
0 0
/2
36/ cos” 0do
0

1 . 1
36 (5 cosfsinf + 50)

/2

0
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=18 (cosgsing + g) — 18(cos 0sin 0 + 0)

=18(0+§)=97r

5. Derive the formulafor the area of acircle with radius r using trigonometric substitution.
ANSWER:
x? 4 y? = r? describes acircle with radius r
y = V/r2 — x2 describes the upper half of the circle.
Usez = rsinf.
dx = rcosfdf
Whenz = 0,usef = 0. Whenz = r, usef = /2.

r /2
Area of CirCIe:4/ \/T2—1'2d1'=4/ /12 —r2sin?6 - rcosfdb
0 0

/2
=4/ rcos@-rcosfdf.
0

/2

/2
:41“2/ cos> 0 df = 4r* (1 cos fsin 6 + l0)
. 2 2

0

=2r? (cosgsinE +Z —COSOSin0+O)

2 2
=2r° (0+ g) =mr’

6. Shovvthat/%dm:larctanf—i—C,a;&O.
x a a

+ a?
ANSWER:
Usex = atan®.

If & = atan 6, then do: = (L) d6, s
cos? 6

1 1 a
——  _dr = . de
/ z2 + a? v / a’tan?0 +a? cos26

1 1
- - do
a / (sz b+ 1) (cos2 0)

cos2 6
e
a | sin” +cos26
=1/1d9=19+c
a a
T
r =atanf, 06 = arctan (—)
a
1 1 T
ThUS/ m dl‘ = E arctan (E) + C
. . t+2
7. Find th f the region n = =—————— betw = =2.
d the area of the region bounded by y = 0 and y GYE R betweent =0 and ¢
ANSWER:
Since 2t + 3t + 1 = (2t + 1)(t + 1), we write
t+2 A B
hs +

2% +3t+1  2+1  t4+1

givingt+2 = A(t+ 1)+ B(2t + 1)
t+2=(A+2b)t+A+B

S0A+2B=1, A+ B=2thusA=3, B=-1,%0
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t+2 3 1
T —dt= | c——dt— | ——dt
/2t2+3t+1 /2t+1 /t+1

3 2
:(—ln|2t+1|—ln|t+1|)‘

2 0
:gln5—ln3—gln1+lnlzl.32

8. Find the area of the region bounded by y =

ANSWER:
Completing the square, we get 2° + 4z + 13 = (z +2)% + 9.

——— z=0,andz =2.
x2+4x+13,x ’ v

Use the substitution z 4+ 2 = 3 tan ¢, then

3 . . 1 .
= dt. Sincetan®t + 1 = —— theintegral becomes
v (cos2 t) an” b+ cos?t’ 9

1 1 3
= _dr = - . — dt
/(:1:+2)2+9 v /9tan2t+9 cos? t

= 1 arctan ($—H) ’
3 3

0

= % arctang — % arctan % = 0.147458

Questions and Solutions for Section 7.5

1. Thefollowing are some of the values for a function known as the Gudermannian function, G(z).

x 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
G(z) 0 0.100 0.199 0.296 0.390 0.480 0.567 0.649 0.726 0.798 0.866

Use these values to approximate the value of

1
/ G(z)dz.
0
ANSWER:

Since G(z) isincreasing, LEFT(10) isan underestimate and RIGHT(10) is an overestimate. We therefore approx-
1

imate/ G(z) dxr by TRAP(10) = LEFT(10) +2RIGHT(10)
0

LEFT(10) = 0.1(0 + 0.100 + ... 4 0.798) = 0.421
RIGHT(10) = 0.1(0.100 + 0.199 . .. + 0.866) = 0.507

_ LEFT(10) + RIGHT(10)

= 0.464
2

TRAP(10)

1
2. The following numbers are the left, right, trapezoidal, and midpoint approximations to/ f(z)dz, where f(z) isas
0

shown. (Each uses the same number of subdivisions.)
) 0.36735
I1) 0.39896
111) 0.36814
1V) 0.33575

(@ Which iswhich? How do you know?
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1
(b) WriteA</ f(z)dx < B,where B — A isassmall as possible.
0

ANSWER:
(@) f isincreasing and concave down, so we expect to have
LEFT(n) < TRAP(n) < MID(n) < RIGHT(n).

Thus (1V) isleft, (1) istrapezoid, (111) ismidpoint and (I1) isright.
(b) We know the true value is between those given by the trapezoid and midpoint rules since the curve is concave down,
so

1
0.36735 < / f(z)dz < 0.36814.
0

. Compute the following integrals. If you provide an approximation, it should be rounded to three decimal places and you
must explain how you got it and how you know it has the desired accuracy.

3
@ / L
, Inz
3
(b) / z\/16 + 22 dx
0

ANSWER:
(8 Using left- and right-hand sums with n = 1200, the left-hand sum is 1.11864 and the right-hand sum is 1.11820.
Since these sums differ by only 0.00044 < 0.0005, and since ﬁ is monotonically decreasing between 2 and 3,

S|
/ ——dr ~ 1.11842
9 Inz

is correct to 3 decimal places.
(o) Letw =16 + z2. So du = 2z dz. By substituting, we get

1 1 2 3
— = — . —u2
2/\/1_Ldu 534 +C
:%(16+x2)%+c
So
3 1 33
/m\/16+x2dm:§(16+1‘2)§
0 0
1 3 1 3
= 2(25)% — 2(16)%
L)t~ 1(16)
1 1
3 > 3 6
61

w|
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4. The table to the right shows the velocity v(¢) of a faling
object at various times (time ¢ measured in seconds, velocity
v(t) measured in m/sec). o) | 17 B 28 2

(a) Dueto air resistance, the object’s acceleration is decreasing. What does this tell you about the shape of the graph of

t 0 1 2 3

v(t)?
Find upper and lower bounds for the distance the object fell in these three seconds. The bounds should be less than
three meters apart. Illustrate your reasoning on a sketch.

ANSWER:

v(t) will be concave down.
Find aleft-hand sum, aright-hand sum, and atrapezoidal sum with A¢ = 1.

LEFT(3) = 1- (17 4 23 4+ 28) = 68m
RIGHT(3) = 1- (23 + 28 + 32) = 83m

TRAP(3) = 68—;83 = 75.5m
32+
v(t)

28
23

17

t
1 2 3

Because this curve is concave down, the trapezoid rule gives an underestimate of 75.5; the right-hand sum
produces an overestimate of 83. These are not close enough! For a closer overestimate try the following. Use two
intervals; thefirst of length 2 and the second of length 1.

32
28

v(t)
23

17

Using the midpoint rule with the first interval gives an overestimate; using the right-hand rule with the second
interval also gives an overestimate. Such a sum gives 2 - 23 4+ 32 = 78 as an overestimate. So the distance fallen is
between 75.5 and 78 meters.
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5. For each of the definite integral s below, confine the value of anintegral to an interval of size0.1. For each of your answers,
explain carefully which method you used to obtain it, and show how you know your answer is as accurate as required.

5m
2
(a) / eSine g
3
10

(b) In (2> + 1) dz

5m/2
@ Tofind/ e*™* dz towithin 0.1, wefirst note that ¢*™ * isdecreasing over [, 27] and increasing over [2F, 27,
/2
In fact, since the function is symmetric about 37’* we can say that

5r 3r
2 sinz 2 sin @
e de =2 - e dx
jus
2

Since e*™? is decreasing over [Z, 3], a left-hand sum will be an overestimate and a right-hand sum will be an

-

5m/2 )
underestimate. We want the error for an estimate of / e*"® dx to be lessthan 0.05. Set
/2
b—a . 3w oo e
b) — f(a)| - :(smT_ smf)._<o.05
FB) = f(@)] - =2 = (e F —emF ) D <
sin 3% sin &
e’z —et 2 . 37/2 ginzx . .
So, n > 0.05 - & 147.7. Hence use n = 150. Approximate fwﬂ e dz with n = 150 to obtain:
LEFT(150) ~ 4.00 (rounding up)
RIGHT(150) ~ 3.95 (rounding down).
3r/2 ) 5m/2 )
S03.95 < / e®"? dx < 4.00. Hence 7.90 < / s " dx < 8.00.
/2 /2

(b) Toestimate fow In(x? + 1) dz, note that In(x? + 1) isincreasing over the interval [0, 10], so aleft-hand sum will be
an underestimate and a right-hand sum will be an overestimate. To find the number of divisions necessary, set

0.1 >|ln101 —In1|- 10
n
Son > 461. Thus use n = 500 to obtain:

LEFT(500) = 29.04 (rounding down)
LEFT(500) ~ 29.14 (rounding up)

10
S029.04 < / In(z® + 1) dz < 29.14.
0

6. Suppose that a computer takes 10~° seconds to add two numbers together, and it takes 10~° seconds to multiply two
numbers together. The computer is asked to integrate the function f(z) = 3 - z® from 0 to 1 using left hand sums with n
divisions. Asafunction of n, introduce the time, T'(n), used by the computer to do the calculation. Compute 7'(n). (The
computer figuresz? as« - x.)

ANSWER:

f(z) = 322
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flz) =32z>=3 -z

The time the computer takes to evaluate one interval (i.e., to multiply twice) = 107° + 107° =2 x 107°.

The time the computer takes to evaluate n such intervals = (2 x 107°) x n.

If there are n intervals, then the computer will have to add (n — 1) times. The time the computer will take to do all
the additions = (n — 1) x 107°.

Therefore the time taken for the entire calculation is

T(n)=2x10"°)xn+(n—-1) x107°.

10
(@ Find theexactvalueof/ z¥/x — 1dz. (Anexact valueisonelike ¥/7, In 10, tan(w + 1).)
1
2

(b) You want to estimate / cos(8”)de by finding values, A and B, which differ by less than 0.0001 and such that
0

1
A< / cos(6?)df < B.
0

Explain how you found A and B, and justify your assertion that they lie on either side of the integral.
ANSWER:

(@ Letw = ¥z —1,thenw® + 1 = z s03w?dw = dz. Whenz = 1, w = 0; when z = 10, w = /9.

10 ¥9 ¥9 sw’ 3wt Vo
/ x\3/$—1dx:/ (w3+1)~w~3w2dw=3/ w® + wldw = T + T
1 0 0

7 4
-0+ 3 ()
Note: To get the exact value, you need to use the Fundamental Theorem.
(b) Graph of y = cos(#?) isdecreasing and concave down for 0 < # < 1. (Draw it on the calculator and see.) Thus Trap
< True < Midpt; we'll take Trap = A, Mid = B.
Withn = 50, get Trap = .90447 = A, Mid = .90455 = B, s0

1
0.90447 < / cos(8%)df < 0.90455
—— o N—_——
A B

0

Last Monday we hired atypist to work from 8am to 12 noon. Histyping speed decreased between 8am and his 10am cup
of coffee, and increased again afterwards, between 10am and noon. His instantaneous speed (measured in characters per
second) was measured each hour and the results are given below:

Time 8am 9 10 11 12

Speed | 6 4 1 3 5
You want to estimate the total number of characters typed between 8am and 12 noon.

(@) Make an upper and alower estimate using Riemann sums. Represent each estimate on a sketch.

(b) Usethe trapezoidal approximation to make a better estimate. Represent this estimate on a sketch.

(c) A good typist types at an average speed of at least four characters per second. Use your answer to (b) to decide if we
got agood typist. Show your reasoning.

ANSWER:
@ 6
59 5
4
4 3
1 1
g8am 9 10 1 12

Hour = 3600 seconds.
Upper sum = (6 + 4 + 3 + 5)3600 = 64800 chars. (dotted rectangle).
Lower sum = (4 + 1 4+ 1+ 3)3600 = 32400 chars.
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(b)

Left+RIgt _ 2600 chars

Trapezoid =
48600
4(3600)

rate= % = 4.5 char/sec, only abit above 4 char/sec, so therateis probably not above 4 char/sec. We probably
didn’t hire a good typist.

(c) Average = = 3.375 char/sec doesn’t look good. Even using the highest estimate,

9. Consider the following definite integrals:

3 ;
(a)/o 142522

4
(b) sin” 6 d9

4

(i) Evaluate theseintegrals using the fundamental theorem of calculus. Write your answer both in analytical form,
eg.,  +In % — arctan /5, and in decimal form, e.g., 1.58587. . .

(ii) Obtain anumerical approximation of both integrals correct to two decimal places, and compare the numerical
results with the decimal results in part (a). Explain what kind of sum you are using (left sum, trapezoids, etc.),
and how many subdivisions were necessary.

ANSWER:
. dx 1 dx . 5 4 2
—— = — | ——— . Apply V-24witha” = — =z
@ (')/4+25$2 25/%—}-1‘2 PRy V-eawiha =25 7%~ 5
175 5 1 5
=5 [5 arctan 51‘] +C = 0 arctan §x+ C. Thus,

8 1 ™
= —(arctan 1 — arctan 0) =10 = 0.0785

: dix = i arctan §m
o 4+2522 10 2
(ii) Apply IV-57 withn > 2:
sin>9do = —%sinﬁ cosf + % /dﬁ = —%sinG cosf + %04—0

0

Thus

()i (R @)

1 1 =~ 1 = ™
~3 ‘5*1‘5*2] —1
(b) (i) With N = 20 subdivisions, the trapezoid and midpoint are both accurate to three decimal places with

us
4

N | =

[— sin @ cos 6 + 01|

]

1
2

midpoint trapezoid
overestimate 2 underestimate
—— 5 dx ——
0.078545 > ——— > 0.078529
o 4+ 2527

(if) With N = 20 subdivisions, the trapezoid and midpoint sums are correct to two decimal places with
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trapezoid midpoint
overestimate underestimate
—N ) —N
0.2864 2/ sin” 0df > 0.2849

i
N

I

10. Consider the ellipse pictured below:

=
The perimeter of the ellipse is given by the following integral: / 84/1— % sin2 @ d6. It turns out that there is no
0

elementary antiderivative for the function f(8) = 84/1 — % sin? 6, and so the integral must be evaluated numerically. A
graph of the integrand f(0) is shown below.

8

| 0
/4 w/2

(@) On the graph above, sketch a graphical representation of the left Riemann sum approximation of the definite integral
with NV = 4 equal divisions of the interval fromf = 0 to = g Does it appear that the left sum will overestimate
or underestimate the integral ?

(b) Caculate the left, right, trapezoid, and midpoint sums that approximate the definite integral with N = 4 equal
divisions of the interval.

(c) Based on part (b), what is your best estimate of the integral, and how many decimal places of accuracy do you think
you have?

(d) Look at the picture of the ellipse and decide whether your answer to part (c) seems to represent a reasonable estimate
of the perimeter of the ellipse.

ANSWER:
@ 8

w/4 /2

These rectangles will overestimate the integral.
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(©) z0=021 ==, 25 =

LeftSum =~ f(z:) Az = (f(wo) + f(21) + f(x2) + f(22)) - Az
=0

.3927 - (8 + 7.5479 + 6.3246 + 4.7989)

=.3927 - (26.6714) = 10.4738

Right Sum = >~ f(w:i) Az = (f(z1) + f(w2) + f(ws) + f(24)) - Az

i=1
.3927 - (7.5479 + 6.3246 + 4.7986 + 4)
= 3927 - (22.6711) = 8.9029

4
Trap Sum = Z % [f(xiz1) + f(z;)] Az = the average of the |eft and right sums
i—=1

<

= % - (10.4738 + 8.9029) = 9.6884
4
Mid Sum = Z f(zi)Azx, where z; = % (w4 mi=1)
i:17r 3w 5 s

Z1 z2

- 16 16 “*160 ‘16
(f(21) + f(22) + f(23) + f(24)) - Az
.3927 - (7.88499 + 7.0132 + 5.5512 + 4.2222)

.3927 - (24.67159) = 9.6885

(c) 9.688. The midpoint and trapezoid sums agree to three decimal places, so there are three decimal places of accuracy.

(d) Yes. Consider the perimeter of circles, which we know how to calculate. A circle of radius 1, which fits inside the
ellipse, has perimeter 2 - 7 = 6.28. A circle of radius 2, inside which the ellipsefits, has perimeter 4 - 7 = 12.57. So
we know that the perimeter of the ellipse must be between these values.

It isdesired to evaluate the following definite integral :

3
/ sin (l) dx
L T

As it turns out, there is no antiderivative to the function f(z) = sin (—) and so it will be necessary to evaluate the
xT
integral numerically.

(a) Sketch agraph of f(x) fromz = 1 tox = 3. Be sure the slope and concavity of the curve are clear on your graph.

(b) Calculate the left, right, trapezoid, and midpoint sums that approximate the definite integral with N = 4 equal
divisions of theinterval 1 < z < 3. State whether each sum is an overestimate or an underestimate of the integral,
with an appropriate explanation.

(c) Based on part (b), what is your best estimate of the integral? How many decimal places of accuracy do you have?

ANSWER:
(@) Using the graphing calculator and plugging in points, we get a decreasing concave-up curve as such:

0.8 -
0.6 [
0.4

0.2 -

0.5 1 1.5 2 2.5 3
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IE 10 | 15 | 20 [ 25 | 30 |

| fo) | 84| 62| 48[ 39| 33|
(b) Again, using anumerical integration program, we get
LEFT=1.1643 Overestimate, as f(z) ismonotone decreasing in [1, 3].
RIGHT=0.9072 Underestimate, as f(z) isdecreasingin [1, 3].
TRAP=1.0358 Overestimate, as f(z) isconcave upin|[1, 3].

MID=1.0219 Underestimate, as f(z) isconcave upin (1, 3].
3

(¢) Thebest estimateisthat 1.0219 < sin (i) dx < 1.0358. Using the weighted average, we get 1.0265. Thereis

only 1 decimal place of accuracy (aslTRAP and MID agree to only 1 decimal place).

12. A drug is being administered intravenously to a patient at a constant rate of 2 mg/hr. The following table shows the rate

of change of the amount of the drug in the patient’s body at half-hour intervals. Initially there is none of the drug in the
patient’s body.

Time (hours) 0.0 05 1.0 15 2.0 25 3.0 35 4.0
Rate (mg/hr) 2.00 1.09 0.75 0.57 0.46 0.39 0.33 0.29 0.26

(a) Sketch agraph of the rate of change of the amount of drug in the patient’s body as a function of time. Draw a smooth
curve through the data points.

(b) Give adescription of what is happening in words. In particular, explain why the rate of change of the amount of the
drug is not simply a constant +2 mg/hr, which is the rate at which the drug is being administered.

(c) Sketch agraph of the total amount of the drug in the person’s body as a function of time. You should be able to make
this sketch just from your graph of the ratein part (a).

(d) What isyour best estimate of the total amount of the drug in the patient’s body after four hours? You may do this by
any means of your choosing, but explain your method.

ANSWER:
(€Y Rate (mg/hr)
2

1.5 -
1 -
0.5

: : . — Time (hr)
1 2 3 4
(b) The rate of change of the amount of drug in the patient’s body is decreasing as time increases. This could be due to
the drug saturating the patient’s system or changed to another form astime increases.
(c) Using trapezoids to calculate area under the rate curve, we get the graph below.

v | f@)
0.0 0
0.5 0.77 Total Amount of Drug (mg)
10 1.23 2.5 -
15 1.56 2
2.0 1.82 1.5
25 | 203 L
3.0 221
35 | 237 0.5 1
‘ : ‘ — Time
4.0 251 1 5 3 1
(d) Caculating the total area under the rate curve, we get
LHS~ 2.94
RHS =~ 2.07

TRAP= 251
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13. () Using two subdivisions, find the left, right, trapezoid and midpoint approximations to
1
(1—e ")dz.

(b) D(?a/v sketches showing what each approximation represents.

(c) Given only the information you found in (a), what is your best estimate for the value of thisintegral?
ANSWER:

(@ Tofind fol(l — e~ ") dz, try left-hand sums using two subdivisions. Let f(z) =1 —e ". Atz = 0, f(0) = 0 and
ax=0.5,f0.5) =1—e>° x0.3935. So

LEFT(2) = 0.5(0 + 0.3935) = 0.1968.
Try right-hand sums, using two subdivisions.

Atz = 0.5 f(0.5) = 0.3935andatz =1, f(1) =1 — e~ ! = 0.6321. So

RIGHT(2) = 0.5(0.3935 + 0.6321) = 0.5128.
Try midpoint sums, using two subdivisions.

Atz = 0.25, f(0.25) =1 —e %% x~0.2212andat z = 0.75, £(0.75) =1 — e~ *"® = 0.5726. So

MID(2) = 0.5(0.2212 + 0.5276) = 0.3744.
Find the trapezoidal sum:

_ LEFT(2) + RIGHT(2) _ 0.1968 + 0.5128

TRAP(2) 5 5 = 0.3548.
(b) .
y Right-hand Sum Y Left-hand Sum
€T T
05 1 05 1
Figure 7.5.85 Figure 7.5.86
Y Midpoint Sum Y Trapezoid Sum
x T
05 1 05 1

Figure 7.5.87 Figure 7.5.88
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14.

15.

(c) Sincethecurvel — e isconcave down, the trapezoid rule must give an underestimate. By the same reasoning, the
midpoint sum must provide an overestimate. A good estimate of the true area under the curve might be given by the
average of these two sums, namely 0.3646.

Let S(t) be the number of daylight hours, in Cambridge, MA, on the t*" day of the year. During spring (from the vernal

equinox, t = 80, to the summer solstice, ¢ = 173), the graph of S(¢) is concave down. In the table below we list some
values of S(t). What isthe average length of the daysin spring (in hours and minutes)? Please give an upper bound and a
lower bound for the answer. These bounds should differ by less than 10 minutes.

t S(t)

80 12 hours 12 minutes
111 13 hours 44 minutes
142 14 hours 50 minutes
173 15 hours 12 minutes

ANSWER:

First, we convert all values of S(t) into minutes for simplicity. By inspecting the values in the table, it is clear that
left- and right-hand sums will not produce the needed accuracy So, to find the understimate, we approximate f S(t)dt
by TRAP(3):

/ S(t)dt ~ %(LEFT(Z’,) + RIGHT(3))

1
=3 (732 + 824 + 89 + 824 + 890 + 912) - 31
= 78616

So S(t) = % ~ 845.3 minutes.

The overestimate is a bit more tricky. If we approximate [ S(t) d¢t by RIGHT(3), we get S(t) = (824 + 890 +
912)2L ~ 875.5 minutes, but then the bounds are not within 10 minutes of each other. We would try MID(3), but
we don't know the values for S(30£1L), §(LLE42) or §(1424178) Thetrick isto estimate [ S(¢) dt with MID(1)

between t = 80 and ¢t = 142 + RIGHT(1) between ¢ = 142 and ¢ = 173. We get: S(t) = 3(824 x 2 + 912)

854 minutes, rounding up. Therefore, our answer is 845 minutes < S(t) < 854 minutes; 14 hours 5 minutes < S(t) <
14 hours 14 minutes.
0.3
1
/ o
—0.5 1 tz
suchthat U — I < 10™3. Explain your procedure.
ANSWER:

Give an upper bound U and alower bound L for
Since, by inspecting the graph of ﬁ , we can tell that the function is concave down over [—0.5,0.3], TRAP(n)
T
will be an underestimate (alower bound), and MID(n) will be an overestimate (an upper bound).

TRAP(50) ~ 0.98789
MID(50) ~ 0.98793

0.3

S0, 0.98789 < / ;4 dr < 0.98793.
_os 1t

The difference between upper and lower boundsis= 0.00004 < 0.001.

16. Below isthe graph of y = arctan z:



Y
1.5

1+
0.57

20 —15 —10

T
-5

—-1.5

(Note that arctan isthe button on your calculator.)
(8 For any number of subdivisions NV writean inequality using RIGHT(V), LEFT(V) and ffo arctan z dz. Explain.

(b) In computing f _1? o arctanz d using left- and right-hand sums we record the following table:

N | LEFT(N) | RIGHT(N)
2 —2.877 35.8465
3 —8.2473 17.474
4 | —0.3163 19.0505

203

Why do you think there are such wide variations in this table? You might want to illustrate your reasoning using
the graphs below. Be sure to distinguish between the variation for different N and the difference between left- and

right-hand sums for a particular N.

y
154
17,
0.5-
A e
20 —15 —10 -5 5 10 15 20
Y
S
1 15
y
154
17,
0.5-
A e
20 —15 —10 -5 5 10 15 20
03
S
115
y
154
17,
0.5-
20 —15 —10 -5 5 10 15 20
03
S
115
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(¢) Thepoint z = 0 isaninflection point for y = arctan . If we write

16 0 16
/ arctan r dx = / arctan z dr + / arctan z dz,
_ - 0

10 10

then we can get over-estimates and under-estimates for the integrals on the right via the midpoint and trapezoidal

rules. Explain.
(d) We have the following data:
0
For arctan z dx
—10
N Midpoint Trapezoid
50 —12.40537 —12.40041
16
For / arctan x dx
0

C)

@

(b)

N Midpoint Trapezoid
50 | 21.363787 21.35097

Based on your answer to part (c) find numbers A and B such that

16

AS/ arctanz dx < B.
—10

Explain. How bigis B — A?

Evaluate fj?o arctan z dz “symbolically” (plug in the limits but don't evaluate).

Hint: Integrate by parts using % arctanz =
ANSWER:

14 22"

16
Since arctan z is an increasing function, LEFT(N) < / arctan z dz < RIGHT(N) for any humber of divi-

—10
sions N.
The general reason for the wide variation in values in the table, for different IV, is that arctan x is steep only near
x = 0, and is relatively flat further out. A small number of rectangles (like 2, 3, or 4) will necessarily obscure this

behavior, either underestimating or overestimating it.

1.5+

Figure 7.5.89: N = 2
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1T

|
ul
o

Figure 7.5.90: N = 3

1.5+
1
0.5

—0.5

15+
Figure 7.591: N =4

With N = 2, for example, aright-hand sum completely ignores the behavior of the function for z to the left of
3. But at x = 3, arctan z is aready beyond the steep increase at x = 0! Similar problems occur for N = 3 and
N = 4. Asfor the difference between left- and right-hand sums for a particular N, consider the following:

RIGHT(N) ~ LEFT(N) = (f(b) ~ f(a)) "
but in this case, we have
RIGHT(N) — LEFT(N) = (151 — (~147)) - %
75
~ T2

For small IV, thiswill be very large.
(c) On[-10, 0], arctan x is concave up, SO

0
MID(N) < / arctan z dez < TRAP(N) for any V.

—10
On [0, 16], arctan z is concave down, SO

0
TRAP(N) < / arctan z dz < MID(N) for any N.

—10

So for an underestimate, we can use MID (V) on [—10, 0] and TRAP(V) on [0, 16]. Vice versafor an overestimate.
(d) According to the previous part, we have

A = underestimate = —12.40537 + 21.35097 = 8.9456
B = overestimate = —12.40041 + 21.363787 = 8.96338
B—A=0.01778



206

() Integrating by parts with u = arctan z and v’ = 1 we get

16 16 16

x
arctan r dr = x arctan x — T 22 dzx,
—10 —10 —10 T

. dzr . T 1 5
sincev =z and v’ = 1+$2.N0t|cethat/mdx = §ln(1 +z7) 4+ C. Therefore,

16 16

16
/ arctan r dr = r arctan x

_1 In(1 + %)
10 2

—10

10
= 16 arctan 16 + 10 arctan(—10) — % In(1 + 16%) + % In(1 4 10%)
~ 8.956

17. Consider the functions
fr@) =0 —z)* for k=1,23.
(a) Sketch agraph showing these three functionsfor 0 < z <1

Consider the integrals
1
I :/ (1—z")*dz k=1,2,3.
0

(b) Suppose you use the midpoint and trapezoid rules to approximate each of theseintegrals. For each integral, does each
rule give an overestimate, an underestimate, the exact value, or isit impossible to tell without knowing =, the number
of subdivisions? (Circle one answer for each integral and give a very brief reason.)

I Midpt: Over Under Exact Can't Tell
Why?
Trap: Over Under Exact Can't Tell
Why?

I, Midpt: Over Under Exact Can't Tell
Why?

Trap: Over Under Exact Can't Tell
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Why?

I3 Midpt: Over Under Exact Can't Tell
Why?
Trap: Over Under Exact Can't Tell
Why?
ANSWER:

(@) Thefunctions are shown in Figure 7.5.92.

Y
14
fa(x)
f2()
fi(z)
- T
1
Figure 7.5.92

(b) Mid(n) and Trap(n) give exact values of I; since, in the case of Trap(n) itiseasy to seethat if n iseven aslow as
1 the trapezoid of the trapezoid rule is exactly the triangle whose area we want. In the case of Mid(n), if n is even
aslow as one, the trapezoid whose oblique side is tangent to the “curve” (and whose area equals that of the midpoint
rectangle) fitsthe triangular area exactly since the tangents of straight lines are the the lines themsel ves.

For I, and Is we conclude that Trap(n) underestimates and Mid(n) overestimates as both regions are bounded above
by curves which are concave down.

Suppose the points zo, z1, ..., x, areequaly spaced and a = zp < 1 < 2 < ... < z, = b. Give aformula (in terms
of f and the z;’s) for each of the following approximations to fab f(x)dz. (No justification needed.)

(8 Theleft Riemann sum approximation.
(b) Theright Riemann sum approximation.
(c) Thetrapezoid approximation.

(d) The midpoint approximation.

ANSWER:
(@) The left Riemann sum approximation usesthe value of f at the left of each interval:

n—1
Left(n) = > _ f(z:)Az.

=0
(b) Theright Riemann sum uses the value of f at the right of each interval:
Right(n) = > f(z:)Aa.

i=1

(c) Thetrapezoid approximation is the average of the left and right Riemann approximations:

nmm:%@mw+mmm»
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10.

20.

N =

(Z i Am+X_:fa:l )

= Z <—+ f $z+1)> Azx.

(d) The midpoint approximation uses the value of f evaluated the the midpoint of each interval:

Mid(n Zf(x#xlﬂ)

TRUE/FALSE: For each statement, write whether it istrue or false and give a short explanation.

(a) For any given function, TRAP(n) is always more accurate than LEFT (n).
(b) The midpoi nt rule gives exact answers for linear functions, no matter how many subdivisions are used.

(c) / z)dr > .

ANSWER:

(8 FALSE. A simple counterexample is a constant function, say f(z) = 5, for which LEFT(n) is just as accurate as
TRAP(n), since both are exact. For other functions, LEFT (n) can even be more accurate than TRAP (n). (Seeif
you can come up with an example of such function.)

(b) TRUE. Using MID(1) on any interval [a, b] of alinear function overshoots and undershoots the exact area equally so
there is exact cancellation. Consequently, for IV larger than 1, MID (V) gives an exact answer on the whole interval
[a, b] because on each subinterva it acts as MID(1), which we know gives an exact answer.

alinear function / errors cancel

\

(c) FALSE. Since —1 < cosx < 1 everywhere, cos®®(z) < 1 everywhere, sof03 cos®(z) dx < f03 ldz =3.

In the field of dynamical astronomy, integrals such as the following appear in the problem of determining trajectories of

planets or spacecraft:
1
o l+ccost

In this definite integral, ¢ is a constant that can go from 0 to +oo depending on the shape of the orbit. Except for
some special values of ¢, thereis no fundamental antiderivative for the integrand

1

1) = 1+ ccosé

(a) Sketch agraph of f(0) withc =0.5for0 <6 <1.

(b) Calculate the left, right, trapezoid, and midpoint sums that approximate the definite integral for ¢ = 0.5 with N = 5
equal divisions of theinterval 0 < 6 < 1. State whether each sum is an overestimate or an underestimate of the
integral, with an appropriate explanation.

(c) Based on part (b), what is your best estimate of the integral? How many decimal places of accuracy do you have?



ANSWER:

(@ Forc=0.5, f() =

1+ (0.5) cos @

. To graph this function, we plot afew points:

0

0.2

0.4

0.6

0.8

1.0

f(9)

0.6667

0.6711

0.6847

0.7079

0.7416

0.7873

02040608 1

From this graph we can conclude the function is increasing and concave up.
(b) For N =5 equal divisions over theinterval 0 < 0 < 1; 20 = 0,21 = 0.2,22 = 0.4, 23 = 0.6, z4 = 0.8, x5 = 1.0

and Az = 0.2. Thevalues of f(x) were calculated in part (a).

4
LEFT =)~ f(z:)Az
=0

= [f(zo) + f(z1) + f(22) + f(23) + f(an)] Az
= [0.6667 + 0.6711 + 0.6847 + 0.7079 + 0.7416] (0.2)

= 0.6944

Because the function is an increasing function, we can conclude that the left Riemann sum is an underestimate.

2
RIGHT = f(z:)Az

=[f(@1) + f(z2) + f(w3) + f(za) + f(25)]| Az

= [0.6711 + 0.6847 + 0.7079 + 0.7416 + 0.7873](0.2)

=0.7185

Because the function is an increasing function, the right hand side is an overestimate.

TRAP=Average of |eft and right sums

_ RHS+LHS _ 0.6944 4 0.7185

Because the function is concave up, the trapezoid sum will give an overestimate.

4
MID:Zf (gtI + %Ax) Az
i=0

= [£(0.1) + £(0.3) + £(0.5) + £(0.7) + £(0.9)] Az

2

=0.7065

= [0.6678 + 0.6767 + 0.6950 + 0.7234 + 0.7629] (0.2)

= 0.7052

Because the function is concave up, aMID will give us an underestimate.

209
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(c) Because we know that
2
Mng/ f(z) < TRAP
¢ 2
50 0.7052 g/ f(z) < 0.7065.
0

The best estimate we can make is one between these two numbers, say 0.706. This is accurate to 2 decimal
places.

Questions and Solutions for Section 7.6

1. (a) Usethetrapezoid rule with n = 4 to approximate

1
/ V1+erder.
0

(b) Do the same using Simpson’s rule with n = 4.
(c) Indicate how much more accurate you would expect the results to be if you used n = 40 in each case.

ANSWER:
@
z f(x)
000 | 141401 LEFT(4) = 1.30721
025 | 133372 RIGHT(4) = 1.24605
050 | 1.26749 TRAP(4) = 1.27663
0.75 1.21341
1.00 1.16956
(b) Using the table to the | eft, we get
’ /o) MID(4) = 1.27509
0.125 1.37204
0.375 | 1.29896 SIMP(4) = %(2 x MID(4) + TRAP(4)>
0.625 1.23906 — 1.27560.
0.875 1.19032

1
) Since the trapezoid rule has error proportional to 2, using n = 40 will be 42~ = 100 times as accurate as usin
ap! prop: - g g

402

1
n = 4. Since the Simpson’s rule has error proportional to n—14 using n = 40 will be 4= = 10,000 times as accurate
4
asusingn = 4. *
2. The table below contains numerical data for a definite integral approximated by the left-hand, midpoint, trapezoid, and
Simpson’s rule methods. Which column iswhich? Why?

ANSWER:

N

1 2.4737 —44.1930 0.4737 —67.5263
3 —39.6662 —45.5098 —40.3329 —48.4316
9 —44.8687 —45.5261 —45.0909 —45.8548
27 —45.45315 —45.52630 —45.62722 —45.5629
81 —45.518171 —45.526300 —45.572862 —45.530364

The second column consistently gives answers very close to the true value (which appears to be around 45.53) so
it is likely to be the Simpson’s rule column. We recall that SIMP(N) = 1(2MID(N) + TRAP(N)). Noting that

2" column = 1(2x 4™ column +18 column), we conclude that MID (V) isthe 4th column and TRAP (V) isthe 1st
column. The 3rd column is therefore the LEFT (V) column.
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1
3. Compute to within 0.001 the following integral: / (1 + z”)~*dz. You may use agraphing calculator or a copy of the
0

integral tables. Please justify all of your steps.
ANSWER:
First look at the function (1 + z2)~*

Using Left and Right sums: Left-sum overestimates and right-sum underestimates the integral, as the function is
monotonic and decreasing. The number of steps we should take, N, should verify
ILeft(N) — Right(V)| = |£(0) — f(1)|% _ ‘1 - 11—6 1 <000

LHS ~047413 and
>
SO N > 938 steps. Then | p 1~ 47507

Theintegral ~ 0.475 up to 0.001.

Using Trap and Midpoint: By concavity we must use TRAP on [0, 1/3] and Mid on [1/3, 1] to underestimate. Use
Mid on [0,1/3] and Trap on [1/3, 1] to overestimate. Use approximately 100 steps to estimate them, then sum-up to get
0.474588 < integral < 0.474617, well within 1072,

(C) It is possible to compute the integral precisely:
1

dzr
o (1+ x2)4
dtanf

Put x = tan 6; then dx = 20 df = cos20d9 Ifz=0,0=0;ifxr=1,0= 4,sosubst|tuteandget

/4 /4
I= / (1 +tan®6) *cos 2 0dh = / cos® 0.df
0 0

Use Table #18 to write it as (with m = 6)

3 2
+ é / cos” 6 df
0 6 /o

6 = s
1/1 5 R A A
==-|l—=) +=z + - cos” 0do
() v [rotom] o5 oo
2)4 24

1 %+ T
48 ( o 4
1 1,15 15

4

+ % + 12" = 0.4746035

1
I = gcos695in9

- cos 39sing

L + E [—cos@smﬁ

N =

5
24
_ 1.5
T 48 0 24

true value

4. Compute the following integrals. If you provide an approximation, it should be rounded to three decimal places, and you
must explain how you got it and how you know it has the desired accuracy.
4
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@

(b)

5 (39
(b)
(©)
@

(b)

(©

ANSWER:
f;(l +1Inz)"tda.
Method 1. (With Riemann sum.)
With 100 divisions, Left= 0.97256945, Right= 0.96913832.
With 200 divisions, Left= 0.9717084, Right= 0.9699928.
With 1000 divisions, Left= 0.97102, Right= 0.97067.
Therefore the answer is 0.971. We know that this is the desired answer because it is approached from both left and
right.
Method 2. (With a calculator.)

4
/ (1+41Inz)~" dz = 0.9708.
2

f04 - (9+ 22" de.
Method 1. (with acalculator) The answer is 32.667.
Method 2. (substitution)
Letw =9+ z>.
Then dw = 2x - dx.
Change the limits: when z = 0, w = 9 and when z = 4, w = 25.

4 25 d
/ a:~(9+x2)1/2dx=/ w2
0 9 2

|:1 3/2:| 25

23/2 ],
— %[253/2 93/2]
= %[125 —27]
= 32.667

Method 3. (with Riemann sums)

Trap: 32.6673
Mid: 32.666

Simp: 32.66666
Therefore the answer is 32.667. We know that this has the desired accuracy because the same value is approached by
different methods.

6

What isthe exact valueof [ e** da?
Find LEFT(2), RIGHT(2), TRAP(2), MID(2), and SIMP(2).
Compute the error for each approximation.
ANSWER:
6 2x 6 12 0
2z e e e
= — = = — = 1
/Oed 20228,3769
Computing the sums directly, since Az = 3, we have

LEFT(2) =3-e°43-e% =1213.29
RIGHT(2) =3-¢e® 4 3-e'? = 489,475
TRAP(2) = 1213.29 ; 489,475 _ 245,344
MID(2) =3-¢e® +3-¢” =24,369.5

_ 2. MID(2) + TRAP(2)

SIMP(2) = 3 = 98027.7

Errors

LEFT(2) : 80, 163.6
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RIGHT(2) : —408, 098
TRAP(2) : —163, 967
MID(2) : 57,007.4
SIMP(2) : —16, 650.8

Questions and Solutions for Section 7.7

1. (a) Doestheintegral

d ? Wh hy not?
o= 5 de converge y or why nof

(b) If thefollowing imﬁroper integral converges, find its value. Otherwise explain why it does not converge.

/ z?e % dx
0
ANSWER:

(@) Theintegral does not converge, because the integrand does not approach zero as x goes to infinity. Thisis because
2

e ¥ — 0 asxz — oo, and the integrand behaveslike% = z, which grows without bound as z — cc.
(b) We need to integrate by parts twice to determine the indefinite integral :

/a:Qe_x de = —z% " + 2/91:6_’” dz
—z%e " 42 <—9L‘eJJ + / e " dx)

= 2% " +2 (—a:e_x — e_x)

=—e " (x2 +2x+2) + C.

Then,

oo a
2 — . 2 —
e “dr = lim e “dx
0 a—r o0 0

a

= lim —e (2 + 2z +2)

a—r o0

0
= lim (—67‘1((12 +2a+2)+ 2) .

a— 0o
Asa — oo, e~ “ goes to O faster than the polynomial a® + 2a + 2 grows. So

lim (—e™“(a”+2a+2)+2) = lim 2=2.

a—» o0 a—» 00

The integra thus converges to a value of 2.

1
2. Doesthe following improper integral converge? If o, find its value. / —or dx
0 XT1992
ANSWER:
! 1991 ! 1991
/ r~ 1992 dx = lim xr~ 1992 dx
0 b—0 b

1
— lim 19927 1952
b—0

b
— lim (1992 - bﬁ)
b—0
= 1992
Theintegral convergesto 1992.
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3. If the following improper integral converges, then give its value correct to three decimal places. You may do this by any

2
means of your choosing, but show your work clearly and explain your steps. / dx
0

ANSWER:
Letw=1—-2z = dw = —dzx.

1
V1i—2x

! dx
V1ii—=z

0 1 1
_1 _1 . _1
=— w” 2dw = w 2dw = lim w” 2dw
1 0 b0t

= lim [2\/5]1: lim [2-2vb] =2

b—0+ b—0t
Theintegral converges, and it equals 2.000.
4. Find the value of the following improper integrals, or, if anintegral does not converge, say so explicitly.

0
1
a) —d
@ | A=

<1
(b)/0 mdm

ANSWER:
(@) Thisintegral isimproper because the integrand is undefined at x = —1.

1
dr =2V1+z+C,
itz ’
0 0
1
so dr = li 2v1+ = 1 2-2V1+a|=2.
[t = tm ] = 2T

The integral convergesto 2.

(b) / \/_dm = Jlim {2\/1 + x} = lim [2v1+b —2]

Theintegral diverges.

5. Do thefollowing integrals converge? If so, calculate the value. If not, explain why not.
2
dx
@ / — 7
Ooo(m - 1)2
(b) / ze “dz
0

ANSWER:

@ ﬁ misbehaves at x = 1, as shown in Figure 7.7.93:
T —

_

Figure 7.7.93

2;dﬂ;_lim adix+1im ZL
o (=127 asi- ), (—1)2 ot ), (z—1)2
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. 1\ . 1
= lim —( ) + lim —( )
a—1— rz—1 0 b—1+ rz—1

Zl

— lim [— ! —1} + lim [—1+L}
S asi- L oa-—1 b1t L 2 b—1]1"
Neither limit is defined so the integral diverges.
(b)
[>S) b
/ ze “dr = lim ze” “dx.
0 b— oo 0
Using integration by partswithu = z,v' = 1,v' = e *,v = —e ™" we have:
b b
lim ze “dr = lim (—befb + O) + lim e “dx.
b—oo 0 b— o0 b— o0 0

Since the left limit is equal to zero,

=] b
/ ze “dr = lim e “dr = lim l—e‘”
0

b—o0 0 b— oo

So theintegral converges.

6. Doe the following integrals converge or diverge? If an integral converges, give its exact value. Justify your answer using
antiderivatives.

@ /°° ze “dr
0

2
dx

() /0 @@=
ANSWER:

(@) Applying the definition of an improper integral,

0o b
/ rze “dr = lim re “dx
0

b— oo 0

Using integration by partswithw = z,v' = e~ %, 4’ = 1,v = 1, we have

b b

b
lim rze “dr = lim —ze °| —e °
b— o0 b—oo
0 0 0
= lim [—be ® +0e’] = [e7" —€°] = 1.
bl)nolo[ e  + e] [e e]
o0
So ze “dz convergesto 1.

(b) Since0 the integrand goesto infinity at x = 1, we can split the integral up around this point:

Cde oy [ A [ dr
o (=143 - [ (x—=DYE T esit [, (@—1)1/3

a

+ lim —3- !

1
= lim -3 T
b—1t ($—1)1/3 b

a—1— (1’—1)1/3

0

= lim -3 L - ! + lim -3 Lo 1
I (a —1)1/3 (—1)1/3 b 1+ 11/3 (b—1)/3 |’

which diverges.
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7. Evaluate the following integral:
/ 32’267ZB dz.
0
ANSWER:

Applying the formulafor thisimproper integral,

o 3 b b 3
/ 32%¢ % dz = lim 32%e % dz
0

b—oo 0
b
. —Z3
= lim —e
b—oo 0
_3
= lim (—e b +60)
b—oo
=1.

S b
————dzr = lim ———dx
/0 V4 — x2 bazf/o V4 — z2
. x|
= lim arcsin —
b—2—

0

. . b . T
= lim arcsin — = arcsinl = —
b—2— 2 2

0 0
S dr = lim 1 dx
_y V4 —a? b——2+ [, /4 —x?
. .zl
= lim arcsin —
b——2+ 2

b

. . . b
lim arcsin 0 — arcsin —
b——2+ 2

= —arcsin (—1) = g

Thus the original integral converges to avalue of .
9. If therate, r, at which people get sick during an epidemic of flu is approximately

r = 1000te %

where r is people/day and ¢ is time in days since start of epidemic, then the total number of people who get sick
is 4000. How does the total number of people getting sick change if the coefficient is doubled and the rate is now ¢ =
2000te ~°-5*? How does the total number of sick people change if the exponent is doubled to arate of s = 1000te™*?

ANSWER: .
Total number of sick people = / 2000te %5t dt.
0

Use integration by parts, withw = ¢, v’ = e7°-5¢ :

Total = lim 2000 [ —te 05
b— oo 05

b b

1 —0.5¢
R
0 /0 0.5° >
b
0>

= lim 2000 (—2be™ """ — 4e7"% + 4)

b— oo

b—oo

2
- lim 2 9be0-5t _ —0.5¢
im 2000 ( be —0.56

= 8000 people.
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So, if the coefficient is doubled, the number of people who become sick doubles too.

Total =/ 1000e ™" dt. u=t v =e"
0

b b
—/ —e_tdt>
0 0
b
lim 1000 <—be"’ — (™) >
b— oo 0

= lim 1000 (—be " —e " +1)
b— oo

b— oo

= lim 1000 <—t6_t

= 1000 people.

10. Write the following improper integral as the sum of two limits of definite integrals (you don’t need to evaluate the inte-

grals).
/a+3 dil;'
—a—2 (a‘ - 1‘)
ANSWER:
Theintegral isnot defined at © = a, so split it there.
ot g . b dx . e
= lim ——— + lim —_—
a o la=x) bmat ) | ,(a—x)  cma J, (a — )

Questions and Solutions for Section 7.8

1. Arethefollowing integrals convergent or divergent? Give reasons for your answers and if the integral is convergent, please

—T

give an approximation rounded off to two decimal places. (Note: the function f(z) = 16 isconcave up for x > 0.)

001 ) e~
(a)/0 e_’”da: (b)/0 1+a:d$

ANSWER:
(@) Thisintegra isconvergent:

+x

b

= lim (" —e7 %) =1.
0 b— o0

0o 1 b
—dz = lim e ®dr= lim —e "
0 er b— o0 0 b— o0

(b) Thisintegral isalso convergent. Theintegrand f:rz ispositiveand lessthane™ for z > 0; sinceby (a), f0°° e Tdr =
1, our integral isfinite and, in particular, lessthan 1. Asb tendsto infinity, fob

0.5963); that is the value of our integral.

—z
€

14z

dz tendsto 0.60 (or more precisely

C24e? .
2. Does / +; dz converge? Explain clearly how you know.
1

ANSWER: - - o
Since 2+e” > 2 and/ zclz does not converge, neither does/ 2+7edz.
z z 1 z 1 z
-2
3. Is / (15127;)2 dx convergent or divergent? Give reasons for your answer and if it is convergent, give an upper bound
0
for itsvalue.
ANSWER:

* sin’g o 1 5
< —_— i <1
/0 A1) dx < /0 e dr (becausesin” z < 1)

[o%e}
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1
=1 R 1) =1.
Jim (—5+1)

Itis convergent and 1 isan upper bound.
4. Doesthefollowing integral converge or diverge? Justify your answer.

/ z-(2° =3z —1)""?da
0

ANSWER:
For large and positive z,
oz 5.1
(z3 — 3z —1)1/2 = gl/2’
. * 1 , * x
hence since /0 mda: diverges, so does /0 (T dx.

5. The following improper integral may arise in the study of certain damped oscillatory motion, such as that of a pendulum
that eventually comes to rest due to friction:
/ et (1 + cost)dt
0

(@) Show why thisimproper integral converges. (Hint: It is easier to do this with the comparison theorem than by finding
the antiderivative and evaluating the improper integral exactly.)
(b) Based on your answer to part (&), give an upper bound on the value of the improper integral.

ANSWER:
(@ e (14 cost) < 2¢"foralt > 0,because —1 < cost < 1.

Since/ 2e~"dt converges, by comparison, / e"t(1 + cost)dt aso converges.
0 0

(b) We can use the value of / 2e"dt as an upper bound on the value of/ e " (1 + cost)dt.
0 0

b

0o b
/ 2e”"dt = lim 2e”'dt = hm —2 " hm( 2¢ "+ 2e°) =2
0

b— oo b— 0o
Since/ (1 4 cost)d / *, then 2 is an upper bound for/ e " (1 + cost)dt.
0 0
6. If weapproximate / da: with / dac what value of b do we need to estimate the value of / 1;2;+4d$
with an error of Iessthat 0. 01’7 '
ANSWER:

o) b (e}
1 1 1
/1 —1‘2+4dx_/1—1‘2+4dx+/b —x2+4dm
We find b such that the tail of the integral satisfies the inequality

|
—d
/b z2+4 v
<1 *1 1
Weget 0 < > dz < —dr=-b
, T2t+4 y T
We choose b such that —b~* < 0.01, which meansthat b > 100. With an error of less that 0.01, choose b = 120,
oo 120
We have # de =~ # dr ~ 0.545.
., T2+4 ., zr+4

7. Isthe areabetween y = iz andy = ig on (1, co) finite or infinite? Explain.
T
ANSWER: 1 1
The areaunder y = o isl. Theareaunder y = o isaso finite, so the area between the two curves is also finite.

< 0.01

8. For what values of a does / % dz diverge? When does it converge?
xa
ANSWER: '
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Divergeswhena? <1, —1<a < 1.
Convergeswhena® > 1, —1 > a > 1.

9. For what values of p does / Lﬁ dzx converge? When does it diverge?
1 T

ANSWER:
Convergeswhen ,/p < 1, p < 1.
Divergeswhen \/p > 1, p > 1.

Review Questions and Solutions for Chapter 7

1. Evaluate each of the following and show all work:

@ /sin2$c053$dx (© / 2_T_1d
(b) /:ve_x dx (d) /\/9__
ANSWER:

. . . . . 1. 1 .
@ /sz zcos® zde = /sm2 #(1 —sin® z) cos & dx = / (sin® z cos & — sin z cos &) dw = 3 sin® z—7 sin® z+

(b) Integrate by partswithu = x,v" = e~ %, to get / ze “dr=—ze "+ / e "de=—e “(z+1)+C.

;1;-2 $2+1_1 1
(© /ﬁ—ﬂdx_/ﬁdx—/(l—m2+1)dx—x—arctanm+0.
(d)

dt = 9 it
/\/9—t2 / —t2
9
= —1/9 — 2 + dt

/( v9—t2>

1 dt t

— 42 - in —

. <t 9_¢ +9/m>+(93rc51n3+0)

9—t2+garcsin§+C'

Note: The last two steps were performed using integral tables.

2. Usetheresults of Problem 1(a) to evaluate

™

z
.2 3
/ sin” x cos” x dx.
0

ANSWER:
T

=
2 : 1 1
.2 . .
sin®zcos’zdr = | Zsin®z— Zsin’z
0 3 5 0

3. Find by any method. Say briefly but clearly what you did.
2
1forz <1
@ / s (b) [2f(m)dm where f(x) = { Lfore <1

ANSWER:
(&) Substituting t = z?, dt = 2z d,

DN | =
—
Il -
o Il
L

~

@

-

U

S~

r=1
/ 2% (xdx) =
=0

Integrating by partswithu = ¢, v’ = e, gives
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1 1

1/1 . 1, 1/ . 1,

= te"dt = —te"| — = e dt==e(t—1)
2/, 20,72, 2

(b) Wedo theintegral in two pieces, using the additivity property. We get:

1 2
/ 1da:+/ rdr==x
—2 1

4. Find elementary formulas for the following:

1

-2

€) /(l—l—a:)sin(?x)dx

2t
) /l—l—te it
e

ANSWER:
@

/(1+m)sin2mdm:/siandx—i—/msinM‘dx

2
= —COSZ r +/xsin2mdx+0

In the integral /xsin 2z dz, integrate by parts, withu = z, 4’ = 1;

v =sin2z, v=—3cos2z
1 1
/a:sianda:: —§xc052x+/§c052xda:
rcos2r  sin2x ,
5 + 1 +C
So,
(1+ o) sin 2z dz = _cost _ T cos 2x + sin 2x Lo
2 2 4
(b)
2t
/1+6 dt = /(e_t—f-et)dt
et
=—e "4+ +0
5. Integrate

(@ / (2z —1)
cos® x

®) / sinz dz

© / cos2

o

(e) Derive the reduction formula

/(ln z)"dx = z(lnz)" — n/ (Inz)"~" dz.
ANSWER:

2 _ 3 2 _:124 $3
@ z°(2r —1)de = | 22° — =z da:_7—7+0_
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(b)

3 2 2
cos” x COS T Cos” T cosz(l —sin®x
sin x sin x sin x
CcosS T .
= - —coszsinz ) dz.
sin x

Let u = sin z. Then du = cos x dx and

2
/(c?sm —cosa:sina:) da::/(l—u) du:ln|u|—u_+0
sin x u 2

sin’®

+C.

=lIn|sinz| —

(c) Integrate by partswith uw = z and v’ = —%—. Thenv’ =1, and v = tanx.Weget/

. >—dr = Ttanz —
osT® cos® T

/tana:da:. But /tanxdm = —In|cosz| + C, sowehave z tan z — In |cos z| + C asthefinal answer.

4
€
e dz udu

ver —1 - 2 Vu—1
4

€ et—1 et—1
udu v+1 1 2 3 1
= —dv = Vo4 — | dv = Sv? 4202
/62 vu—1 /52,1 Vo /5271 < ﬁ) 3
1) (2 —1)7 —2(e® — 1) ~ 260.42.

(e) Integrate by parts withu = (Inz)" and v’ = 1. Then v’ = n(lnz)"* - % and v = z. We get /(lnx)” dz =

4
(d) Setting u = e® and du = eg”da:,weget/ .Wenow set v = u — 1, to get
2

(M

wl N

z(lnz)"” —/n(lnat)’h1 (%) -z dz. But/n(lnm)”f1 (é) cxdr = n/(lnm)"fldx,to complete the proof.

. Evaluate each of the indefinite integrals below. Be sure to show your work.

@ / ve® dz ) / Sz g
COST
(b) /e—.dx © /#dx
1+4e2® V1 —4x2
1
(c) / TP dz
ANSWER:

(@) Using the formulafor integration by parts, f w' dr = uv — f w'vdr, withu = z andv = €*, wefind:
/xemdmzxem—/emdx:mez—ez—i—C:eI(m—l)-i-C.
(b) Setu = e”, du = e” dx. Then

/ e’dr _ / du _ _ arctan u + C = arctan(e”) + C.

1+ e2 1+ u?

/ 1 dm:/udx
1+e® 1+e®
6(1}
= 1—
/( 1+e’”) e
:/lda:—/ ° dz.
1+e”

(©
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In the second integral, set w = 1 + €”, du = e“ dz. Substituting, we get

_/6_dm:_ du
1+e® u

—Inju|+C
—In(1+¢")+ C.

So 1+exdm:m—ln(1+ez)+0'.

(d) Setwu = cosz,du = —sinzdz. Then

/Slﬁdx:—/@ —Injul+C
cos T u

—In|cosz|+C.

(e) Setu =2zx,du = 2dz. Then
/\/%—szdx = %/\/ld%—uz = %arcsinu—f-c = %arcsin(h‘) +C.
7. Calculate the following indefinite integrals. (Remember, you can always check your answers.)
€] / x> cos z dx
(b) /sin(ln t)dt

(o) /((lnz)2+31nz) dz

ANSWER:
(@) Using the Table (#16), or parts:

3 3 . 2 .
r°cosxdr =x”sinx + 3z" cosx — 6z sinz — 6cosx + C

(b) Parts:
sin(Int)dt = tsin(lnt)—
u=sin(Int) v’ cos(tln t
v= v =1
/cos(ln t)dt = tsin(Int) — [t cos(Int) + /sin(ln t)dt]
Parts again
u=cos(lnt) v = — smt(ln t
v=t v =1

solving / sin(In ¢)dt :%[Sin(ln t) —coslnt)]+ C

(Alternatively, usew = Int, t = e, dt = e*>dw and #8 from Table]
(© /lnzdz =zlnz — z + C (from Table #4)

/(ln 2)%dz = z(Inz)” — /2 Inzdz = z(Inz)° — 2[z(Inz) — 2] + C

=z2(nz)? —2zlnz+224+C

so /((ln 2)’> +3Inz)dz =z(In2)*> 4 zlnz — 2+ C
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8. Find the following indefinite integrals:

(@ Apply lI- 9from theintegral table; u = —2,b = 1.

= me_“[ 2cosz +sinz] +C

1
= gefzz(—Zcosa: +sinz) +C

You can integrate by parts twice to get the same answer.
(b) You have to apply long division to get the degree of the numerator to be less than the degree of the denominator.

L:1——Thus
t+1 t+1

1
9. Find thefollowing integras:
@ /gte“c dx
(b) /(sin t)e™fdt
1
(0 / 4—2dy

ANSWER:
(a) Usepartsor #14 of tables: /aL‘e73 dx = ze® — /e“c dz =ze” —e* + C

(b) Setw = costand dw = —sintdt. | sinte®'dt = —/e“’ dw=—-e"4+C=—e"""+C
(c) Use#16 of tables: (a = 2,b = —2)

dy _ dy _ dy = Yow—2—-m
/4—y2‘/(2—y)<2+y)‘ /(y—2>(y+2>‘ ginly =2 =y +2) + 0

10. Find the following indefinite integrals:

z? — ldx
(b) /a:2 sin x dzx.

ANSWER:

. 1
Letw=m2—1:>dw:2mdm:>xdx=§dw

dw 1

1 .
:§ln|a:2—1|+C

(b) z’ sinz dz

Apply Formulalll-15 from the table of integrals, letting
plz)=2% a=1
=p'(z) =2z
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> p(5) =2
= —z%cosz + (2z)sinz + 2cosz + C

11. Find the following indefinite integrals:

12.

13.

2
@ / x3$+ lda:
(b) /(1‘2 + 1) cos 2z dx
ANSWER:
(8 Usesubstitution! Let u = 2 + 1, then du = 3zdz, %du = 2’dx

z2 1 (1 1 1 3
$3+1dx—g/adu—gln|u|+0—§ln|m +1|+C
(b) Using Table Il #16, or integrating by parts (twice), we get

. 1 1
(2% + 1) sin 2z + 51’00821’— Zsian—i—C

DN | =

/(1’2 +1)cos2zdr =

1 5 . 1. 1 1.
:§x281n2x+58m2x+§xc052x—Zstx—i—C

1 . 1 1
= §$Zsin2a:+§$c052a:+zsin2a:+0

Find the following indefinite integrals:

1
@ [ 5

) / L
sSin- x
ANSWER:

€] w:2a:+3:>dw:2xdx:>a:dx=%dw

2w +3 773
(b) / L
sSin- x

Integral Table #19, m = 3

__lcosa:_’_l 1dm
T 2sin?z 2 sin x

Integral Table #20

1 1 fdw 1 1
dr=> [ & =-mw/+C=-m|2z+3|+C
w 2 2

cosr —1
cosz + 1

_1 cos T 1

2sin’z 4

Integrate: (Please give exact answers.)

|+c

1
@ / Norah
2
(b) /x?’lnxdx
2t
(c) /Edt

13
@ /(sin@)7 20
~13

02



(e / Vu du
Vu+1
ANSWER:
@ Letw=3zx+7,dw = 3dz.
. 1 dw
= ﬁ?
1

:g/w*%dw:§—+0:§\/3m+7+c

Common mistake: /(31‘ + 7)_%dm =3z + 7)%

4 4 4
3 - AN R A
/a: lna:da:—/lna:d<4> =3 Inz / 1 d(lnz)

(b) N P
4lnm 1 a:dm
4 4
T 1 =z

2
/ z2lnzdr =41n2 — E
N 16

Common mistake: Miss i during copying.

673t 673t 673t
2t d =" — d(2t
/ ( -3 -3 / —3 42

© = —%te_?’t + % /6_3tdt
2 s 2 3
= 3te 5¢ C

ComrPon mistake:
(1) Take - & et
(2) Miss asign during copying.

(d =o.
N [sin(—0)]" _ (sin 6)"
Reason: sin(—6§) = —sinf = o 22
. (sinf)” . . . L -
ie, 72 isan odd function, the graph is symmetric with respect to the origin.

0 13
Note also that near zero, the function behaves like Z—; = 6%, so it isbounded there. So / cancelswith / .
—13 0

Common mistake: Do not recognize the symmetry.
(e Letw=+u+1,dw= %uf%du, du = 2\/udw = 2(w — 1)dw.

/L" ) dwzz/iw 2w+1dw:2/(w—2+l)dw
w w w
w2
:2[7—2w+ln|w|]

=w? —4w+2In|w| + C
=(u+1)’ -4 u+1)+2In|\y/u+1/+C
=u—2y/u+2In(/u+1)+C
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Common mistake: Fail to get du = 2(w — 1)dw.
14. Find
)] /\/1 —3zdx

(b) /xlnmdx

ANSWER:
(8 Letw =1 — 3z, dw = —3dx. By substitution,

/de:—l/\/adw

[N

+C

w

wl N

—Z1-32)? +C

wlmwl»—‘

1}2 1 1 -
(b) Letu =Inz,v' =z,50u =+ andv = %-. Integrating by parts gives:

/xlna:da:z%lna:~x2—/gdx+0

2

=%x2lnx—%+0

15. Find the following antiderivatives:

@ /4—+—x
() /71+SI2H 2z) dx
1
) /ln 1+a:

(e /ln

ANSWER:

@ /4” —/<7+f> dr =8y + 2ot 4 C

1+4sin(2z) , 1,1, 11
(b) /fdm—/ <2+281n(2m)> dx = 5% 4cos(2x)+C

1
1+

+C

(©) /(1 +2) ?de = —

(d) Wefirstsetu:1+x,du:dmtoga/%da::/lnTudu.Nowsetv:lnu,dv:%dutoget
2 2
/Udvz%ﬂ-C:M-i—C

(e /ln (%) dr = / —In z dz. Weintegrate by partswithu = — In z, dv = dx, to get

—/lnxdx:—xlna:—l—/lda::—a:lnx+a:+C



16. Find formulas for the following indefinite integrals (anti-derivatives):
@ / (z+2)(z —2)dx

t
() 1+te at
e

© / 1-lnz _;” dz

(d) /(x —1)e “dzx
ANSWER:

1‘3

@ /(m+2)(m—2)dm:/(x2—4)dm=?—4x+C.

ot
(c) Setu=Inz,du= %dx. Substitute to get

_ 2 2
/1 lnIclan‘z/(l—U)clu:u—u—+0:1n|aﬁ|—L'm') +C.
(d)

/(a: —1)e " dz = /(a:e_x — e %) dz.

Weintegrate/gre’I dz by patswithu = z,v' =e " andv’ = 1,v = —e ™ *.

t
(b) /1+e dt:/(e_t—l—l)dt:—e_t—i—t—l—C.

/meim de = —xze * + /67JJ de=—ze “—e "+ C.

/(a:e_x —e )dr = —ze™ " —e7" — /e_m dz

=-—ze "—e “+e "+C
=—ze "+ C.

Thus
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17. Evaluate the following. Give both an exact, but possibly symbolic, value (e.g., %, sin3,1n 2, ...) and a decimal approxi-

mation accurate to two decimal places.

1
2 1
(a)/o e
4
%
b d
()/0 e

3
(c) / Inzdz

ANSWER:

2
(@) We usethetable of integrals to solve the integral / 1;902 dz. Thetable of integrals says:
, 1-—

! 1
/(iﬂ—a)(z—b)dx:a_b(ln|;p—a|_ln|x_b|+c)

Sincez? —1 = (x — 1)(z + 1), weusea = 1 and b = —1. Substituting for « and b in the formula, we get:

1 1
2 1 2 1
- _dr=-— L S |
/0 T2 /0 z-D@z+1) "

:_(%) (nlze -1 —lnje + 1))

W=

0
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-

=In

1

TeSll
r+1 0

r+1

r—1 0

=lnv3—Inl=1nv3~ 0.5943.

u=25

3
() Weintegrate/ In z dz by partswithu = Inz,v’ = 1 and v’
1

3
(rlnx — x)

1

18. Integrate:

@ [“F

(b) / (sin® 20 + 1) cos 26 df

()/
:1:
(d)/o &

In2 z
0 e

ANSWER:

@ / CAREN
()

a:+1

322 + cosa:
x?’ +sinx

/(sin3 20 + 1) cos 20 dt =

25
1/2

=22u

9

3
%,U = x/ Inzdr =zlnzx
1

=3In3-3-0+1=31In3 —2=1.29.

/sin3 260 cos 260 df + / cos 26 df

Inthefirstintegral, let uw = sin® 26, du = 2sin 26 cos 260 - 2 df = 4sin 26 cos 26 df.

So the first integral can be simplified to:

1 lu

4

1 .
=-u’+0=

1
2 3 sin? 26 + C.

The second integral issimply 3 sin 26 + C, so the answer is £ sin* 26 + 3 sin 26 + C.
(c) Substitute v = x> + sin z and du = (32> + cos z)dz. Then

322 + cosz _ du
3 +sinz a
=Inlu|+C
=In|z® +sinz| + C.
v %
2 dzr 3 s
d) From thetables, ———— —arcsinzx = arcsin — — arcsin 0 = —
(d) /0 Vi—a2 o 2 3
(e
In2 = 1In 2
/ —dr = / ze “dx
efl)
0 0
Integrate by parts: setu = z,v' = e *,and v’ = 1,v = —e~ *

45— 3) =

3

1

3
—/dx
1

8.



In2 In2 In2
/ ze “dr = —ze +/ e “dx
0 0 0
In2
= (—xe_z — e_g”)
0
:_ln2671n2 71n2_( 1)
1 1
— 2 (=) - +1
" (2) 2t
1 1

19. Evaluate the following integrals symbolicaly, (i.e., don’t use numerical integration programs.)

do

. tanf’
6

(b) / e®® cos 2z dz.

(Hint: Useintegral tables.)
ANSWER:

) % cos 0df Nk
€] /ﬂ tonf /ﬂ sl In | sin 0|‘ =1In2.
6 6

i

(b) Refering to the table of integrals, we get

T 1.
/ e cos 2z dx = ge”(Q cos 2z + 2sin 2x)

™

1 .
= Ze“ (cos 2z + sin 2z)

(c) Substitutingz = Inu, dov = + du we get

2 2
/uillnudu:/mdm:%—f-cz (In u) + C.

x> 1
(d) /1+x2dx—/(1—1+m2) dr = x — arctanz + C.

20. Compute the following indefinite integrals:

@ /sin z(cosz + 5) dz

) /lnmxdm
©) /a:eh dx

ANSWER:
(@ Letu =cosz+ 5. Thendu = —sinz dz.

8 8
/sinm(cosx+5)7dm:—/u7du:—%+C=—M+C.

8

229
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(b) Letw =Inz. Thendu = ida:.

2 2
/lnxdx:/udu:u_+cz(lnx) ‘C.
T 2 2

(©) Integrating by partswithu = z, v’ = **, we get

2z 2z 2z 2z
. _we™ e _we™ e
/me dx = 5 / 5 dx 5 1 +C.

21. TRUE/FALSE questions. For each statement, write whether it is true or false and provide a short explanation or coun-
terexample.

() If theleft-hand sum, LEFT(n), for fab f(x) dz istoo large for one value of n, it will be too large for all values of n.

(b) If the average value of f(z) ontheinterval 2 < xz < 5 isbetween 0 and 1 then f isbetween 0 and 1 on the interval
2<z<5.

(c) flz sinz?dz > 3.

(d) If f/ > ¢’ fordla < z < b then the left-hand Riemann sum approximation of fab f dx will have larger error than
the |l eft-hand Riemann sum for fab gde.
ANSWER:

(8 FALSE. Try, for example, f_ll |z|dz = 1. LEFT(1) = 2 istoo big, but LEFT(2) = 14 0 = 1 isexactly right.

-1 1 -1 1
Figure 7.8.94: LEFT(1) and LEFT(2) for f(z) = |z|

(b) FALSE. Consider f(x) = = — 3.3. Ascan be seen from the figure below, the average value of f(z) over theinterval
is between 0 and 1, but not al values of f(x) lie between 0 and 1.

1.7

-1.3

2

(c) FALSE. Since|sin(x?)| < 1 foral «, / sin(z’)de <1-(2-1)=1.

(d) FALSE. Let f(z) = 1 and g(z) = 2 - z ontheinterval 0 < z < 5. Then f'(z) = 0, and ¢'(z) = —1, O
f'(z) > ¢'(z) inthisinterval. For f, LEFT(1) = 1-(5 — 0) = 5, and for g, LEFT(1) = 2- (5 — 0) = 10.
Evauating f and g directly, we get f05 f(z)dz =5, and f05 g(z)dz = —2.5. So athough f'(z) > ¢'(x), the error
in the left-hand Riemann sum is greater for g than for f.
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g(x)

Figure 7.8.95: Graphs of f(z) and g(z); shaded areas show LEFT (1)
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Chapter 8 Exam Questions

Questions and Solutions for Section 8.1

1. A rectangular lake is 100 km long and 60 km wide. The depth of the water at any point of the surface is a tenth of the
distance from the nearest shoreline. How much water does the lake contain (in km®)?
ANSWER:
We find the volume by slicing the lake horizontally.

60
100
20h
/ 4U B

Note that at height i from the bottom, the volume of a dlice of water of thickness Ah is approximately

(40 + 20h)(20h) Ah.

Since the maximum depth ish = % = 3 km, summing up all these slicesyields

3
Volume = / (40 + 20h)20h dh
0

3
/ 400h* + 800h dh
0

400 :

T3
= 7200 km®.

h® + 400h°

0

2. Find the area of the dumbbell shaped region bounded by the curve 3% = z®(1 — z?).
[Hint 1: Sketch the graphs of y = z%\/1 — z2 and y = —z>/1 — 22 (using your calculator) and use symmetry to decide
what integral to evaluate.
Hint 2: You may find that the substitution x = sin 6 is helpful in evaluating your integral, aswell as IV-22 in the table of
integrals.]
ANSWER:

1
See Figure 8.1.96. By symmetry, we see that Area = 4/ z2\/1 —z2dz. Set z = sinf,dz = cosfdt and
0

2 < .
substitute to get 4 / sin® # cos” 6 df. Now, we write
0

us
cos®f  cosO |2 8

5+3

_1\/_&3 \]1

Figure 8.1.96

)

3 ‘ 3 ‘
4/ sin® A cos® 0 df 24/ (1 — cos® A) sin B cos® A df = 4(—
0 0
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Focus on Engineering
3. It's time for the School of Engineering class picture and you are the photographer! You stand at the origin with your
camera and your classmates are strung out along the curve y = ¢~ from (0, 1) to (2, e~ 2).

(0,1)

YOU

(& Asafunction of 2, what is your distance to your classmate at a point (z, y) on the curve?

(b) Write down anintegral that gives the average value of the function in (a).

(c) Useyour calculator to evaluate the integral in (b) to one decimal place. Say what you are doing.

(d) You focus your camera according to your answer in part (c). Who is more in focus, the person at (0, 1) or the person
a(2,e7%)?

(e) Approximately where on the curve should you tell your best friend to stand so that she will be in focus? (Use your
calculator to solve graphically for her z-coordinate.)
ANSWER:

(a) Distance= S(z) = Vz2 +e2®

b) S@) =13 [7VaZ+e 2 de

(c) LEFT(400) gives 1.1955. RIGHT(400) gives 1.1980. So the true value is 1.197 to one decimal place.

(d) S(0) =1;5(2) = V4 + e~* = 2.005. Thus the person &t (0,1) ismore in focus.

(e) Graphing vz2 +e~2* —1.197, weseethat itisO at x ~ 1.16.

4. A coffeefilter isin the shape of a cone, as shown below. When it is filled with water to a height » cm, the rate at which
coffee flows out the hole at the bottom is given by

Volume of coffee which — VI emPlsec.
flows out per second

e—5cm—

(@) What isthe radius of the surface of the coffee when it is at height of A?

(b) What isthe approximate volume of the “dlice” of coffeelying between h and h + Ah?

(c) Given that when the height is h, the coffee is leaving at a rate of v/h cm®/sec, approximately how long does it take
for the height of the coffeeto fall from h + Ah to h?

(d) Suppose the coffeefilter startsfull. Write an integral representing the total amount of time it takes for the coffee filter
to empty, and hence find the time for the filter to empty. Give your answer to the nearest second.

ANSWER:
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. . r 5 i i
@ — 5 By similar triangles =z Slice”is disc-shaped
sor = h.
[j
: f
1
(b) Volume = Area x Ah = wh?Ah
. volume  wh2Ah 3
(c) time= e - T =wh2Ah
5 5
) / nh%dh:%“ [h%] — 70 seconds
0 0

5. Suppose that a new office building is being planned. The architect wants to design a building that isthick at the base and
eventually tapersto a small flat roof at the top. The building is to have 10 floors, and each floor isto be 15 feet high. For
purposes of air conditioning the building, an estimate of the total volume is needed. You have been hired as a consultant
at an exorbitant salary to do this. You have been provided with the following information which shows how much area, in
units of 100 square feet, each of the 10 floors will contain:

Floor # Ground 2 3 4 5 6 7 8 9 10 Roof
Area 25 23 20 18 16 14 12 10 9 8 7

Ground

Earn your wage: find an approximate value for the volume of the entire building. Explain what you are doing.

ANSWER:
Since areais adecreasing function of height (floor #), starting from the ground, aleft-hand sum gives an overestimate

of the volume (area x height) and aright-hand sum gives an underestimate. Therefore,

Overestimate = 15 - (25 + 23 + 20 + 18 4+ 16 + 14 + 12 4+ 10 + 9 + 8) - 100
= 232500 ft3

Underestimate = 15 - (23 + 20+ 18 + 16 + 14+ 12 + 10 + 9 + 8 4 7) - 100
= 205500 ft>

An approximate value for the volume of the entire building is given by the average of the overestimate and the underesti-
ate, 232500 ;L 205500 _ 919000 £t°.
6. If the volume of acylinder with radius = 4 cm is 112z cm?, find the height by writing a Riemann sum and then a definite
integral representing the volume using slices.
ANSWER:
Each dliceisacircular disk with radius = 4 cm.

Volume of disk = nr’Az = 16rAz cm®



Summing over al disks, we have

Taking alimit as Az — 0, we get

Total volume = lim

where h isthe unknown height.
Evaluating gives

Total volume =~ Z 167 Az cm®.

Axz—0

h
Total volume = 167z

0

Sincevolume = 1127 cm®, wefind h = 7 cm.

7. A cone has base radius = 10 cm and height = 5 cm. Use horizontal slicing to find the volume of the cone.

ANSWER:

Each dliceisacircular disk of thickness Ah. Thedisk at height h; above the base has radius r; =

8.1.97.

From similar triangles,

| ¥
1 i (5=ho)
\ Ah %
|<—u{z—>| t he
1 '
20 i
Figure 8.1.97
ﬂ _ 5 — hi
20 5
w; = ?(5 - hl) =20 —4hi

r; =10 — 2h;

= 167h cm®.

Volume of slice ~ mr; Ah = w(10 — 2h;)Ah cm®

Summing over al dlices, we have

i=1

Taking the limit asn — oo, so h — 0, gives

Volume of cone = lim Z 7(10 — 2h;)*Ah
n— 00

5
/ 7(10 — 2h)? dh cm®

:W/

- (100h —20n% + gh?’)

T (500 —20(5 %(5)3)

5

0

Volume of cone = Z 7(10 — 2h;)* Ah cm®

(100 — 40h + 4h*) dh cm®

5007
3

h
16mAx = / 167 dz cm®
0

cm .
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1 )
5 Wi- See Figure
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8. Set up and evaluate an integral that determines the volume of acone of height H and radius R.
ANSWER:

Figure 8.1.98

w; _ H — hi
2R~ H
w; = (2R/H)(H— hl)
ri = (R/H)(H — hi)

Volume of cone = lim Z?T((R/H)(H —hi))’Ah

= [ sty - nyan

= n(R*/H?) <_M>

H

T 52
=—-RH.
3 0 SR

9. The integrals below represent the volume of either a hemisphere or a cone, and the variable of integration measures a
length. In each case, say which shape is represented, and give the radius of the hemisphere or the height of the cone.

@ .
/ (81 — h”) dh
0

18 9
/ T (E) dx
o 9

(b)

ANSWER:

(@) Hemisphere with radius 9.
(b) Cone with height 18 and radius 18/9=2.

10. A large chocolate bar has trapezoidal cross section shown in Figure 8.1.99.

e—12 cm—>

i

&

[ X

le——16 cm—~

Figure 8.1.99

If you want the bar to have volume 1029 cn?®, what should H be? Set up and evaluate an appropriate integral.
ANSWER:
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Volume of atrapezoid dice
=10+ 12 0\ — doan cm?.

H
Total volume = lim 42hAh:/ 42h dh
Ah—0 0
2 H
= 2h71T _o1H? = 1020
0
H=T7cm

Questions and Solutions for Section 8.2

2
1. Alice starts at the origin and walks along the graph of y = ’% at avelocity of 10 units/second.

(@) Writedown theintegral which shows how far Alice has traveled when she reaches the point where z = a.
(b) You want to find the z—coordinate of the point Alice reaches after traveling for 2 seconds. Find upper and lower
estimates, differing by less than 0.2, for this coordinate. Explain your reasoning carefully.

ANSWER:
@ L(a) = / V 1+ 22dz
0 a
(b) We want to find a such that 1+ z2dz = 20. Since /1 + x? isincreasing, the left hand side gives a lower
0
estimate, the right hand side gives the upper estimate for thisintegral.
6.0 6.0
Withn = 500, RHS for / 1+ z2dxr =19.52... 0 1+ z2dr < 20.
06.1 0 6.1
Withn = 500, LHSfor 1+ 22dxr =20.07... SO/ 1+ x22dx > 20.
0

0
Thus6.0 < a < 6.2 (more accurate than asked).

2. In arecent archaeological expedition, a scroll was discovered containing a description of a plan to build what appears
to be the Tower of Babel. According to the manuscript, the tower was supposed to have a circular cross section and “go
up to the heavens’ (i.e., be infinitely high). A mathematician was consulted to solve some of the questions posed by the
archaeologists. The mathematicians plotted half of the silhouette of the tower on a set of coordinate axis with the y—axis
running through the center and discovered that it was approximated by the curve y = —100 In(%). Please answer the
questions posed by the archaeologists:

(8 Would such atower have finite volume? Justify your work completely.
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y= —1001n(§)

(b) Themanuscript mentions that 4200 cubic “shrims” (Babel’s unit of length) of stones were available to build the tower.
The base of the tower was to have radius 4 shrims. Did they have enough? Explain.

ANSWER:
(a) If we dlice horizontally, the volume of one disk with radius = and thickness dy is m(z”)dy. Now y = —1001n(2),
g = e T8 andz = 5e 100, Consequently,

Yy

Volume:w/ (5e 100 )2 dy
0

= 7r/ 25¢” 50 dy
0

(oo}

= —1250me™ 30

= 12507

(b) If we had done the above integral in “shrims’, then we would have found the volume of a tower with radius of 5
shrims at the base, since —100 In z passes through the z-axis at z = 5. Its volume would be 12507 < 4200. Since
atower of base radius 4 shrimswould require less than 12507 cubic shrims, they would have enough stone.

3. Consider the region bounded by y = €”, the z-axis and the linesz = 0 and x = 1. Find the volume of the solid whose
base is the given region and whose cross sections perpendicular to the z-axis are isoscel es right triangles with hypotenuses
lying in the region.

ANSWER:
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T
Yy e®
Yy
b=e"/\2
Figure 8.2.100 Figure 8.2.101

We dlice perpendicular to the z-axis. As stated in the problem, the cross-sections obtained thereby are isosceles right
triangles with hypotenuse length y = e”. Let b bethelength of the base. Then ? 4+b? = 2* by the Pythagorean Theorem,
ez b2 2z

V2

. .1
. Hence, the volume of one triangular section |37w dr = 5 dr = T dzx.
1 621
Volume = / —dz
o 4
o2e 1 2

e”—1
= =~ 0.80.
8

which meansthat 2% = ¢2%, whenceb =
Therefore,

8

0

3
2

4. (a) Youlovethefunctiony = 222 and you also love the number 4. What is the arc length of this curve from 2 = 0 to

r =47

= N W = Ot
T

Figure 8.2.102

(b) You have a gold chain which is exactly 4 feet long. As a tribute to your favorite function you want to mount your
chain in the shape of y = ga:% fromz = 0 toxz = 4 on abeautiful rectangular piece of rosewood. If the lower |eft
corner is labeled with the coordinate (0, 0) and the upper right corner is labeled with the coordinate (4,1) and a
unit on the z-axis and a unit on the y-axis represent the same number of feet, what are the dimensions of the piece of
wood in feet?

ANSWER:
@

4 2 4
Arclength:/ \/1+(Z—g) d:1:=/ V1+ (V)2 de
0 0
4

4

:/ \/1+mdx:§(1+x)%
0 0
2,3

= —(h2 — 1
26t -1)

~ 6.787
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(b) We have 4 feet for %(5\/5 — 1) units. Hence, the dimensions of the wood are
4 4 2 3
—— 4236 fthy —— (—) -47 = 3.143 ft.
26v5— 1) Y651 \3
5. Thecircle z? + y*> = a? is rotated around the y-axis to form a solid sphere of radius a. A plane perpendicular to the

y-axisat y = a/2 cuts off aspherical cap from the sphere. What fraction of the total voume of the sphereis contained in
the cap?

ANSWER:

A cross-section of the sphereis shown in Figure 8.2.103.

—
%
=
8 Il
S
~
[\

Figure 8.2.103

As can be seen from Figure 8.2.103,

Volume of cap:/ rz’dy
a/2

e
a/2
3 a
2 _ Y
W{ay 3}
5mad
24’

a/2

whereas the volume of the entire sphere is given by the formula
4 3
Volume of sphere = 374

So we have
Volumeof cap  5ma®/24 5

Total volume ~ 4ma3/3 ~ 32

6. (a) Setup aRiemann sum approximating the volume of the torus (donut) obtained by rotating thecircle (z— 3> +y% = 1
about the y-axis.
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(b) Writean integral representing the volume of the torus. (Do not evaluate the integral.)
ANSWER:

(@) Consider ahorizontal slice at height y with thickness Ay, as shown in Figure 8.2.104.
Y

R
\_/ \3/

-T2 —>

Figure 8.2.104

This dlice will have volume of
AV = n(z5 — z]) Ay
=7 (B+VI=9?)? - (3= VI-)7) Av.
So the entire volume will be the sum of all such dlices,
Volume = Zw ((3 +/1-y2) = (B3—/1— y2)2) Ay.
(b) Inthelimit asthe number of slices goes to infinity, we have
Volume = /1 ((3 +/1-92)% - (3 - ﬂf) dy.
—1

7. Find the volume of the solid obtained by rotating the region bounded by y = 2®,2 = 0,y = 0, and y = —8 around
y=3.
ANSWER:

Figure 8.2.105

Volume of slice = mrl Az — mri Az
=71(11)°Az — 7(3 — 2®)° Az
0
Total volume = / (r(121) — (9 — 62° + 2°)) dz

-2

0
71'/ (121 — 9 + 62 — 2%) dx
-2
0
Tr/ (112 4 62° — 2°) dx
-2

4 7
:w<112m+%—%>

0

=~ 182w
-2
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8. A plastic travel mug is made in two parts, the cup and the base. The cup part has outside shape y = /2 and inside shape
y = +/2x, cut off at z = 4 as shown in Figure 8.2.106.

Y r=4 y=+r
4
3
2 -
y=+r
1
| | | T
4 8 12 16
Figure 8.2.106

(a) If thecupis12cmtall, find the volume of plastic needed to make the cup.
(b) If thebaseis7 cmin diameter and 1 cm thick, how much plastic is needed to make the entire mug?

ANSWER:
@
Vo) - (V2)?) de
-2

V2z) dx

_ $2 (21,)3/2
“T\2 73

(b) Baseisacylinder with radius = 3.5 cm and height = 1 cm.

16
Volume of cup 2/ Tr((
4
16
(z
4

16

~ 67.21 ~ 211.12 cm?
4

Volume = nr’h = 7(3.5)%(1) ~ 38.48 cm®
Total plastic needed for entire mug =
211.12 4 38.48 = 249.6 cm®.

9. (a) Find thelength of the curve given parametrically asz = 2sint and y = 2cost for0 < ¢ < 2.
(b) How does the length change if the coefficients of x and y are doubled (meaning z = 4sint and y = 4 cost)?

ANSWER:
@
27
Length of curve = /
0
Z—f:Zcost %:—2Sint
27 27 2
Length = / 4cos?t + 4sin®tdt = / 2dt =2t| =4mx.
0 0 0
(b) p p
ar_ YW 4
7 4cost 7t 4sint
27 2m 2
Length = / \/16 cos2t + 16sin? tdt = / 4dt =4t = 8m.
0 0 0

So the length is doubled when the coefficients are doubled.
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Questions and Solutions for Section 8.3

1. When an oil well burns, sediment is carried up into the air by the flames and is eventually deposited on the ground. Less
sediment is deposited further away from the oil well. Experimental evidence indicates that the density (in tons/square
mile) at adistance r from the burning oil well is given by

7
1472’
(@) Find a Riemann sum which approximates the total amount of sediment which is deposited within 100 miles of the
well. Explain your work.
(b) Find and evaluate an integral which represents this total deposit.

ANSWER:

(8) The area where sediment is deposited is a disk with radius 100. The density of sediment deposited is a function of
the distance from the burning oil well, so we can cut the disk into rings of radius » from the center with width Ar.
For narrow enough rings, the density is nearly constant. Thus, the sediment in each ring equals the area of thering,
which isabout 27 Ar, multiplied by its density (i.e. for aring with radius r we get H% - 2mrAr). We can add up

the areas of these rings multiplied by their densitiesto find the total amount of sediment deposited. The Riemann sum
wewant is:

l4nrAr
1472 °

1l4nr
1472

dr.Setu =1+ r%, du = 2rdr and substitute to get

100 4, e 10001 o
o 14 r2 - N u

10001

100
(b) Theintegral is /
0

= Tmln |ul

1
= 7rIn(10001) =~ 202.5 tons.

2. A straight road goes through the center of acircular city of radius 5 km. The density of the population at a distance r (in
km) from the road is well approximated by
D(r) =20 —4r

(in thousand people per km?). Find the total population of the city.

ANSWER:

A strip of the city, of width Ar, that lies parallel to the road at distance » from it will havelength v/25 — 2 and hence
area+/25 — r2Ar. The population in the strip isthus (20 — 4r)+/25 — r2Ar. Theintegral representing the population of
the city isthus:

5
Population = 2/ (20 — 4r)+/25 — r2 dr = 226,000 people.
0

3. The globular cluster M13 is a spherical distribution of stars which orbits our galaxy. Suppose that the density of starsin
the cluster is purely afunction of distance » from the center of the cluster and is given as

r\?\ 7 stars
= 1 _—

Pr) < * (100) > (y)?
where r is measured in light-years, and 0 < r < 100ly. (One light-year is the distance light travels in one year; “light-
year” isabbreviated as“ly”.)

(@) Set up aRiemann sum which approximates the total number of starsin M13.
(b) Set up anintegral whose value isthe exact number of starsin M13.
(c) Evaluatetheintegra in part (b) to compute the total number of starsin M13. If you evaluate the integral numerically
(e.g., on your calculator), you will get full credit for part (c) only if you:
(i) Give anumber which iswithin 10,000 stars of the true value of the integral.




244

(ii) Give justification for your answer being accurate to within 10,000 stars.
ANSWER:
(a) To get full credit (12 points), you had to write:

2 ™ \? -
I;N(ﬁlﬂ' Tyt <1 + (m) > - Ar

where Ar = @, and wherer, = n - @. By the way, this equation is derived by observing that the number
of starsin a spherica shell at radius r and of thickness Ar is approximately equal to:

-5
r 3
(Volume of shell) x <1 + (ﬁ) ) ,

where the volume of the shell is approximately Areax Ar, wherethe Area= 4 - 7 - 1.
(b) For full credit (7 points), you had to write:
2

100 ro\3\ 0
4.7-r2- (1 (_) - dr.
/0 Ter < + 100 > dr
r r

3
(c) Full creditwas (6 points). Theintegral could be computed with the substitution v = (ﬁ) . Then, du = 3dr - W
Thus, the integral above isequal to

(4' %) - (100)* - /01(1+u)5 - du.

Thislast integral can be done using the fundamental theorem of calculus with the observation that

(4w~ = (< @),

Thus, the final answer is

m\ (100)3 1 6 ™ 15
(4' 3) RV (1 16) =107 5 7 © 8L 748
Many people tried to do this problem numerically. Only two people gave a believable justification for their
answer being within 10,000 of the correct value. The integrand is not always convex, hor concave nor increasing nor
decreasing. You must split the integral into two or more pieces which are solely increasing or solely decreasing (or,
solely concave or solely convex). Then, you can use left and right sums (or midpoint and trapezoid sums) to estimate
the contribution from each piece.

4. A cylindrically-shaped mug with a3 cm radius and a 10 cm height is filled with tea. You have added some sugar to the
tea, which tends to settle to the bottom of the mug. It turns out that the density p of sugar (in gm/c®) in the tea, as a
function of the height, &, in cm, above the bottom of the mug, is given by the formula p(h) = 0.01(10 — h).

—3 cm—

e

10 cm

(@) WriteaRiemann sum that approximates the total mass of sugar (in grams) in the mug of tea. Show your work clearly.
(b) Turn the Riemann sum into the integral that gives the exact amount of sugar in the mug, and evaluate the integral .
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ANSWER:
(@) Slice horizontally.

Volume of slice at height h is 7 (r?) AR e—
Sugar in slice = w(3%)Ah(0.01(10 — h))
)

Total sugar = > 97(0.01)(10 — h)Ah
all dlices
Ah=——"
fe———
|
-

10
(b) Total sugar = / 0.097(10 — h)dh
0

9710
=0.097 [IOh - %]
0

= 0.097(50)
=4.57m gm

. After Mt. St. Helens erupted in 1980, it was found that ash was spread in decreasing density as a function of distance r
from the center of the crater. Say that the density p of ash at a distance r (meters) from the center of the crater is given as
follows:

2000 2
pr) =75 kom
(@) Write a Riemann sum that approximates the total mass of ash deposited within a 1000-meter radius of the center of

the crater.
(b) Turn your Riemann sum from part (a) into a definite integral and evaluate that integral to find the exact value of the
total mass of ash within 1000 meters of the center of the crater.

ANSWER:

(8 Partition 0 < r < 1000 into rings of width Ar = % Themass of ash inthei-thring is
2000
= _A; i = (2mriA .
m A \p’/ (2nr T)1+Ti2
AreaDensity
. 4000
r;
T = -
otal mass Z; 1412
1000 1,000,001 1,000,001
4 ,000,
(b) / 000“; dr = 20007 / W 90007 Inw ~86, 805 kg
o 14+r L w L

. A thin strip of nutrients 20 cm long is placed in acircular petri dish of radius 10 cm, as shown. The population density of
bacteriain the disk after 3 hours is given by DS—L bacteria’cm? where D isthe distance (in cm) to the nutrient strip.

20cm

Nutrient Strip

(@) Write ageneral Riemann sum that approximates the number of bacteriain the dish 3 hours after the nutrient strip is
introduced. You must explain your reasoning carefully and clearly. Any variables you use must be clearly identified
in words.

(b) Writean integral that gives the number of bacteriain the petri dish 3 hours after the nutrient strip has been introduced.
You need not evaluate.
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ANSWER:
(a) Partition [0, 10] into n equal pieces each of width AD. Let D; bein thei-th interval.

AD

20cm T

Nutrient strip

Use Pythagorean Theorem:
z? + D? =100

z = /100 — D? 2z
or put axes through the center of the

circle.

z? 4+ y* = 100

|y| correspondsto D,

2|z| corresponds to length.

(# of bacteria) ~ (density) (area)

| AD

inastrip
_ 80 bact 2
= b +a (Cm)22mlAD(Cm)
80 .
= 24/100 — D?AD
D; +4 00 ¢
, —~ 80 ‘
Total # of =~ 2 24/100 — D?AD
otal # of bacteria E D+ 00 k

for the other 1/2 =!
of the petri dish
Common errors:
(1) Theareaof astripis NOT 27r.
(2) D isthe distance from aline-so don’t cut into concentric circles.
(3) A general Riemann sum should not be asum from1to 10 or 0to 9 or 1 to 3.
(4) Many people introduced new variables; didn’t say what they were, and then lost track of them.

(b)
. ~ 80 S~ [ 80 S 0 /100 — D?
lim 2 E{_l By 12V/100 DiAD_Z/O b 32V/100 - DD = 320 e dD

Common error: You don't want to integrate from 0 — 20 since D can only be as big as 10.
An odd error: Some folksintegrated from 0 to 3. | don’t know why.

The integral should involve the variable D and no other variable.

7. Thedensity of cars (in cars per mile) down a20-mile stretch of the Massachusetts Turnpike starting at atoll plazais given
by

p(z) =500 + 100 sin(7x)
where z isthe distance in miles from the toll plazaand 0 < z < 20.

(@) Write a Riemann sum which estimates the total number of cars down the 20-mile stretch. Explain your reasoning.
(b) Convert thissum to an integral and evaluate it.

ANSWER:
(a) Divide the 20-mile stretch into n pieces of length 2—7? = Az. An estimate of the number of carsin any segment is
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smply p(x;) Az, where z; isapoint in the i segment. The total number of cars will therefore be approximately

n—1
Zp(xi)Am.
i=0

(b) Letting n go to oc, we get the integral

20 20
/ p(z)dr = / (500 + 100 sin(7z)) dzx
0 0

20
= 500z — 100 cos(mx)
™

0

= 10000 — 100 cos(20m) + 100
™ ™

= 10000

8. A chlorine solution is poured over the surface of arectangular swimming pool that is 25 meters long, 10 meters wide and
2 meters deep everywhere. Before the circulating pumps in the pool are turned on, it is discovered that the density of the
chlorine solution at a height A meters above the bottom of the pool is given by p(h) = 100k gm/n®. In other words, the
chlorine solution has distributed itself so that its density increases linearly from the bottom of the pool.

(a) WriteaRiemann sum that approximates the total mass of chlorine solution in the pool.

(b) Turn the Riemann sum in part (a) into a definite integral that gives the exact total mass of chlorine solution in the
pool, and evaluate the integral.
ANSWER:

(@) Slicethe pool into n thin horizontal slices.

25
10

|

I Slice the pool into 72

thin horizontal slices
hit1

Find the mass over the i-th dlice (shaded above). We will assume that density is approximately constant over a
very thin slice. So, over the ith slice, density & p(h;) = 100h; gm/cm®.
mass=density x volume. The volume of thei-th diceisl - w-h = 25-10 - Ah = 250Ah.
So, the mass of the i-th slice = (100h;)(250Ah) = 25, 000h; Ah.
To find total mass, we sum up the masses of al n dices:

n—1

Mass= Z25,000hiAh

=0

Alternatively, if we had let h; represent the top height of our slice, then the bottom height would be #; 1, and
our sum would be: Z 25,000h; Ah. (Either answer isfine)

i=1
(b) Asthe number of dlices approaches co, or Ah — 0, we get:

n—1 2
Mass= lim (Zzaooomm) = / 25, 000hdh
n— oo 0

=0

Evaluate;

2
=50, 000 g or 50 kg
0

=12, 500h>
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9. Circle City is circular with aradius of four miles. Right in the center is a circular park with diameter one mile. No one

lives in the park. Elsewhere the population density is 4000(5 — r) people per square mile, where r is the distance from
the center in miles.

(@) What isthetotal population of Circle City? Explain how you get your answer.
(b) What isthe average density of population of the whole city?

ANSWER:

(@) Consider concentric slices of the city of width Ar. A slice at distance r from the center has approximate area 2zr Ar.
Assuming that the population is constant on each dlice, the population of adlice at distance r from the center is about

Density - Area = 4000(5 — r) - 2nrAr.

circumference 2nr

So the total population is about
> 40005 — r) - 27r A,
where r runs between 1 and 4. As Ar — 0, this Riemann sum becomes the integral

4 4
/ 4000(5 — r)2wrdr = / (4000077 — 80007r>) dr
1 1

3 4

— 200007% — 2000
1
= 3200007 — % — 200007 + 8020”
= 1320007
~ 415000.
. . total population _ 132000x _
(b) Average density of population = aeaof oty  — =(Z-1) — 8800.

10. A 5-gram drop of thick red paint is added to a large can of white paint. A red disk forms and spreads outward, growing
lighter at the edges. Since the amount of red paint stays constant through time, the density of the red paint in the disk must
vary with time. Suppose that its density p in gm /cm? is of the form

p=k(t)f(r)
for some functions k(¢) of timeand f(r) of the distance to the center of the disk.

(a) Let R(t) betheradiusof the disk at timet. Write an integral that expresses the fact that there are 5 grams of red paint
in the disk. Explain.

(Hint: Divide the disk into thin concentric rings and ask yourself how much paint thereisin each ring.)

(b) For fixed r write down an integral for the average density of red paint at adistance r from the center of the disk from
0to T seconds.

ANSWER:
R(t)
@ 5==k(t) / f(r)2mr dr, since each ring has area 2xr dr.
0
(b)

average density = %/T F(r)k(t)dt = @ /T k(t)dt.

We can factor out f(r) from theintegral because f(r) doesn't depend on .
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11. A flat metal plate isin the shape determined by the area under the graph of f(z) = H% between zx = 0 and z = 5.
The density of the plate 2 units from the y-axisis given by 2> grams/cm?.

(8 Writedown aRiemann sum with 5 terms which approximates the total mass. Isyour approximation an underestimate
or an overestimate? Explain.

(b) Write down adefinite integral which gives the exact value of the total mass of the plate.
(c) Evaluate theintegral you found in part (b).
ANSWER:

(@ The height at distance = from the y-axisis 1/(1 + z) cm, and the density is «> gm/cm?, so the plate has “linear
density” 2?/(1 + =) gm/cm at position .

Density = «2

2
Mass of strip of width Az ~ f Az

T

We can suppose, as an approximation, that this density is constant on each centimeter of the plate; so the total
mass is approximately
4

z?

14+ x;
i=0

(1) =0+ 1/2+4/3 +9/4 + 16/5 = 437/60 ~ 7.2833 gm.

2
Since we have used LEFT(5) on 1i

underestimate.

5 ZI;'2
(b)M:/ dz
o 14z

(c) Divide the denominator into the numerator. Since

, Which is an increasing function for x > 0, our approximation is an
T

2 2
x :(:1: 1)+1:1‘—1+ 1 ,
1+ r+1 l1+z

5 1’2 1’2
de=| — — In(1
[ fmte= (5 -erna+n)

12. An object is in the shape drawn below; its boundary is obtained by rotating the parabola y = 24 (for 0 < = < 1)
around the y axis. (Units are in centimeters.) Suppose that the density of this object varies with height according to the
rule p(y) = 8 - (2 — y) grams/em®.

(@) Set up aRiemann sum which computes (approximately) the weight in grams of this object.
(b) Compute the exact weight in grams of this object.

we find that
15

= 5 +1n6~9.292 gm.
0
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ANSWER:

-8(2 —y)Ay

2
@y =
=
/0 T8y —4y’)dy = 7 (4y2 - §y3)

() - _4
7;6(16 s 8)

= T

3

2

0

13. The density of acompressible liquid is40(5 — h) kg/m® at aheight of h meters above the bottom.

(@) Theliquidisput in the container shown below, whose cross sections are isosceles triangles. It has straight sides, and
looks like a triangular prism. How many kg will it hold when placed as shown in Figure 8.3.107, resting on the

triangular side?

(b) How many kg will it hold if it is placed (with some support, of course) as shown in Figure 8.3.108?

o 2m |
’_1

25m

Figure 8.3.107: Container on End

— 2m —

%

4m

Figure 8.3.108: Container on Side
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ANSWER:

(@ The volume of asingle horizontal sliceis Area x Ah = 1(2)(2.5)Ah. The mass of such asliceis simply 40(5 —
h)(2.5)Ah kg. Hence

The total mass = /4(2.5)(40)(5 — h)dh

4
:/ (500 — 100%) dh
0

4

= 2000 — 800
0

= 500h — 50h°

= 1200 kg

(b) Thevolume of asingle horizontal diceat height h is4 - % -h - Ah. The mass of such aslice will be 128(5 — h) Ah.
Hence, '

2.5
The total mass = / (128(5 — h)h dh
0
2.5
= / (640h — 128h%) dh
0

= (320h,2 - %hg’)
3

2000
= 2000 — —
3

~ 1333kg

2.5

0

Questions and Solutions for Section 8.4

1. The Great Cone of Haverford College is a monument built
by freshmen during a customs week long, long ago. Itis100
ft. high and its base has a diameter of 100 ft. It has been 100
built from bricks (purportedly made of straw) which weigh 2
Ibg/ft®. Use a definite integral to approximate the amount of
work required to build the Cone.

100
ANSWER:
Work = Force x Distance, so the amount of work necessary to raise a volume of brick to height = above the

ground is 2z foot-pounds per cubic foot. We now think of the cone as being made of a series of thin horizontal layers,
each of height Az. Such alayer, at height 2, would have radius r(x) = 50 — 2/2; its area would therefore be 7r(x)?,
and its volume approximately 7r(x)?>Az, since Az is small. Raising alayer of radius r(z) to height = would thus take
2z7r(x)* Az foot-pounds; so if we have n such layers, we can construct a Riemann sum approximation of the total work

done asfollows:

n—1 n—1
~ () Ap — (50 - %Y :
W = Z 2rxir(zi)" Ar = Z 2mx; (50 5 ) Az foot-pounds
=0 =0
The corresponding definite integral is

100 9 ‘ 100
/ 2 (50 - g) dr = 2500722 — %m;?’ 4+ Tyt
0

8

0
- 12500000%

~ 1.3 x 10" foot-pounds.
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2. The force of gravitational attraction between a thin rod of mass M and length L and a particle of mass m lying on the

same lineastherod at adistance of A from one of the endsis
GmM
A(L + A)
Use thisresult to set up an integral for the total force due to gravity between two thin rods, both of mass M and length L,
lying along the same line and separated by a distance A. You need not evaluate the integral. Explain what you are doing.
[Hint: Divide one of the rodsinto small pieces, each of length dz and mass % dz. Apply the formula above to each
of the pieces, then form a Riemann sum. You know therest. . .]

Mass M Mass M
\ | \ |
\ \ \ \
L —— L
A
ANSWER:
,,,,,,, L ... N
- > A - >
| RN - -
e xTTTT > Az

Consider a small chunk of the right-hand rod, of length Az and at distance = from the right end of the left rod; it
has mass %Aa:. By the formula given, the gravitational attraction between the left rod and this piece is approximately
GM? Az

Lz(L + x)
tions from each of the n pieces of the right rod:

. We can therefore approximate the gravitational attraction between the two rods by adding up the contribu-

n—1
GM?Ax L

The corresponding definite integral isthen:

s [ G da
. Lx(L+x)

Find the work done lifting a 10-1b bag of sugar 3.5 feet off the floor.
ANSWER:
Work = force - distance = 10 |bs - 3.5 ft = 35 ft-Ibs.

If itis known to take 147 joules of work to lift a box 2.5 meters off the floor, how heavy must the box be?
ANSWER:
Let z = weight of the box.
Force due to gravity is mg where g = 9.8 m/sec’.
Work = F - g = 2 kg - 9.8 m/sec® - 2.5 m = 147 joules.
So the box weighs 6 kg.
A bridge worker needs to pull a 15-meter uniform cable with mass 4 kg/meter up to the work platform. How much work
is needed?
ANSWER:
Gravitational force per meter of cableis

(4 kg)(9.8 m/sec’) = 39.2 newtons
If Ay = thelength of asmall section of cable, work done on the small section
~ (39.2Ay newtons)(y meters) = 39.2yAy joules

Work done ~ Z 39.2yAy joules

15 215
2
=/ (39.2y) dy = 222Y
0

2 o
= 4410 joules
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6. If theworker in Exercise 5 now needsto pull an identical cable up twice the original distance, will the work be twice the
original work?

ANSWER:
30 130
Work done = (39.2y) dy = ﬁyz
0 2 0
= 17640 joules
No, the work isfour times as much if the distance is doubled.
7. A swimming pool has shape as shown in Figure 8.4.109.
= 30 ft !
3 ft
151t
f 181t i
Figure 8.4.109

If the pool is 10 ft deep, how much work does it take to pump all the water out?

(Note: water weighs 62.4 pounds/ft®.)

ANSWER:
Consider lifting arectangular slab of water h feet from the bottom up to the top. The area of such aslab can be found

asfollows:

b 30 ft 1

151t

F 18 ft f 121t f
Figure 8.4.110

1212
2

Areaof dab = (30 - 15) — ( ) =378 ft’.

If the thickness is dh, then the volume of such aslab is 378 dh cubic feet. Such aslab weighs

(378 dh)(62.4) = 23,587.2 dh pounds

To lift that much water h feet requires 23587.2 dh foot-pounds of work. To lift the whole tank, we lift one slab at a
time and sum. Taking the limit as dh goes to zero gives:

23587.2h2 |10

10
23587.2dh =
0 2 0

= 1,179, 360 foot — pounds.
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Questions and Solutions for Section 8.5

1. A study of the costs to produce airplanesin World War |1 led to the theory of “learning curves,” the idea of which is that

the marginal cost per plane decreases over the duration of a production run. In other words, with experience, staff on an
assembly line can produce planes with greater efficiency. The 90% learning curve describes atypical situation where the
marginal cost, M C, to produce the z** planeis given by

MC(z) = Moxz'°82 0.97
where M, = marginal cost to produce the first plane.
[Note: You may use the fact that log, = ii—;.]
(a) If aplant produces planes with a 90% learning curve on production costs, and the marginal cost for the first plane is

$500,000, then what is the marginal cost to produce the second plane? The fourth plane?
(b) Recall that marginal cost isrelated to total cost asfollows:

MC(z) = C' (),

where C'(z) = total cost to produce z units. Given this, and the formulafor M C(x) with M, = $500,000, find
aformulafor C(x). What, physically, isthe meaning of the constant in you formulafor C(x)?
(c) If the constant for C'(x) is $20 million, and M, = $500 thousand, then what, approximately, is C(50)?

ANSWER:
(& Mo = 0.5 (million dollars). So,
MC(2) = (0.5)2"°82 09 =~ (0.5)27%1%2 ~ 0.450 (million dollars).
MC(4) = (0.5)4'°82 %% x5 (0.5)22(~%-152) ~ (.405 (million dollars).
(b)

O(z) = / MO(z) dz

/ (0.5)z'°82 % dg

_ 0.5 plH1os209 4

~ 1+1og,0.9
~ 0.590z°%'® + K.

K isthe cost if no planes are produced; it represents the costs of setting up the plant for production.
(c) Given K = 20 million, we have

C(50) = (0.590)50%%** + 20 ~ 36.277 (millions),
so the cost is approximately 36,277,000 dollars.

Rank in order of increasing present value, assuming 7% interest compounded continuously. No work need be shown.
(a) $1000, paid today.
(b) $1050, paid six months from now.
(c) $1085, paid ayear from now.
(d) $1050, paid continuously over the next year.
ANSWER:
For (a), the present valueisjust $1000. The present value of $1050 paid six months from now is $1050e(~2-07(0-3) —
$1013.89. For $1085 paid in ayear, the present valueis $1085¢~°°7 = $1011.65. The present value of (d) is

1
/ 1050e %07 ¢¢ = $1014.09.
0

Thus, (a) < (c) < (b) < (d).
On each of January 1, 1991 and January 1, 1992, a person deposits 1000 dollars in a savings bank.

(@) On the last day of each year, the bank deposits interest in the account at a rate of 8%, compounded annually. Write
down a sum that gives the size of the bank account after the second interest deposit (at the end of 1992). Do not
evaluate the sum.
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(b) Write down a sum that gives the size of the bank account at the end of 1992 if the interest is compounded 4 times per
year. Do not evaluate the sum.

(c) Write down a sum and/or integral for the size of the bank account at the end of 1992 if the interest is compounded
continuously. Do not evaluate your expression.

ANSWER:

(@ [1000 + (1000(1 + 0.08))](1 + 0.08)
(b) [1000+ (1000 14 208 )] 1+ 998
(©) [1000 + 1000e°-%10-08

Remarks

e The answer should be about 2000.
e Nointegral in (c): thisis not an income stream.

. By the year 1996 you will have made your first million dollars. You invest it in a new company on January 1, 1997. The
new company startsto earn aprofit six months later. Thus, starting July 1, 1997, you receive income from the company in
acontinuous stream at a constant rate of £ million dollars per year.

Your bank offersinterest at a nomi nal rate of 8% per year, compounded continuously.

(@ When will you have received an income of $1 million from the company? (Do not take into account the bank’s
interest; this question is simply asking when the total income you have received will reach $1 million.) Give an exact
date as an answer.

(b) Consider your answer to (a): Isyour investment just paid off at that time? If not, is your investment paid off at alater
date or isit paid off at an earlier date? Explain your answer.

Suppose T' is measured in years from January 1, 1997.

(c) What isthe future value of your original investment of $1 million at time T'?

(d) What isthe future value at time T of the income that you have received by that time?

(e) After how many years, T, will your investment have paid off? During what month of what year will this happen?

ANSWER:
(@) July 1, 1999.

(b) No. The present value of the earned $1 million islessthan $1 million, so it will pay off later.
(C) B — 10660.0871

T ;6
(d) Futurevalueat T = / %eO'OS(T_t)dt =6, 004, 934¢%°T — 6, 250, 000.
1
2
(e) 1t will be paid off when future values equal 10%¢°-°%7" = 6,004, 934¢°-%%7 — 6, 250, 000.
1 6,250,000 \
Since 0.78 years = 9.36 months, this is October 1999.

. Somebody offers to pay you money in one of the following ways:

e Two $54 payments, one six months from now and one twelve months from now.
e Payment in a continuous cash flow over the next year at a constant rate of $107 per year.

These payments are to be deposited into a bank account that earns 10% interest compounded continuously. You want to

determine which planis preferable, i.e., which plan has alarger present value.

(a) Find the present value of payment plan (i).

(b) Write a Riemann sum that approximates the present value of the second payment plan. Show all your work clearly.

(c) Turnyour Riemann sum in part (b) into adefinite integral that gives the exact present value of payment plan (ii), and
evaluate the integral. Which payment plan has the larger present value?

ANSWER:

(@ P =>54e" %103 4 546701 =$100.23
t = 0.5 year is6 months from now. ¢ = 1 year is the payment 1 year from now.
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(b) Amount of money deposited is ($107At)
At /
| | | |
I I I 1

t=0;to ti tit1 t=1tn

Portion 0 < ¢t < 1 year into IV subintervals of width At = % On each subinterval, you are paid (107At) dol-

lars. On the-th subinterval, as pictured above, the present value of the payment will be approximately (107A¢#)e™ %1,

The total present value of the payments is therefore approximated by the Riemann sum

N
Z 107e =01 At
i=1

1
(© P:/ 107e " Mdt
0
1
= —1070e "

0
= —1070(e > — 1)

= $101.82
The second payment plan is better because it has the larger present value.

You have a bank account that earns 8% nominal annual interest compounded continuously, and you want to have $80,000
in the bank account in five years so that you can buy a brand new Porsche.

(@) How much money would you have to deposit in one lump sum today so that the account balance would be $80,000
in five years?

(b) If youinstead deposit money in the account at a constant continuous rate of K dollars per year, then write a Riemann
sum interms of K that approximates the balance of the account after five years.

(c) Turn the Riemann sum from part (b) into a definite integral that gives the exact balance after five years. Evaluate the
integral in terms of the constant K.

(d) At what constant continuous rate K dollars per year would you have to deposit money so that the balance of the
account would be $80,000 after five years?

ANSWER:
(@) There are two ways of looking at this. You can either find the necessary size of adeposit P dollars so that the future

value F of the deposit in five years is $80,000; or you can realize that this is equivalent to finding the present value
of $80,000:

P =Fe " = ($80,000)e """ = $53 625.60

(b) Partitionthetimeinterval 0 < ¢ < 5 into N subintervals of width At = % The amount of money deposited during

the i-th time subinterval at time ¢; is K At dollars, and the future value of this amount of money is K e’ %) At

N
dollars. Therefore, the total bank balance after five years will be approximated by Z K% 080t Ay
i=1

(© w=0.08(5 —t) = dw = —0.08dt = dt = —12.5dw

0
e“dw = —12.5K [eﬂ =12.5K (™4 — 1)
0.4

= $13,012.77 per year

5 0
F= / Ke%%0- gt — 125K
0

0.4

80, 000
12.5(e04 — 1)

As an aside, notice that the total amount of money deposited would be 5K = 65, 063.83, which is larger than
the lump sum deposit in part (a). Thisisto be expected, since the money will be in the bank for less time overall.

(d) 12.5K(e”* — 1) = 80,000 = K =

7. ltisestimated that in fifteen years, it will cost $200,000 to send a child to a four-year college.

(8 Find the present value of a college education that will cost $200,000 in fifteen years, assuming you could get 6%
nominal annual interest on your money compounded continuously. Based on the current cost of a four-year col-
lege education, does the estimated $200,000 in fifteen years sound high? Say you want to set up an account at a
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bank that offers 6% nominal annual interest compounded continuously, so that fifteen years from today, the account
has $200,000 in it for your child’s college education. In parts (b) through (d) you will determine at what constant
continuous rate K dollars per year you would need to deposit money.

(b) Set up adifferential equation for the rate of change of your bank balance, where B = f(t) is your bank balance at
timet.

(c) Solvethisdifferential equation for an initial balance of zero.

(d) Useyour solution to part (c) to find K.

ANSWER:
200, 000
@ -06(15)

dB
b) &= = 0.06B + K
(b) —- =0.06B +

=881, 313.93. Thisis ~ $20,000 per year (present value) which is about the current cost.

dB K dB K
28— 0.06 (B + — % _ [ 0.06dt.1In|B + —— | = 0.06t
© = 006( +0.06)’S°/B+0{§6 /006 n‘ + oos| =006t + O, 0
K 0.06t K K 0.06t
B+ — A4¢"%' Whent=0,B=0s0A= — B= — -1
+ € 0.06 0.06° )

(d) Wewant to find K so that B = 200, 000 when ¢t = 15.

200, 000 = %(e“““ —1) and K = $8221.41 dollars per year.

. An insurance salesman offers you a life insurance policy with the following terms. You are to make payments at a rate
of $1000 per year until age 70. If you pass away at any time, the policy will pay $150,000. Consider the payments to be
made at a constant continuous rate of $1000 per year.

You are 30 years old, and you have a bank account that you know will offer you 5% nominal annual interest compounded
continuously for an indefinite amount of time.

(a) Let'ssay you're feeling unlucky, and you think that you will die at age 70 (40 years from the time you start making
payments for this insurance policy). If you had deposited your payments in the bank account, then what would be
your balance at the time of your death?

(b) Based on your answer to part (a), if you die at age 70, are you better off depositing your money in the bank or buying
the insurance policy?

(c) If you were to stop making payments in the bank account after 40 years, when you turn age 70, just as you would
stop making payments on the life insurance policy, then you would simply earn interest on the bank balance that you
calculated in part (a) until you died. How many years after age 70 would it be until that balance was $150,000?

(d) Based on your answer to part (c), if you thought you would live until age 80, are you better off depositing your money
in the bank or buying the insurance policy?

ANSWER:
40
(@ FV = / 1000e% 2“0~ gt Let w = 0.05(40 — t) = dw = (—20) " 'dt.
0

0
=20,000(e” — 1) = $127,781.12

0
= 1000 e"(—20dw) = —20,000e"

2 2

(b) You are better off buying the insurance policy because the future value of your payments is less than the $150,000
future value of the insurance policy.

(c) Find T such that the present value of $150,000 is $127,781.12:

127,781.12
150, 000
(d) The result in part (c) means that if you live more than 3.21 years past the age of 70, you would have been better
off depositing your money for 40 years in the bank account. This is because at age 73.21, the bank balance reaches
$150,000, and obviously after that point, the bank balance exceeds the $150,000 that your beneficiaries could collect

from the insurance policy.

127,781.12 = 150,000 *%T = T = —201n = 3.21 years

. You have $100,000 that you want to invest. Some “business men” are willing to sell you a machine for your $100,000
that prints money. You figure that every day you can print $300 with the machine, and you would deposit the $300 each
day ina*“specia” bank account at BCCI. Your friends at BCCI will only be able to offer you 5% nominal annual interest,
compounded continuously, due to the “ sensitive nature” of the transaction. It would be your intention to print money each
day for one year.

(a) Writeasum that gives the exact value of your bank balance after one year. Do not attempt to evaluate the sum.
(b) If you were depositing the money that you printed in a continuous stream at a constant rate of $300 per day into the
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same bank account, then what definite integral would give your balance after one year? Evaluate the definite integral.
(Thisresult is very close to the numerical value of the sum you wrote in part (a).)

(c) If you had just taken the original $100,000 and placed it in aregular bank account that compounds interest annually,
then what interest rate would you have had to earn in order for this option to be more profitable than the money
machine (legal concerns aside)?

ANSWER:
(8) Each daily deposit earns at a daily interest rate of % for a period of 365 — t days. So at the end of the year, a
deposit of $300 made at time ¢ has increased to 300e ¥ 26541, The sum for the entire year is

365

0.05
Balancezz 300 e305 BOTHIAL(AL = 1 day)
i=1

units=$/day
Thissum ?()3\6/5al uated turns out to be $112,276.01.

Balance = / 300e 565 1365t gy
0

(b) 00 (— 352 e
0.05

0

=300 (—%) [e® — %] =$112, 283.70
(c) For $100,000 to become greater than the amount earned from the money machine (part (b)), then the annual (com-
pounded once) interest rate, r, is needed such that:
112, 283.70 = 100, 000(1+r)
1.1228370 = 1+r
1228370 = r = 12.28%

10. The capital value of an asset such as amachine is sometimes defined as the present value of all future net earnings of the
asset. The actual lifetime of the asset may not be known, and since some assets last indefinitely, the capital value of the
asset may be written in the form

/ K(t)e "t dt,
0

where K (t) is the annual rate of earnings produced by the asset at time ¢, and r is the annual interest rate, com-
pounded continuously. Find the capital value of an asset that generates income at a rate of $500 per year, with an interest
rate of 10%.

ANSWER:

K (t) is constant, $500/yr and = 0.1. So

capital value :/ 500e™°" dt

0

_ 1 —O.It) ~

0
500
T 01
= $5000

Questions and Solutions for Section 8.6

1. A lightbulb company is interested in the lifespan of their lightbulbs. They have 10,000 lightbulbs burning and have
collected the following information.
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After 2 months, 98% of the bulbs were still working.
After 8 months, 80% of the bulbs were still working.
We summarize all the data collected below: (Read carefully: the data was not collected at regular intervals.)
percentage per month

% of bulbs
# of months ) .
2 still burning
22 2 98
4 92
20
8 80
18 10 64
16 12 40
14 14 20
12 18 4
20 0
10
8
6
4
2 lifespan
in

2 4 6 8 10 12 14 16 18 20  Months

(@) How many bulbs out of the original 10,000 burned out during the first 4 months?

(b) Use the axes above to draw a histogram for the lifespan of a bulb reflecting all the information in the table. (Do not
smooth out the graph.)

(c) Approximate the average lifespan of alightbulb. Explain your reasoning clearly.

ANSWER:

(a) After four months, 92% of the original 10,000 lightbulbs were still burning. This means that 8%, or 10,000 - 0.08 =
800 lightbulbs, had burned out already.

(b) Since 2% of the bulbs die out within the first two months, we assume that 1% of the bulbs die out per month during
this period. Between 2 and 4 months, 6% of the bulbs die out, or 3% per month. Between 4 and 8 months, 12% die
out, or 3% amonth. Between 8 and 10 months, 22554 = 8% amonth die out. Between 10 and 12 months, 2! = 12%
amonth die out. Between 12 and 14 months, 2—)0 = 10% amonth die out. Between 14 and 18 months, 1746 =4% a

month die out, and between 18 and 20 months, ‘g = 2% amonth die out.
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percentage per month

24+
221
20+
18+
16+
14+
12

012 14 16 18 20

S percentage per month
2 4 6 81

(c) Since 1% of the bulbs die per month over the first two months, 2% of the bulbs have an average lifespan of 1 month.
Between 2 and 8 months, 3% die out per month, so 18% have an average lifespan of 5 months. Between 8 and 10
months, 8% die out per month, so 16% have an average lifespan of 9 months, and so on. Thus:

Average Lifespan =~ 1(2%) + 5(18%) + 9(16%) +
11(24%) + 13(20%) + 16(16%) + 19(4%)
= 10.92 months.

2. The probability density function f(z) shown below describes the chances that a computer circuit board will cost a man-
ufacturer more than a certain number of dollars to produce. In this case, the cost of the circuit board, x, is measured in
thousands of dollars.

Probability Density

1 1 1 €T

2 4 6 8 10

(@) What is the probability that the circuit board will cost more than $10 thousand to produce? What is the probability
that the circuit board will cost less than $2 thousand to produce? What is the probability that the circuit board will
cost between $2 thousand and $10 thousand to produce? Isit more likely that the circuit board will cost more or less
than $6 thousand?

(b) Show on the graph below, and describe in words, the geometrical interpretation of the probability that the circuit card
will cost between $2 thousand and some amount $ thousand. (Assume that b is between 2 and 10.)
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Probability Density
k I

4 6 8 10

(c) Writeadefiniteintegral intermsof f(x) that gives the probability that the circuit card will cost between $2 thousand
and some amount $b thousand. Do not attempt to evaluate the integral.
(d) Givenyour answersabove, find the value of k, the height of the triangle that describes the probability density function.

ANSWER:
(a) Probability more than $10 thousand=probability less than $2 thousand= 0.
Probability between $2 and $10 thousand= 1.
More likely less than $6 thousand.
(b) Probability between $2 and $b thousand=Area under f(z) between $2 and $b thousand.

b
© =/ F )z
(d) AreaofA:l,so;Sk:lk:i

Questions and Solutions for Section 8.7

1. Suppose that the distribution of family sizesin the city of Boston in the year 1956 was given by:
Size: 2 3 4 5 6 >7
# of Families: 13921 9770 8955 5251 2520 2426

Represent this data on a histogram as a density distribution function.

ANSWER:

Thetotal number of familiesin Boston, according to thisdata, was: 13,921+ 977048955+ 5251 + 2520 + 2426 =

42843.

The percentage of families by sizes are therefore:

Size: 2 3 4 5 6 <7

%: 325 23 21 12 6 55
and gives the following histogram:

%lsize

0.5 F area = 0.325
0.4 -

0.3 -
0.2
0.1

area = 0.23

etc. ..
area = 0.057

size

1 2 3 45678
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We assumed that there are no families with size > 8. If the biggest family had F' individuas, then the “tail” from 7
to F must have area = 0.055.

Using the datain Problem 1, find the mean of family sizesin the city of Boston in the year 1956. Assume that all of the
families with 7 or more members had precisely 7 members. (You do not need to have answered Problem 1 in order to
answer this question.)

ANSWER:
Let
N; = # of familieswith i people

N = tota # of families
N;

p ==
N

7
= mean = Zz - P; =~ 3.53 people
=1
(a) Let p(t) be a probability density which is defined for 0 < ¢ < 1. Which of the following could be the cumulative
distribution function for p? (Remember that the cumulative distribution function at time ¢ is the integral of p from O
tot.)

@ () (©
1r 1 \ 1+
| 1 1

7 1 /

1 1

(b) Draw a probability density function whose mean is substantially smaller than its median. (Make the difference un-

ambiguous to get full credit.)
ANSWER:

(a) Diagrams (d) and (€). In (@), the function is negative, in (f) it exceeds 1, and in (b) and (c) the function decreases.
(b) Here are some possible examples:

U

A professor gives the same 100-point final exam year after year and discovers that this students’ scores tend to follow the
triangular probability density function f(x) pictured below:

Probability Density
h

x (Exam Score)
50 100

(All persons, places, and events in this story are fictitious. Any similarity to real persons or situations are purely
coincidental.)

(@) TRUE or FALSE: The median, mean, and mode all describe the same point on this probability density function.
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(b) What isthe probability that a student’s score will lieintherange 0 < z < 1007 Use thisfact to find the value of the
height h of the triangular probability density function.

(c) Find the equation of the probability density function f(x) intherange 0 < z < 50.

(d) What fraction of the students would you expect to score below 25 points on the exam? What fraction of the students
would you expect to score below 75 points on the exam?
ANSWER:

(@ TRUE
(b) Prob(0 < z < 100) = 1

Prob(ogxgmo):%(100—0)h:50h:1:>h:i:o.oz

- 50
| Bae
Ay _ h _ 30 _ 1
(©) Slope= T =55"0 = 50 — 3500
f(x) = y — mz (line through origin)
1
F@) = 3550®

(d) Prob(0 <z < 25) = Prob(75 <  <100) (since f(z) symmetrical)

1 2 17 1
- —_gdr —0.125 = =
/ f@ /0 2500 {5000}0 =0125=¢

The fraction of students that would be expected to score below 75 is 7/8.

. The distribution of people’s ages in the United States is essentially constant, or uniform, from age 0 to age 60, and from
there it decreases linearly until age 100. This distribution p(z) is shown below, where x is age in years, and p measures
probability density. Such a probability distribution is called trapezoidal.

p

b

! x

60 100

(@) According to this simplified model of the distribution of people’s ages in the United States, what fraction of the
population is older than 100? What fraction is between 0 and 100 years old?

(b) Interms of the length of the base, b, of the trapezoidal distribution (notice that the base of the trapezoid lies along the
p-axis), find the fraction of the population that is between 0 and 60 years old.

(c) Intermsof b, find the fraction of the population that is between 60 and 100 years old.

(d) Usethe results of parts (a), (b), and (c) to find the value of b.

(e) Find the median age of the United States population.

ANSWER:
(@) 0% are older than 100, 100% are between 0 and 100.

60
(b) / x)dz = areaof rectangle = 60b

(c) / x)dx = area of triangle from 60 to 100 = — - 40 - b =20b

(d) Total areaunder the probability distribution p(z) = 100% = 1. S060b +20b =1=80b=1=b = %
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® P

. T

40 60 100

Let a = median age. This value a should be in the middle, i.e., half the population should be older and half
younger. Thus, the area under p(x) to the left of a should equal the area under p(x) to the right of a. Or, the area
1

under p(z) to the left of a should be £ thetotal, or % 1= 3"

/ p(x)dx = areaof rectangle=ab = a - % = % =a = 40 years
0

6. In ahydrogen atom in the unexcited state, the probability of finding the sole electron within = meters of the nucleusis
given by

4 o, =
F(x)z—)s/ r’eo dr, x>0,
0

where ap =~ 5.29 x 10~ meters.

(& F(z),asgiven above, isacumulative probability distribution function. What isits corresponding probability density
function f(x)? Sketch agraph of y = f(z). What happensto f(z) asz — oo and what is £(0)?
[Hint: Find f'(x) to locate any local maxima or minima.]

(b) Carry out the integration given in the definition of F'(x) to find a more likable formula for F'(x). Simplify your
formula. (Remember to evaluate the integral between 0 and z.)

(c) What isthe probability that the electron will be found within a sphere of radius ap?

(d) What isthe probability that the electron will be found within %ao meters of the nucleus?

ANSWER:
(@ The probablity density function is f(z) = F'(z) = %xze—g—g. It's easy to see that f(0) = 0. Asz — oo,
0
f(z) =0
/ 4 _2z 2 5 _z_w)
=_— (2 ap _ a
I (z) ag(a:e 0 ol 0
= 8_§6_Z_g (1 — ﬁ) .
ag ao

Therefore f'(x) = 0 forx = 0 and x = ao. Additionaly, f(z) > 0 for al z. Since f(0) = 0 and f(z) — 0
asx — oo, we deduce that x = a is a maximum (both local and global) and z = 0 is a minimum (both local and

global).
(b)
f(z)
T
0 ao
(©
F(z) ig r2e” % dr
ay J,
- |F z —2r
= is (—@rzez_o +/ aore °o dr)
ag 2 0 o
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4 ap o —2z ag —2r
— | —52’e 0 +aor (——) e ®0
ag 2 2

v 1 z —2r
+ —/ a%e a0 dr>
0 2 /o

= i (—laoe 7‘3)2 i —a%e ;?wa - —age ;im + —ag)
ad 2 2 4 4

_ 2 2
= e <—2i2—2—m—1>+1.

e) Probability of finding an electron in ashell of radius 2ag is
(e y g 3
3a0 (' 2(%ag
F(Ra) =% G@_@_l) 1
2 ag ao
17
=12

. In March 1995 the space shuttle carried an experiment designed by a Harvard student who studies the growth of crystals.
Suppose the probability density function of the length,  cm, of acrystal grown in space is modeled by

p(x) =xze” " forz >0.

The cumulative distribution function giving the probability that acrystal has length < ¢ cm isrepresented by P(t).

(@) Which of the quantities (i) - (x) below best approximates the probability that a crystal has length between 2 cm and
2.01 cm?

(b) Which of the quantities (i) - (x) represents precisely the probability that a crystal has length less than 2.01 cm?
Possible answers for parts (a) and (b):

B p(2) (i) P(2)
(i)  p(2.01)—p(2) (vii) P(2.01)
(i)  p(2)(0.01) (viii) P(2)(0.01)
- p(2) . P(2)
(iv) 0.01 (ix) 001
p(2.01) — p(2) P(2.02) — P(2)
V) 0.01 ®) 0.01

(c) Find aformulafor the cumulative distribution function P(¢) for ¢ > 0.
(d) What isthe median crystal length that this model predicts? Give your answer to two decimal places.
(e) Set up an integral giving the mean crystal length predicted by this model.
(f) Calculate the mean crystal length. Give an exact answer.
ANSWER:
(@) Choice (iii) since

Probability that crystal has _ (Areaunder p(x) ~ p(2) - (0.01)
length between 2 and 2.0Lcm/ ~ { between 2 and 2.01) ~ 7 s

(b) Choice (vii) since by the definition of P(t), P(2.01) isthe probability that crystal has length up to 2.01.
(c) By definition,

P(t) = [ ; p(z)dz.



266

Here the lower limit can be replaced by 0 since crystals cannot have negative length, and p(xz) = ze™* forz > 0, so

¢
P(t):/ ze “dx
0

= —te " —e ' 41, through integration by parts
t+1
et

(d) Themedian T isthe value of length such that

’ 1
/Op(ff)dQE:E
1
P(t)= -
(=5
—TefT—efT—i—lz1
2
_r 1
e (T+1):§

— 1
eT(T+1)—5=0.

Using the calculator to graph this equation and tracing, we get that T ~ 1.68.
(e) By definition,

Mean = /_0; op(z)dz = /Ooo o(ze™")dz.

(f) Evaluating the integral from part (€),

b
Mean = lim z(ze *)dz

b— o0 0
b
= lim [(—xze_m —2ze” " — 26_’”)

b—oo

] , fromtables

0
=lim [(—b%e " — 2be " —2¢7") = (0— 0 —2)]
=2.

Review Questions and Solutions for Chapter 8

1. The price of crude oil in the recent past was well approximated by P(t) = 40 — (¢t — 4)*, where P(t) is measured in
$US/barrel, and timet is measured in months, with¢ = 0 on July 1, 1990. In the same time period, Saudi Arabia produced
oil at arate well approximated by R(t) = 160 + 30 arctan(¢ — 3) (measured in million barrels per month). Assume that
the oil is sold continuously two months after its production. How much did Saudi Arabia get for the oil it produced in the
second half of 1990?

ANSWER:

If P(t) = 40 — (¢t — 4)? isthe price per barrel at timet, and R(t) = 160 + 30 arctan(t — 3) isthe number of barrels
produced in millions of barrels'/month, then P(t) R(t — 2) isthe rate at which money is madein millions of dollars/month,
since oil is not sold until 2 months after its production. The total amount of money made, in millions of dollars, is given

by
6
/ (40 — (¢ — 4)*)(160 + 30 arctan(t — 5)) dt ~ 29608.
0

So $29.6 hillion is made in the second half of 1990.
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Chapter 9 Exam Questions

Questions and Solutions for Section 9.1

1. A radioactive isotope isreleased into the air as an industrial by-product. Thisisotopeis not very stable due to radioactive
decay. Two-thirds of the original radioactive material loses its radioactivity after each month. If 10 grams of this isotope
are released into the atmosphere at the end of thefirst and every subsequent month, then

(@) how much radioactive material is in the atmosphere at the end of the twelfth month? If the answer involves a sum,
write it in closed form.

(b) Inthelong run, i.e, if the situation goes on ad infinitum, what will be the amount of this radioactive isotope in the
atmosphere at the end of each month?

ANSWER:
Month #n Amount in atmosphere at end of month
1 10

2

(10) + 10

~—~
Y newly released

from previous month

@

1

1 1\2 1
3 §(§10+10)+10—(§) -10+(§)10+10

1 1 2 1 3 1 n—1
n 10+(§) 10+(§) 10+(§) ++(§) 10
So after 12 months:

1 1 2 1 11
s =104210+ () 10+ .+ (L) 1
Si 0+30+(3) 0+ +(3) 0

1 1 1)? " 1\
=S12==-10 — (—) 104... (—) - 10 (—) -10
3”12 3 3 + + 3 + 3
12 10— ()10
Si2 — l512 =10 — (l) 210 =512 = (37)1
3 3 1-14
(b) Inthelongrun,i.e., asu — oo, we need the sum of the infinite geometric series. Herea = 10,r = 3 so the series
a 10

converges to =
E P g

=15.

2. (a) Find the exact value of the following:

(b) Find the exact value of the infinite product

ANSWER:
(a8) We can rearrange the given sum to apply the formula for a geometric series:

3 3 100 3 3 3 99
=+ ... = =—-|1+=-++.. =
7t +(J 7<+7+ +(J )
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4. Doestheinfinite series

(b) We can write the given product as follows:
. /8 EE— 61/2+1/4+1/8+...+1/2"+___

=e', sncei+i+i4.=1

= €.

Suppose the government spends $1 million on highways. Some of this money is earned by the highway workers who in
turn spend $500,000 on food, travel, and entertainment. This causes $250,000 to be spent by theworkersinthefood, travel,
and entertainment industries. This $250,000 causes another $125,000 to be spent; the $125,000 causes another $62,500 to
be spent, and so on. (Notice that each expenditure is half the previous one.) Assuming that this process continues forever,
what isthe total spending generated by the original $1 million expenditure? (Include the original $1 million in your total.)

ANSWER:

Total spending (in millions of dollars) is given by

1

. 1 1
Total spendlng—1+§+z+§+....

Thisisaconvenient geometric serieswitha = 1, z = 3, so itssum will be given by

s=—% —_1 _5niliondollars

4+i+é+i+—+
\/3 3 33/2 32
converge or diverge?
ANSWER:
4+i+é+i+i+
V303 332 32
is
a—f-ax—f-axz—i—am?’—f-u-
. 1
witha =4andz = —.
V3
Since | — | < 1, it converges.
\/g g

5. Find the sum of the first 5 and the sum of the first 10 terms of the seriesin Exercise 4.

ANSWER:

6. Find the sum of the series

ANSWER:
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= — % ~286.68

7. A ball isdropped from aheight of 14 feet and bounces. Each bounce is% of the height of the bounce before.

(@) Find an expression for the height to which the ball rises after it hits the floor for the ht* time.
(b) Find thetotal vertical distance the ball has traveled when it hits the floor for the 4" time.

ANSWER:
(@) Let h,, bethe height of the n*" bounce after the ball hits the floor for the nt” time. Then from Figure 9.1.111,

ho = height before first bounce = 14 feet
2
h1 = height after first bounce = 14 (5) feet
2 2
ho = height after second bounce = 14 (5) feet

Generdizing gives h, = 14 (2)" .

Figure 9.1.111

(b) Total vertical distance when the ball hits the floor for the 4" timeis

2 22 2\°2
14 +2 (14 (—)) +2(14 (—) +2(14 (—) = 53.41 feet
3 3 3
8. A tennis ball is dropped from a height of 40 feet and bounces. Each bounce is% the height of the bounce before. A

superball has a bounce % the height of the bounce before, and is dropped from a height of 30 feet. Which ball bounces a
greater total vertical distance?

ANSWER:

Tennis ball:
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Figure 9.1.112

After thefirst drop of 40 feet, the total vertical distance is ageometric serieswitha = 40 and r = %:
1 1.9 1.3
40+2-40(§)+2-40(§) +2-40(§) + -

which converges to 40 + 40/(1 — 1) = 120 feet.
Superball:

Figure 9.1.113

After thefirst drop of 30 feet, the total vertical distance is ageometric serieswitha = 45 and r = %:

30+2~30(Z)+2~30(§)2+2-30(%)3+---

which convergesto 30 + 45/(1 — 2) = 210 feet. So the superball travels more vertical distance than the tennis ball.
Decide which of the following are geometric series. For those which are, give the first term and the ratio between succes-
sive terms. For those which are not, explain why not.
(@ 2+2a+2a>+2a>+---
(b) 2+ 4a + 6a* +8a® + - --
© 2+ 2ak + 2a°k* + 2a°k> + - - -

ANSWER:

" . 2
(@) Yes. Firstterm =2, ratio = 7(1 —a

. . . 4 ., 6a® 3
(b) No. Ratio between successive termsis not constant: g = 2a while —4a = ia
a

. . 2
(c) Yes. Firstterm =2, ratio = %k = ak.
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10. Find the sum Z (g)

ANSWER: -
S () (@)
(@)
Sum = (%)2 — (%)2 _16
11— 1 75

Questions and Solutions for Section 9.2

1. (a) Show that i dx does not converge.
(b) Usepart (a) 1to show that the harmonic series

2 3 4 5 6

does not converge. (Hint: Consider aleft hand sum of f(z) = £ with Az = 1.)
ANSWER:

(a / —dx = hm Inz

b 0o
= lim lnb.Asb—>oo,1nb—>oo,so/ ldacdivergas

b— oo

1

(b) Smce |sadecreasmg function for z > 1, any left-hand sum over the interval [1, co) is greater than/ —dz,

which dlvergeﬁ Consider aleft-hand sum with Az = 1.

Ieft-handsum:1~1+1-%+1-%+--~
—1+iely ! fla)= 7
N 2 3 ' ’
1,
T,
. . 1 2 3 4 5
Thus the harmonic series does not converge.
(Inn)?

2. Usetheintegral test to decide whether the series Z converges or diverges.
ANSWER:

b

b 2 3
ﬁm/ (ne)® o m2)°
1 xr b

b—oco — 00 3 1
. (Inb)® (In1)®]
Jm [ 3 3 |~

So the series diverges.
3. Do these series converge or diverge?

2n
@ 2; NoEa
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3n? 42
®) Z nd+2n+5
ANS\NER.
(@) Weusetheintegral test and calculate the corresponding improper integral,

/dea:— lim /dea:— lim 2(24—a:2)1/2 ’
0 \/2+x2 b— oo 0 \/2+x2 b— oo 0
= lim (2(2+b)"? -2(2)"?)

b—oo

Since the limit does not exist (it is co) the integral diverges, so the series diverges.
(b) Similarly,

b

o) 2 2 b
3z” +2 . 3r° +2 . 3
/0 245" b o T3+2x+5 v bﬁon'm + m+5|0

= lim (In[b> +2b+ 5| —In|5|)
b—oo

Since the limit does not exist, the integral diverges and so does the series.

4. Does
1+1+i+i+ + - - - converge or diverge?
5 17 o1 9 oe
ANS\NER
Let =
f@) =g

d n
/f da:—/1 rr—] 61n(691:—1)1

= 61n(6n+5) — 61n(5)
Since this has no limit as n grows, the seriesis not convergent.

5. Arethefollowing statements true or false?

(@ If ) an diverges, then » ~ kay, diverges (k # 0).

n=1 n=1

(b) If lim an, # 0, then Z an, does not converge.
n—oo el
ANSWER:
(@ True
(b) True

Questions and Solutions for Section 9.3

1. TRUE/FALSE questions. For each statement, write whether it is true or false and provide a short explanation or coun-
terexample.

(@ If E ay, isthe sum of a series of numbers, and limy,_, o, ar. = 0, then the series converges.
(b) If aseriesof constants > ay, converges, then ) |ax| converges.
(c) If aseriesof constants ) ax. diverges, then > |as| diverges.

ANSWER:
(@ FALSE. lim 1 =0, but Z 1, isequal to 1 + 1 + 1 + 1 + - - -, which diverges.
k—oo k ’ e~ k 2 3 4
(b) FALSE. Thealternating series1 — % + % - i + - - -, converges (by the alternating seriestest). However, the harmonic
seriesl+l+l+l+~~,divergei
2 3 4

() TRUE. For each k, ar < |a| and since the series Y a;, diverges, > |ax| must also diverge. This statement is
equivalent to the fact that absol ute convergence implies convergence.
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: : - 1
2. Use the comparison test to determine whether E o converges.
n e
n=2

ANSWER:

1 .
Leta, = pr Since4n® + ¢ > n*,n > 2, wehave
n er

1 < 1
4nt + en nt

1
n

=1 - 1
Since Z —7 converges, Z i or also converges.
n=2

n=2
. . o (=)t
3. Usethe dternating series test to decide if Z ~———— converges.

— 2n2

ANSWER: . -

Leta, = —. Thenapnt+1 = ———

= one I S+ 1)2
Since2(n + 1)? > 2n?, we have
1 1

0<apt1 = =an

2(n+1)2 <z
Weadso have lim a, = 0. So, we know the series converges.

n— 00
. . o . . = (-1)""! .
4. Estimate the error in approximating the sum of the alternating series S = Z % by the sum of the first ten terms.
n=1
ANSWER:
Theerror using S1o to approximate S islessthan the magnitude of the first term of the serieswhich is omitted in the
_1\n—1
approximation. Thus the error islessthan % forn = 11.
(_1)11—1 N
1o~ 0.0005
5. For which of the following series does theratio test fail to determine whether or not the seriesis convergent or divergent?
o0 1 o0 n oo (_3)n71
(@ Zn— (b) ZZ_ © ZT
ANSWER:
(a) a, = i a = #
T T T (g 1)?
3

Therefore the ratio test does not tell us anything about the convergence of Z %

n=1
n n+1
(0) an = o an+41 = (2”—+1)
lim 1t g, (0D 28 e+ 11
n— 0o |an| n— 0o 2"+1 n n— 0o n 2 2
1 -
Smcei < I,Z 2% converges.
n=1
_o\n—1 _a\n
(C) an = &7 anJrl frd ( 3)
Vn Vn+1
RN LY IR () B L/ L V) (RPN

n— 00 |an| - n— 00 |\/n—|—1| |(—3)"71| - n— oo n+1
So,Zan diverges.
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Questions and Solutions for Section 9.4

1. TRUE/FALSE questions. For each statement, write whether it is true or false and provide a short explanation or coun-

terexample.

(@) If apower serieszaka:’“ convergesat x = 1 and z = 2 then it convergesat v = —1.

(b) If apower serieszakxk divergesat z = c thenit also divergesat z = —c.
ANSWER:

(8 TRUE. Sincethe seriesiscentered at « = 0, itsinterval of convergence is centered at = 0. Hence it will converge
for at least @l z with |z| < 2, in particular z = —1.

(b) FALSE. The points ¢ and —c¢ may be the endpoints of theinterval of convergence for the given power series (note that
theinterval of convergenceiscentered at z = 0). Inthiscase, divergence (or convergence) at z = c does not guarantee

()

divergence (or convergence) at z = —c. Such isthe case, for example, for the power Seriesz z", which

n=1

diverges for ¢ = —1 but converges for —c = 1.

o)

2. Find theradius of convergence and the interval of convergence for Z

vn+1
ANSWER
1
Cr(z"™) where C,, = 0.
Z G2 Z — 7
" .
So, useay, = and a,+1 = ——— and the ratio test:
“ m B

et B e I T |

1m .
. ov/n+1
= |z| lim

n—oo \/m + 2

= |z|.

Theradius of convergenceis R = 1. It converges for |z| < 1, so theinterva of convergenceis—1 < z < 1.

2 3 4
3. Find an expression for the general term of the series = + — + z + z + -

2 9 28 65
ANSWER: N
The general term iswritten X __forn >1.
nd +1

(oo}
. . . 2)"
4. Usethe ratio test to find the radius of convergence of Z n(zn%l)
n=0
ANSWER:
_n(z+2)" _ (n+ (e +2)"*
an = W, an+1 - T
n+1 n+1
fo lonil _ It D@42
xr— 00 |an| T — 00 |2n+2| |n(m —+ 2)"|
— fim (2t D (@ +2)] l|x+2|

. 1 "
The series converges when §|x +2| <1, 0r |z + 2| < 2. Radius of convergence = 2.

5. If theseries ) Cz™ has aradius of convergence of 4 and > D, z™ has aradius of convergence of 6, what isthe radius
of convergence of > (C,, + Dy)z"?
ANSWER:
The radius of convergence of Y (C + Dy)z™ will be the smaller of the radii of convergence of >~ Cr,z™ and
> Dnz™. Sotheradiusis4.

2
6. Find theradius of convergence of = + 327 + 4i + 5i + -

4 6 8
ANSWER:
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- . 1
The coefficient of the n'”* termis C,, = ";; . So
ant1| _[(n+1)+1] ‘ 2n | ! _ (n+2)(2n) o] = |&] as n — oo
an 2(n+1) n+1 ™ (n+1)(2n + 2)

Thus, the radius fo convergenceis R = 1.

7. Find theradius and interval of convergence of Z 4%(2:1: -1H™

n=0
ANSWER:
Ant1 (n+1) ntt| |47 1
dntl) 2 — 1 N P S
an 4ntt (22 —1) n (2z—-1)n
(n+1) |2 — 1]

=T~|2m—1|—>Tasn—>oo.

. 2z —1
The series converges if | x4 | <1, 2z -1] < 4

)

Radius of convergence is R = 2. Theinterval of convergence is (—g g).

Review Questions and Solutions for Chapter 9

1. Trueor false?
(@ If > Cn3™ isconvergent, then >~ C,, (—3)™ isalso convergent.
() Ifan > ant1 > 0and ) a, converges, then Y (—1)"an converges.
ANSWER:
(a) Fase. For example, if C, = 1/(n(—3)™), then the first series is an aternating harmonic series (which converges),
and the second seriesis a harmonic series, which diverges.
(b) True. The convergence of the first seriesimpliesthat a,, — 0 so the aternating series test applies.

™( m—3)
2. Find the radius of convergence of
g Z vn+3
ANSWER:

Ant1 2"z —3)" | Vn+3
an vn+1+3 2n(z — 3)n

=2z —3|- nt3 — 2|z —3lasn — oo

vn+4

2|z — 3| < 1 for it to converge. Radius of convergenceis R = %

3. Do thefollowing converge or diverge?

- 1
@ Z 1+sinn

nSlnn
() Z nt+2

ANSNER:
. 1 . )
(@ Writinga, = ———— weget lim a, # 0, S0 the series diverges.
! 1+sinn n—oo
(b) Since|sinn| < 1, we know that
n?sinn n? n_z _ i
nt+2 |~ nt4+2 - nt n2
n sinn
Smcez — converges, comparison test tells us that Z 2 cornverges so
n=1
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4. True or false?

(@) Theratio test can be used to determine whether Z % converges.

n=1
(b) If the power Seriesz C,xz" convergesfor z = a,a > 0, then it converges for z = %.
ANSWER:
n 1 3 . .
(8 Fase |2t | = ek "T — 1as n — oo. So thetest isinconclusive.

(b) True.
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Chapter 10 Exam Questions

Questions and Solutions for Section 10.1

1. Construct the Taylor polynomia approximation of degree 3 to the function f(z) = arctan z about the point x = 0. Use
it to approximate the value £(0.25). How does the approximation compare to the actual value?
ANSWER:

f(z) = arctanx f(0) =0
’ _ 1 ’ _
fi(z)= e f)=1

1" _ —2x " _
f (m)—m f(0)=0

w20 +2%)? 4+ 20)2(1+2*)(2z) _ 62 -2
fiw) = T+ a2)" “Ugoe L O=72

The third-degree Taylor polynomial approximation for arctan z around 0 is

arctan r ~ P3(1') — f(O) + fll('o)x + f”2('0) 1_2 + f”:;EO) 1_3 =1 — éx37

S0 £(.25) ~ .25 — (.25)3/3 = 0.24479. The actual value of £(0.25) is ~ 0.24498, so the Taylor approximation is
accurate to three decimals.

1
2. (a) Estimatethe value of / e da us ng both left- and right-hand Riemann sumswith n = 5 subdivisions.
0

(b) Approximate the function f(z) = e~ with a Taylor polynomial of degree 6.
(c) Estimatetheintegral in (&) by integrating the Taylor polynomial approximation from (b).
(d) Indicate briefly how you could improve the results in both cases.

ANSWER:

(8 Withn = 5 subdivisions, and Az = 1/n =1/5,

16

(1+e‘%+e‘%+6_%+6_25) ~ 0.80758

s
&3]
eS|
=
=
I
-
| =
|
&
|
o] =

RIGHT(5) = ) _ e P = é (e*% te B 4o B e B +e*1) ~ 0.68116

Because e’””2 is monotone decreasing between 0 and 1, the true value of fol e’“‘2 dz is less than the left-hand
sum, and greater than the right-hand sum.

(b) The Taylor polynomia around O, to degree 3, for €” is:

1 1 1
6m%P3(1'):1+F1'+§ 2+§1’3.
Substitute —z2 for z into the above expression to obtain:
—z2 1 5 1 4 6
e ~1-— Fa: + Ea: yx

(c) Integrating the polynomial above from 0 to 1 gives:

b 1,15 1 al
/06 da:z(a:—gx +E$_Ex)0
(d) We could improve the estimate in part (a) by using more subdivisions, or by using a more sophisticated scheme, such

as Simpson’s rule, for estimating the integral. We could improve the estimate in part (b) by using a higher-degree
Taylor polynomial.

=~ 0.74286.
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3. Thegraph of y = f(x) isgiven below.

slope of tangent = 0

Suppose we approximate f(x) near x = 17 by the second degree Taylor polynomia centered about 17,

a+b(x—17) + c(z — 17)°.
Determine the sign of a, b, and ¢ and circle the correct answer.

@ ais positive negative zero
Reasoning:

(b) bis positive negative zero
Reasoning:

(c) cis positive negative zero
Reasoning:
ANSWER:

(a) negative
“a” isaconstant, equal to f(17), not f(0), which is negative according to the graph.

(b) zero
“b" correspondsto f'(17), whichisO.

(c) positive

“¢" correspondsto f”(17), whichis > 0 since f(z) isconcaveup at z = 17.

4. Write down the fourth degree Taylor polynomial for cos(3z?) about z = 0.
ANSWER:
The Taylor expansion for cos ¢ about z = 0 is

2
cost =1— 2 + ...
Substituting 3z2 for ¢ gives
2y _ (32°)
cos(3z7) =1— 51 + ..
=1- ga:4 +

5. Suppose a function satisfies f(2) = 4, f/(2) = 3, f(2) = -5, f"'(2) = 12. Write down the third degree Taylor
polynomial for f about z = 2.

ANSWER:
In general,
" _ 2 (n) _ n
F@) & fa) + (@)@ 1) L= TR ot
Here, a = 2. Making this substitution gives
f(@) ~ Py(z) = 4+ 3(z — 2) — g(x— 2)? + %(m _9)?

=4+3(x—2)—;(x—2)2+2(x—2)3.
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6. Thefunction g hasthe Taylor approximation
g(x) = co +e1(x — a) + e2(z — a)’,
and the graph given below:

I o e

What can you say about the signs of ¢y, ¢1, and ¢2? (Circle your answers; no reasons need be given.)

(@) co isnegative zero positive

(b) c¢1 isnegative zero positive

(c) ¢ isnegative positive
ANSWER:

From the picture, we seethat g(a) > 0, g'(a) > 0, and g” (a) < 0. Since
g"(a) 2
(@ —a),
we can differentiate to get co = g(a), e1 = g'(a), and c2 = g’ (a). Soin fact ¢ is positive, ¢; is positive, and ¢, is
negative.
7. (8) Find the Taylor polynomial of degree 3 around z = 0 for the function

flz) =vV1—=.

(b) Useyour answer to part (a) to give approximate values to \/g and v/0.9.
(c) Which approximation in part (b) is more accurate? Explain why.

9(@) = g(a) + g'(a)(z —a) +

ANSWER:
@
fl@)=Vi—z F0) =1
F(e)=—3(1-=) FO)=-50-0F=—1
@)= -1 -2)8 F0)=-30-0F =3
Fw)=-301-x) 7O =-20-0F =2
so Py(e) = £(0) + 100 4 L1002 SO0
ol e 1,
T2 TR T 6

Use Ps(z) obtained above with z = 0.1:

VI—01=+v/09~1- %(0.1) - é(o.l)2 — 116(0.1)3 2 0.9487

(c) We expect the approximation to be more accurate for 1/0.9 because 0.1 is significantly closer to 0 than 0.5 is. The
actual value for /0.9 is~ 0.9487, while the actual value for /0.5 is~ 0.7071, S0 our expectations are correct.
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8. Explain why lin% Sgﬁ = % using a Taylor approximation for sin x.
r— T
ANSWER:

3
Use the Taylor approximation sinz ~ x — a:—', for z near 0.

2
9. Estimate

Intdt using a4'" degree Taylor Polynomial for In ¢ about ¢ = 1.
ANSWER:

Let f(¢t) =Int fort near 1

Then f(t) =Int  so f(1)=In(1)=0

£ =+ f)y=1

t 1
fr=-  f)=-1
) =n  fI) =2
FOW=-5 90 =—6
Thereforelnt ~ (t — 1) — (t_;)z + (t—31)3 - (t_41)4 for ¢ near 1.

1 2 1‘4 1’6
EETIRCTIT]
ANSWER:
2 o (_xl)n o nxzn 2 z4 28
D e e TR TI T
n=0 n=1

Soit i%truethat
1-— gi—' -+ Z—' — 2—' isthe 6" degree Taylor Polynomial for e~ for z near 0.

Questions and Solutions for Section 10.2

1. Find thefirst four terms of the Taylor series for the following function: f(z) = sinz about z = /6.

ANSWER:
f(z) =sinz f(%) :%
f'(z) =cosz f (%) = ?
f'(x) = —sinzx i (%) = —%
f"(xz) = —cosz i (%) = —?
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So the Taylor seriesis

s 2 s 3
1+£($_z) _1l—f) vBlE—f)
2 2 6 2 2! 2 3!
2. Find thefirst four terms of the Taylor seriesfor the following function: f(z) = In (z + 2) about z = 2.
ANSWER:
f(z) =In(z +2) f(2)=In4
1
14 — I 2) = =
r@=53 re=y
" "
= 92) = — —
e R 1'(2) w
nr 1"
= - 2) = 2 — —
@) = 5oy O =5=5
So the Taylor seriesis
(z=2) (z-2)2 (z-2)°
In4 + 1 32 + 192 +
. . . $2 $4 $6 . . .
3. Find an expression for the general term of the series1 — o7 + T + - - - and give the starting value of the index.
ANSWER: ' ' '
The general term can be written as
D k>0
(2k)! =
32 3% 3!
4. Recognize 3 — 1 + T + --- asaTaylor series evaluated at a particular value of z and find the sum.
ANSWER:
Thisisthe seriesfor In (1 + z) with x replaced by 3, so the series converges to In 4.
5. Recognizel — % + % -7 + - - - asaTaylor series evaluated at a particular values of = and find the sum.
ANSWER:
Thisisthe seriesfor sin = with z replaced by 1, so the series converges to sin 1.
6. Solve exactly for the variable:
1’2 1’3 5
(a) 1+$+E+§+"'=6
b 14+z+z>+23+---=7
ANSWER:
(@) Theseriesisthe Taylor seriesfor e®, sox = 5.
(b) Sincel +z+z> +z°+--- = T isageometric series, we solve T— =7 giving = = g

7. Suppose that you are told that the Taylor seriesof f(z) = e~ aboutz = 0 is

and since
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dt [ _,2
@(6 )

=0

8. Usethe binomial serieswith p = 4 to expand (1 + z)*.

ANSWER:

(Gta) =1+ 4ot 4(427 D2, 4= 13)!(4 ~2) 5, 4= 1)(447 2)(4-3)

=144z + 62> +4z° + z*

Questions and Solutions for Section 10.3

1. (a) Usetheformula for the Taylor polynomia approximation to the function g(xz) = e® about 2o = 0 to construct a

polynomial approximation of degree 6 to f(z) = e’”2
(b) Use the approximation you constructed in (a) to estimate the value of 6(0'2)2 .
(c) What isthe error in this approximation?

ANSWER:
a) Thethird degree Taylor polynomial about z = 0 for e” isPs(x) =1 + x + ﬁ + ﬁ Replace by 2°:
2! 3!
4 6
z2 ~ 2 x x
(b) Substitute z = 0.2:
4 6
O w1027+ 2L 4 )

= 1.040810666 . . .

(©) Thetruevalue of e(®»” is1.040810774 ... The error isthuslessthan 1.1 x 1077,

. Answer the following questions about Taylor series. If you are asked to find a Taylor series, you may start with a series

that you aready know and modify it or you may derive the series “from scratch.” Also, if you are asked to find a Taylor
series, either give the answer in summation notation, or give at least the first four non-zero terms so that the pattern is
apparent.
(8 Consider thefunction f(z) =1 — cosz.

(i) Find the Maclaurin seriesfor f(z).

(ii) Based on the Maclaurin seriesfor 1 — cos x, what do you conclude about the value of the following limit:

. 1—cosz
lim —
z—0 T

—x

(b) Asyou know, the function f(x) = e gives the form of the normal probability density function (or bell-shaped
Ccurve).
(i) Find the Maclaurin seriesfor f(z).
(i) Find the Maclaurin series for the indefinite integral of f(x) by integrating term-by-term the Maclaurin series

you obtained above for f(z).
ANSWER:
; 2zt 2% 2
@ () cosle—g—i-ﬂ—a_f_g____
R L
l—cosx =" —— 4+ — 4+ ..

20 4 6 8!
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2 4 6 8
i LTCOST _ Ty T et S
z—0 2 z—0 x2
(i)
S O
T a0 |2 6! 8! T2
%,_/
All termsthat have a
L power of z — 0
2 3 2
) () e'=1+y+5+%5+... Ley=-T.
_z2 x? a:4 i  (—1)'z*
2 =1 - — — = -
¢ 2 T3 23(3!)jL 20: 2i (il
im
- _m_ 1' 1‘6
ii 7 - = -
()/ { 2 !) 3@ T
7
= _—+ z® x +...+C

(2 " 52)@) 7233l

l 2z+1

:X_: 2z+12z m+e

3. There is no closed-form antiderivative to the function f(z) = sin(x?), but a numerical approximation to the following
1
definite integral is desired: / sin(z”)dz.
0
(@ Find the Taylor series centered at a = 0 (i.e., the Maclaurin series) for f(x) = sin(z?). Either express the seriesin
summation notation, or show enough terms so that the pattern is apparent (at least three non-zero terms).

(b) Find the Maclaurin series for an antiderivative F'(z) of the function f(z) = sin(z?). Do this by integrating the

Maclaurin series from part () term-by-term. Again, either express your answer in summation notation, or show
enough terms so that the pattern is apparent.

(c) Using the seriesfrom part (b) for F/(z) = / sin(z”)dz and the fundamental theorem of calculus, estimate the value

1
of the following definite integral correct to three decimal places, i.e., correct to the thousandths place: / sin(z”)dx.
0

In doing this, be sure to demonstrate how you know you have three decimal places of accuracy.

ANSWER:
3 z 21+1
(@) Usethe seriesfor sin 2, except plug in 22 for z: sinz ~ 2 — 2' —...= Z 2Z+1
) . 6 10 e 2z+1 o0 (_1)l$4l+2
S0 si ~ 2_ 1-— —_ = = =
sin(a?) 2 = 37 + 3 -~ 21—{—1 2_0: i+ 1)

(b)

6 10 3 7 11
. N 2 T T _ x x —
/51n(a:)da:~/<x _§+_5! —...>da:— —7.“3!4—11.“5!—

3
3 e ( 1)i 4i+3
- Z (4i+a)-[(20 +1)]

w|8
N
«

(c) Approximate F(z) = /sin 2de ~ Pr(z) =

1
‘ 1
/ sin(z”)de = F(1) — F(0) = P;(1) — P:(0) = ﬁ ~ 0.30952
0
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round off to 3 decimal places =0.310.

N ) P $3 il'7 l’ll Th
ow approximate f(x) ~ 11(1;)_?— =3 +11—-5!' en
1sin( g = F(1) — F(0) ~ Piy(1) — Pr(0) = + — - 4 L
v s MY T3 T 2 T 1320

0
13 1 2860 7 2867
= — = = =~ 0.310281.
42 + 1320 9240 + 9240 9240 0.31028
These approximations agree to the first 3 decimal places, so our answer is 0.310.

(The exact answer to 10 decimal placesis 0.3102683017.)

4. (@) Findthe Taylor expansion for f(z) = —In(1 — 2z) by substituting into the series for In(1 + z).

(b) Plot both f(z) and its Taylor polynomials of various degrees and use the graphs to guess what the interval of conver-
genceis.
[Hint: Begin with the 3"¢ degree approximation. It's a good idea to use approximations as high as 10" degree!]
ANSWER:

2 1’3 1‘4

(a Weknowthatln(1+x):x—’%jL?_IjL...,SO

—ln(1—2m):—(—2m—2x2—§1‘3—4m4+--~)
:2m+2m2+§x3+4x4+~~.

(b) We examine the behavior of P, (z) asn gets bigger:

A+ (p A (p 4+ (e
1@ 1@ i@
2+ 2+ 2+
-1 1+ Pg(l') -1 1+ P5(1') -1 1+ Pm(l’)
1 - 1 - 1 -
—1-+ 1 ~1+ 1 -1+ 1
-2+ —24 -2+
-3+ -3+ -3+
—4+ —44 —4+
Asn getslarge, the P, (x) seem to converge on the interval [—%, %]. In fact, it can be shown algebraically that

P, (x) convergesto — In(1 — 2z) asn — oo for —% <z< %
(8 Writedown the Taylor seriesfor cos z at « = 0.
(b) Use part (8) to write down the Taylor seriesfor cos(y/z) a z = 0.

(c) To what number does the series

converge?
ANSWER:

(8 Let f(z) = cosz. Then
f(0) =cos0 =1
F(0) =—sin0=0
f'(0) =-—cos0=-1

") =sin0 =0
f®0) =cos0 =1

2 4 6
T T T
Therefore,cosx:l—§+Z_a+....
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(b) Replacing = by +/z in the series, we get

T 1'2 1'3
COS(\/E)=1—5+E—a+"'
2 4 .
(c) Notethat cos(V2) =1 — ata % + .-, so the series convergesto cos v/2 = 0.1559.. ...

. (8) Writethe Taylor series about O for 1 ! .

(b) Usethe derivative of the series you found in part (a) to help you calculate the Taylor series about O for a _xx)z .

(c) Useyour answer to part (b) to calculate the exact value of

27278716 32 64

ANSWER:
(8 TheTaylor seriesfor1/(1 — z) about z = 0 is
S . i
11—z

(b) We differentiate the equation in (a) as follows:

d 1 d 5 3
— = —(1
dzr (1—x) dm( tota o+ )

1

We can then multiply both sides by = to get the Taylor seriesfor /(1 — )?:

(1 —=)?

(c) Substituting x = 1/2 into the equation in part (b) gives

1 2 3 4
= 1 1 1 1
oz _ L o1 3(_) 4(_)
(1—1)2 2+ (2) + 2 + 2 +
b 1,23 4 5

T2 4 8 16 32

. According to the theory of relativity, the energy, E, of abody of mass m is given as afunction of its speed, v, by

=z +22° +32% + 4zt + ...

E = mc2 ; -1
V1 —v2/c?
where ¢ isa constant, the speed of light.
(8 Assuming v < ¢, expand E asaseriesin v/c, asfar as the second nonzero term.
(b) Explain why the series shows you that if v/c isvery small, E can be well approximated as follows:
E= %va.
(c) Part (a) approximates E using two terms; part (b) uses one term. You will now compare the accuracy of the two
approximations. If v = 0.1¢, by what percentage do the approximations in parts (a) and (b) differ?
ANSWER:
(@) Theexpansion of E isgiven by

2 —1/2
E = mc? (1—0—2> -1
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(b) Whenv/cisvery smal, we canignore all but the first term, so

(c) Approximating E using two terms gives

102 3 0? 1, 302
FE = o i+ =2 1+ -—
mc 52 { + B + ] 2mv 4-402

Soif v/c = 0.1, the two approximations differ by (3/4)(0.1)> = 0.0075 = 0.75%.

8. (d) Findthe Taylor seriesfor f(x) = sin 2z about x = 0.
(b) Usethe result from (a) to find the Taylor seriesfor g(x) = cos 2z about z = 0.

ANSWER:
@
f(z) =sin2z f(0)=0
f(z) =2cos 2z f(0)=2
f'(x) = —4sin2x f'(0)=0
" (x) = —8cos 2z f"(0) =-8
FP(z) = 16sin 2z FP0)=0
O () = 32 cos 2z £2(0) = 32
3 5
The Taylor seriesis2z — 831' + 3? -
_gp_ 42 A2
B 3 15
!
(b) Sinceg(z) = fé$),weobtain
1 3-8 5 5-32
cos(2z) ~ 3 (2 — sz + Tx4 — )
:1—2a:2+§x4—---
. xr $2 $3 . .
9. Usethe fact that the Taylor seriesfore® =1 + T + o + 3 + -+ about z = 0 to find the Taylor series about x = 0
for e®/2,
ANSWER: 1 11
If f(z) = e/, then f'(z) = Eem/z and f(w) = 5 - Eem/z. So to obtain the Taylor series for ¢/ from the one
for e®, the coefficient becomes ﬁ and the seriesis
2 3
e/ _q T T T
=1+ Tt

10. Consider the functionsy = e~ and y=coszfor—1<z<1.
Write a Taylor expansion for the two functions about = 0. What is similar about the two series? What is different?

ANSWER:
4 6
—z2 2 x x
e T TR
$2 $4 $6
cose=l-grt g e T

The first term is the same for both series. The same signs and powers of = exist in each series, but the coefficients of the
terms (after the first one) in cos = are less than those for e,
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Questions and Solutions for Section 10.4

1. (a) Find the 12-th degree Taylor polynomial for z sin(z?) centered at =z = 0.
(b) Suppose you use the first two non-zero terms of the series to approximate z sin(z?) for 0 < z < 1.
(i) Isyour approximation too big or too small? Explain.
(i) Isthe magnitude of the error always less than 0.16677? Yes No
(iii) 1sthe magnitude of the error always less than 0.00847? Yes No

(c) Suppose you use the first two non-zero terms of the series to approximate  sin(z?) for —1 < = < 0. Is your
approximation too big or too small?

ANSWER:
3 5
(@ WeknO\N:sinuzu—u—'—f-u—'—...
0 3! 5!
2,3 2\5
coay o2 (@) (27)
sin(z”) = T I
s 1'6 1'10
© S IR
6 10
$sin(x2):x<:v2—%+gt5—!...>
3 $7 $11
T

N.B. Degree of poly = highest power of variable, so you do not need 12 terms in expansion.

(b) (i) The seriesabove is aternating, terms are decreasing monotonically so the sign of the error = sign of first term
11

omitted. So for = positive (eg.,, = € (0,1)), the sign of error is the same as sign of 'T5—’ i.e., positive, so

approximation is too small.
11

.. . . . 1
(ii) Theerrorisawayslessthan % insize. Theerror islargest for x ~ 1 so error < Ak Hence yes and
(i) yes. ' '
11 11
(c) Again, the sign of error = the sign of first term omitted, i.e., 365—' Forz € (—1,0), % is negative so the approxi-
mation is an overestimate. ’ '

2. Thefunction h(z) isacontinuous differentiable function whose graph is drawn below. The accompanying table provides
some information about i (x) and its derivatives.

z | hz) | W) | K'(z) | B'(2) 5T
o | 2 1 0.50 0.25 6T
1| 320 | 164 0.82 0.41 4T
2 | 543 27 135 0.67 /
3| 89 4.48 2.24 1.12 1 2 31‘

(8 Which of thefollowing isclosest to h(2.1)?

() 2+21+ %(2.1)2 + %(2.1)3

(i) 2+2.140.5(2.1)% 4+ 0.25(2.1)*

(i) 2+2.1+ %(2.1)2

(iv) 5.43+2.71(2.1) + %(2.1)2 + %(2.1)3
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(b)

@

(b)

(V) 5.43 +2.71(0.1) + ?(0.1)2 + %(0.1)3

(Vi) 5.43 +2.71(2.1) 4+ 1.35(2.1)% + .67(2.1)°

(vii) 3.29 + 1.64(1.1) + %(1.1)2 + %(1.1)3

h(z), k' (x), h" (x) and "’ (z) are al increasing functions. Suppose we use a tangent line approximation at zero to
approximate h(0.2). Find a good upper bound for the error.

ANSWER:

V)

We want to approximate f(2.1). Center our Taylor polynomial about a nearby point at which we know h and its
derivatives: " "

h(z) = h(2) + ' (2)(z —2) + hT(l)(x —2)° + hT(Z)(m —2)* for  near 2.

h(2.1) = 5.43 + (2.71)(2.1 — 2) + %(2.1 -2)% + %(2.1 —2)°

Common errors:
(iv) Look at the size of this answer: it's much larger than h(3)!
(i) It's much better to center your polynomial closer to the z- value in question.
The tangent line approximation is alinear approximation: degree 1.
hII c .
S

L' (c).04
2

Error = E1(.2) <

for somec € [0, .2]

Error < = h"(c)(.02) < .82(.02) Choose .82 NOT 5. .5 < h'"(c) and we want something >

R (c). " (x) isincreasing.
Error < .0164

£ ()

_ n+1
CEE] (b—a) for some ¢ between a and b

|En(b)] <

since b= 29
a = center =0
n = degree of poly. =1
Note: The error is definitely positive-the tangent line lies below the curve for > 0 (since the curve is concave
up).

Common errors:
1) A tangent lineislinear, i.e., degree 1.
2) |Error| is not automatically less than the size of the first unused term. Thisis true if a series has terms which are
alternating in sign, decreasing in magnitude, and going to zero. Otherwise, often |Error| is about the same size as the
first unused term—but not always—and not necessarily less than that term.
3) Finding alower bound for " (c) instead of an upper bound.

3. Estimate the magnitude of the error in approximating the following quantity using athird-degree Taylor polynomial about
r=0.

In (.5)

ANSWER:
Let f(z) =1n (1 + z). The error bound in the Taylor approximation of degree 3 about z = 0 is

M-|-05-0]*

|Es| = |f(—0.5) — P3(—0.5)] < =

where |[f®] < M for —0.5 < z < 0.
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3!

fP(x) = Ox o)t

,50|f W (z)] < 3'and

31(—=0.5)*

|Ea| < =7 = 0.016

4. Estimate the magnitude of the error in approximating the following quantity using athird-degree Taylor polynomial about
z=0.

sin 2
ANSWER:
Let f(z) = sinz. Theerror bound is
M-|2-0]*
|Ba| = 1£(2) = Pa(2)] £ = —-
where [fM] < M for0 < z < 2.
f®(x) =sinz, s0|f P (z)| < 1and
1-(2)*
) < 22 g

Thisis not avery useful error bound for this function.

5. Give abound for the maximum possible error for the n" degree Taylor polynomial about z = 0 approximating sin g on
theinterval [0, 1].
ANSWER:
The maximum possible error for the nt" degree Taylor polynomial about z = 0
approximating sin g is

M|z —o0|**!
(n+1)!

The derivatives of sin g never take on values greater than 1, so

|E.| < , where sin(® V) g <Mfor0<z<1

ol 1
<
(n+1)! = (n+1)!
6. What degree Taylor polynomial about = 0 do you need to calculate sin 2 to four decimal places?
ANSWER:

. 1 . .
The error is at most m To get an answer that is correct to four decimal places, the error must be less than
n :

0.00005. We need to find n such that ﬁ < 0.00005. n = 7 works, so the 7¢"-degree polynomial works.
7. Show that the Taylor series about O for sin z converges to sin x for every .
ANSWER:
To do this, we need to show that the error E,,(z) — 0 asn — oo. If f(z) = sin z, the derivatives will all be < 1,
soM =1.

|En| <

We have

!
(n+1)!

for every n. To show the errors go to zero, we must show that for afixed =,

|Bu (@) = |sin - P, (2)] <

|mw+l
i+ 1) —0asn — oo
n .
Choose an arbitrary |z|. For n > 2|z|,
$n+l xn+2 xn+3

m+1)!" n+2) (n+3)"
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converges to zero because each term is obtained from its predecessor by multiplying by a number less than 1/2. So,

the Taylor series does converge to sin x.

Questions and Solutions for Section 10.5

1. Construct the first three Fourier approximations to the function

IN
IN
o

~

&

I
——
N =

o
IA A
8
IN 8
3

ANSWER:

—

0 T
ldr + ld:;t :§
. 0 2 4
0 7r1
[/ cosmdx—f-/ —cosxdx}
-7 0 2

=0

1 T 1
ao—%/_ﬂf(x)dx—%

™

f(z)coszdr =

a; =

\\
3
BN

o

™

A= 3

+ 1sin:;t
2

—
2.
=]
8

—_

0

|
3

az and az arealso 0.

1 [7 1[/° "1
b1:—/ f(x)sinzder = = {/ sina:da:+/ —sinxda:}
L T |J_, 0o 2
1 o 1 "} 1
=—|—cosz| —ccosz| |=—
T | . 0 27
1 (" 1[[° "1
bzz—/ f(z)sin2zde = — {/ siandm—i—/ —siandm]
T f . T | J_. 0o 2
1] ° 1 i
= — |—zcos2x — —cos 2z ]:0
T 2 —n 0
1 [7 1[/° "1
b3:—/ f(z)sin3zdr = — {/ sinSxdm—i—/ —sinSxdm]
™ . s - 0 2
1 1 0 1 & 1
= [—gcos?)x _W——cos?)x 0] =-3-
Thus Fi (z) = > + ——sin
IS = T e
3 1 .
F2($)=Z+%smx
3 1 1 .
Fg(x)—z—i—%smm—g—wsm?,m

2. Construct the first three Fourier approximations to the function

=
&
|
——
S
N
S
IN A
IN
IN 8
IN
[e=)

3

ANSWER:

1 T 1 0 ™
aozﬁlwf(m)dxzﬁ [/,,de_’_/o Odm]
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1 0
271— |: ’ _Tr:|

1 1
ar = — /f cosa:da:——/ —2cosxdm:—{ 251na:
T ) by
1
Vs

1
az = /f cos2xdx = —/ —2cos 2z dx = [— sin 2x
0 —_T

a3=0

b = — / f(z)sinzdr =

by = / —2sin 2z dx =

™

>1|'—‘

1
/ —2sinzdxr = —(2cosx)
— ™

0

(cos 2x) =0

-

0
2
o 371'( )=0

>1|»~ =1|n~

0
b3:l/ —2sin3xdx = z cos 3x
L - 3

Thus Fi(z) = —1
Fy(z) =—1+4sin2z
F3(z) = —1+4sin2z

3. Find ao and the first two harmonics of the function

@) -1 —r<z<0
xr) =
I 1 0<z<m
ANSWER:
1 [7 1 4 0
o = 5— g(z)de = — —1dz + 1dz
2T . 2w o .
1 L 0
= on |:—1130+$7r:| =0
1 i 1 ™ 0
ar = — g(z)coskrdr = = —coskx dx + cos kx dx
™ . iy o o
1 [ . 1" . o
by = — g(z)sinkrdr = = —sin kz dx + sin kx dz
™ . iy 0 o
4
a; =0 b = ——
a2 = 0 b2 =0

Thefirst harmonic is — 4 sin z and the second is 0.
™

4. Find ap and the first two harmonics of the function

ANSWER:



292

az = 0
1 [7 1 [° 1 0
b1 = —/ h(z)sin (kz)dx = —/ wsinxdr = —(—mwcosw) = -2
T J)_, T J)_. ™ —r
0 0
bgzl/ TrSiHZl'dl‘Zl(—ECOSZI') =0
T T 2 _r
The first harmonic is —2 sin « and the second is 0.
5. Find the third-degree Fourier polynomial for
0 -2<t<0
ft) = P
c 0<t<?2
where ¢ is a constant by writing anew function, g(z) = f(¢) with period 2.
ANSWER: b 5 ok
Since f(t) hasperiod b = 4, welet t = Z—x = =% and use the function glx)=7f (—) which has period 2.
™ Vs ™
() 0 —rT<x<0
xTr) =
g c 0<z<m
ao—% 7wg(m)dm:%/0 cdx——(cx)ozg
1 [ 1 (7 1 .
a1:—/ g(m)cosxdxz—/ ccoszdr = —csinz| =0
L - T Jo T 0
Similarly, as =0
1 [7 1 [7 1 o2
b1:—/ g(x)sina:da::—/ csinzdr = —(—ccos ) ==
L - T Jo ™ 0
b2=l/ csin2xd:1:=l(—ccosza:) =0
L ™ 2 0
b3 = l/ csin3z dr = 1 (_ccosSx) = 2
T /o T 3 0 37

Therefore the Fourier polynomial of degree threeis given by
c 2c . 2c
g(z) = 3 + —sine + 3—7Tsm3m
Subsgtituting x = %t,

Tt c  2c . Tt 2c . 3nt
f(t)—g(m)—g(?) ~ §+?sm (?) +§sm (T)

Review Questions and Solutions for Chapter 10

1. Suppose that g isthe pulse train of width 0.5.

(@) What fraction of energy of g is contained in the constant term of its Fourier series?
(b) What fraction of the energy is contained in the constant term and the first harmonic together?

ANSWER:
(@) Theenergy of the pulsetrain g is
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r m
N N
I N
I N
I N
I N
I N
I N
Ll Ll x
—3r 27 m 2 3T
Figure 10.5.114
Find the coefficients.
ao = average value of g on [—7, 7] = L(area) -1 (1) -1
o & I T o o \2/) 7 4r
1 [ 1 [ 1 1/4
ay = —/ g(z) coskx dx = —/ coskxr dr = — sin kx
) _x ™ —1/4 km —1/4
1/7. /1 . 1
= e (2) () o
1 T 1 1/4 1 1/4
bk:_/ g(m)sinkxdx:—/ sin kx de = —— coskx
)= T J_1/4 km ~1/4

b=t on () () o

The energy of g contained in the constant termis

2
A%:Za%:Z(%) - L
m

2 1
Whichis 10 — g% = L % 0.0796 = 7.96% of thetotal.
E o= 47

(b) The fraction of en2e7rrgy contained in the first harmonic is

A o}
— = —= = 0.157 = 15.7%.
E E %

The fraction of energy contained in both the constant term and the first harmonic together is

A5 A7
— = 23.
E+ i) 3.66%
2. Find the Taylor seriesfor sin z — cos x about z = 0.
ANSWER:
. _ z? z° z’ z°
81nx—x—§+ﬁ—ﬁ+§_...
_ 22 2t 20 28
cosr = —E-g-ﬂ—a_g_g_...
m2 m3 m4 m5
sint —cosr=—-14+r+— — — — — 4+ — — ...

2! 3! 4! 5!

3. Usethe binomial seriesto expand ﬁ as apower series. State the radius of convergence.
T
ANSWER:
1, D+ +3)2" ,
2z +4)7 270( b 6 v

Radius of convergenceis R = %
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4. Find the second and third degree Taylor Polynomial approximations of H_% about x = 1.
ANSWER: 1
flz) =1 +2)7"
oy 1
f(@) = —22(1+2°)7 Fa)=—;3
f'(x) = 82*(1 +2%)7° (=1
f”,(l‘) — _481'3(1 _+_ 1‘2)74 flll(l) — _3

Second-degree approximation is f(a) + f'(a)(z — a) + " (a)(z — a)®

Third-degree approximation is
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Chapter 11 Exam Questions

Questions and Solutions for Section 11.1

1. Suppose that the function P(t) satisfies the differential equation

P'(t) = P(t)(4 - P(t))

with the initial condition P(0) = 1. Even without knowing an explicit formula for P(t) we can find many of its
properties. For example, note first that

P'(0) = P(0)(4— P(0)) =1(4—1) = 3.

(@ Find P"(t) intermsof P(t). Find P"(0).
(b) Which of the following is apossible graph for P(t) for small ¢ > 0? Explain.

(c) Since P(0) = 1, the function P(t) starts out less than 4. If it reaches 4, that is, if there is a first time to where
P(to) = 4 then

P'(to) = P(to)(r — P(to)) = 0.
So near to the graph of P would look like either of the graphs below:

A (B)

to tO

Is either of these consistent with P(t) satisfying the equation P'(t) = P(t)(4 — P(t))? Explain.
(d) Sketch the complete graph of the function P(t), ¢ > 0. Explain any critical points, inflection points, concavity, and
the behavior of P(t) ast — oc.

ANSWER:
@
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= (SP() (4= P(0) + P(t) (4~ P(2)

(b) We know that P’ (0) = 6, P’'(0) = 3. Since P'(0) > 0, i. and ii. are out. Since P"(0) > 0, iv. is out (it is concave

down), so the correct answer isiii.

(c) Neither of the two graphs is consistent. In the first graph, when t > to, P(t) < 4,50 P'(t) = P(t)(4 — P(t)) > 0,

which contradicts the fact that P(t) is decreasing when ¢ > to.

In the second graph, when ¢ > to, P(t) > 4, s0 P'(t) = P(t)(4 — P(t)) < 0. This contradicts the fact that

P(t) isincreasing when ¢t > to. We can also conclude that P(t) can never reach 4.

(d) From (c), we know that P(t) never reaches 4. An argument similar to that of (c) showsthat P(t) never reachesO ast
decreases. S0 0 < P(t) < 4, and therefore P'(t) = P(t)(4 — P(t)) > 0;i.e. P(t) isincreasing and has no critical
points. P(t) has one inflection point, ¢, where P(t1) = 2. Whent > t;, P"(t) < 0, so P(t) is concave down.

Whent < ti, P"(t) > 0, s0 P(t) isconcave up. Finaly, lim P(t) = 4.
t—o00

2
2. Show that y = 3 cos 3t sﬁisfi%% + 9y = 0.
ANSWER: ,
d d
|2f y = 3cos 3t, then d—?tJ — —9sin 3¢, and Wg — —27cos3t.
d
So Wg + 9y = —27cos 3t + 9(3 cos 3t) = 0.
3. Find the value(s) of w for which y = " satisfies
d?y
-7 _1 —
7 6y =0
ANSWER: ,
dy dy
_ ywt HI wt bl 2 wt
Ify=e gy = we ddt2

dy 2 wt wt
SOW—IGy:we —16e™ =0

e’ (w? —16) = 0
w =34

4. Pick out which functions are solutions to which differential equation. (Note: Functions may be solutions to more than one

equation or to none; an equation may have more than one solution.)
(@) y = sin 2z + cos 2x
(b) y=2cosx —sinzx
() y=ez

&
@ y="5

x
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II) —=-—y
110 &Y — 4y
V)

V) g2 =
ANSWER:
(@) y = sin 2z + cos 2x

B _ 9 cos 20 — 25in 22
dz
2
ﬁ = —4sin2x — 4 cos 2z = —4y (I1I)
dz?

(b) y=2cosx —sinzx

Z—z = —2sinx —cosx
2
d_g; = —2cosx +sinz = —y (IV)
dzr
©y=e?
<L =Zer=2(]
w20 =W
d2y 1 =
R —e 2
dzz ~ 4°
B—E
@ y="5
dy e "
2 —y (I
dx 2 y(IV)
d2y 67I
w2z v
2
5. If % = —9.8, find S if theinitial velocity is 15 m/sec upward and theinitial position is 7 m above the ground.
ANSWER:
d’s
ol —-9.8

Integrating gives us % =-98t+ C:

and integrating again gives S = —4.9t> 4 C1t + C.
S=—49t> +15t +7
6. For what values of n (if any) isy = ¢®" asolution to the differential equation
Loy / —
—3Y +y +6y=0
ANSWER:
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1 1
_gyl! +yl+6y — _gnzenz +n€nfc +6enz =0

e™” (—%nz—i—n—i—ﬁ) =0

n=-3,6
2
7. Isy = e sinz asolution to d J_ 2@ + 2y =07
dz? dz
ANSWER:
d
% =e"cosz +e”sinw
2
;lxz = 2e” cosx
d’y _,dy
So prche 2d— +2y =2e"cosz —2 (e cosz +e"sinz) + 2 (e’ sinx)
T2 T
= (2" cosz — 2e” cos T) + (2¢” sinz — 2e” sin x)
=0
2
Soy = e”sinz isasolution to d J_ 2@ +2y =0.
dz? dz

Questions and Solutions for Section 11.2

1. Note that the point (0, 2) ison the graph of each of the following three equations:
(@ y*> —2cosx =2
(b) zsiny+y=2
©) Inly/(1 —y)| =0.71z + In2
Following are slope fields for two of the three equations. Identify which two equations have these slope fields. Label each
graph with the letter a, b, or ¢. and explain why you made each choice. On each graph, draw the curve described by the
appropriate equation (a, b, or ¢) that goes through the point (0, 2).

Yy
d = - em m = e e e e m— | == e e 2 —— e e e e —
-, T, Tt T e R T e e | ——, Ty, T, T a— (g e
_—_———m e Tt T e o T o e [ S G, Tt T e o S o -
_S N N T e o T T e (e, NN T T e o -
_~~NNN N S N\ N 7 7 -
Z e NN N—— S~ N N\ N—— -
-\~ \N\N"—w-—— S S ~N\N\ N S -
~\\\N~—— "/ /" —I~\\\N~r "/ /-
~\ \\N~N—~/ / /-~ N\\\ N~/ / /-
o MV VANZ LT L /ZINNVNANNYZ Ty,
1 1 I /7 \N\N\V\N\|/Z/ 11T I /7 \\ \ \\
-/ / /N \\\NN-~-—///7/~~~\\\~
-/ /S S\ \\N~—// 7 —~N\\-
-7 S~ N\ \N~— " S~~~ N\ "\~
g R, S~ NN\ N S —— NN\~ -
= T T e . N | 7 T T e SN NN .~
T T T e Ty, NN T T e o T o e o S, N T —
T T T e — v Ny, Ty, T | amm T T i am— —— S, e, -
T T o e —— T, Ty, | P o o . ——, N Y =
-3 0 3 6
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The second slope field does not depend on z, so it must correspond to equation (c).
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0

x — y isshown below.

dy
dx

2. The dopefield for the differential equation

On the slopefield, sketch the solution curve to the differential equation startingat z = 0,y = 1 andending at z = 1.

From your sketch, approximate the value of y when z = 1.

ANSWER:
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The sketch (shown above) looks like this:

Notice the solution curve startsincreasing at about z = 0.7. Atz = 1, it lookslikey ~ 0.75.

3. Match the four direction fields (slope fields) with four of the differential equations. (One equation does not match!) No
reasons are reguired.

(@) y (b) Y

(i)y' = zy + 1 correspondstograph
(i) ¥y’ = sinz correspondstograph
(iii) y' = ze™ Y correspondstograph
(iv)y' = y? + 1 corresponds to graph

(v) y' = sin y corresponds to graph
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ANSWER:
(i) y' = zy + 1 corresponds to graph (b)
(ii) ¥y’ = sin z corresponds to none of the graphs
(iii) y" = ze™¥ corresponds to graph (d)
(iv) ¥’ = y* + 1 corresponds to graph (a)
(v) y' = sin y corresponds to graph (c)
4. Match the dlope fields to the equations. Explain.
[Note: One slope field will not have a corresponding equation.]

@ — — )2 d_y _ 2 d_y _ .22
O 5, =@-y) = =@+y i o= -y

G) (b)
Figure 11.2.115 Figure 11.2.116

© ()
Figure 11.2.117 Figure 11.2.118

ANSWER:

(1) corresponds to (a).
Since (z — y)? > 0, the equation in (I) doesn't produce the slope field in (b) or in (d). Note that (z — y)* = 0 when
y =uz,i.e,aongtheliney =z, % = 0. Thisfitswith (a).
(1) corresponds to (c).
Again, we can exclude (b) and (d) as 3—1 = (z+y)? > 0 foral z and y, so the Slope must be positive everywhere. Since
% = (z +y)? = 0if and only if y = —z, we should find little horizontal line segments along the line y = —z on the
slope field. Thisoccursin (c), but not in (a), so (c) must be the answer.
(111) corresponds to (d).
We can exclude (a) and (c) because % isnegative at some points. Notice that % =2~y = (z—y)(x+y),s0 % =0
wherey = z or y = —z. The corresponding slope field should thus have horizontal line segments on thelinesy = = and
y = —zx. Thisisthe case only in (d).
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5. This problem concerns the differential equation
dy 1
e "2V
(@) Show that y = 2z — 4 isthe unique solution of the equation that is a straight line. (Writey = ax + b and show that
a must equal 2 and b must equal —4.)
(b) Give areasonable sketch of the direction field for the equation. Take account of your answer to part (a). (If you use

the slope field program, try —4 < z < 4, —4 <y < 4 with z scaleand y scale both 1.)

Figure 11.2.119

(c) Take apoint (xo,yo) in the first quadrant which does not lie on the line in part (a). Can a solution curve through
(0, yo) cross the line? Why or why not?
(d) Show that )
y=2r—4+Ce 2
isasolution for any constant C.
(e) Find the solution passing through the point (0, —2) and describe its qualitative behavior as z — +oo.
ANSWER:
(a) Suppose we substitute y = az + b into the right hand side of the equation to get = — £ (az + b) = (1 — %)z — &.
But we know that the left-hand side of the equations, j—g, must be a constant, namely a. This implies that the factor
multiplying z in theright-hand sideis zero, so a = 2. Then we are left witha = —g, sob= —4.Hencey =2z — 4
isthe sole linear solution.
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(b) 4

—4

(¢) No. Tofind asolution curve for the differential equation, we only need to know one point it passes through (and then
we can solve for the constants in this first order equation). If some two curves cross, then the point of intersection
must define two different solution curves which is clearly not possible, so each point will yield one solution curve.

(d) Fory =2z —4+Ce™%, Z—z =2— %Ce_%. Ontheotherhand, z — ty =z — (z — 2+ %Ce_% =2 %Ce_%.
Therefore, y = 2z — 4+ Ce™ £ isasolution of & =z — 1y.

(e Forz =0,y =—2,wehave—2=—-4+C;C =2.S0y =2z —4+ 2 %.

Asz — 00,y = 2z — 4. Asz — —o0,y — oo Sincee” T — oo.

6. If adopefield for dy has constant slopes where z is constant, what do you know about Z—z?
ANSWER: p
We know that d—y depends on z only.
T

dy

7. If al the solutions curves for 7

ANSWER:
Weknow lim y = —3.
t— o0

have y = —3 asahorizontal asymptote, what do you know about y?

Questions and Solutions for Section 11.3
1. Consider the differential equation

Z—?; =2’ +y.

(@) Use Euler's method with two steps to approximate the value of y when = = 2 on the solution curve that passes
through (1,3). Explain clearly what you are doing on a sketch. Your sketch should show the coordinates of all the
points you have found.

(b) Areyour approximate values of y an under- or over-estimate? Explain how you know.
ANSWER:
@ (UsseAz =0.5.)

x Y slope Ay
1 3 4 2
y = 8.625
15 5 7.25 3.625
2 8.625
(b) From the slope field, we see that the curve is concave up, so we have an underestimate.
Altematively, y” = = (y/) = L (a” +1) = 2 +y =2 +2”+y > 0.

dzr dzr
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2. The dopefield for the differential equation Z—y = —Z isshown below.
Z Y
2 4=
1 4=
1 1 1 1
-2 -1 1 2
-1+
-2+

(@) Starting from the point x = 0, y = 2, use Euler's method with N = 3 subdivisions to approximate the value of y

when z = 1.

(b) Sketch on the slope field where each step of Euler’s method takes you. Based on your sketch, would you say Euler’'s
method provides an underestimate or an overestimate of the true solution?

(c) Show that the equation 2> + y? = C, where C is a constant, satisfies the differential equation, and find the value of

C for the solution passing through the starting point = 0, y = 2.

ANSWER:
@ Az = % — %
At (0,2), % = —g = 0. Therefore, y1 = yo + d—Am =2+0 (%) 2.
At (%,2), Z—z = —% = —%.Therefore, Y2 =y + Z—yAx =2- é (%) = % ~ 1.944.
At (;2; ?g) Zz —525 = —%-Thefeforev Yz = y2 + d—Am = % g (%) = % ~ 1.8302.

18
Sincey(1) ~ ys, y(1) ~ 1.8302.
(b) See the slope field below. The solution curve starting at (0, 2) is concave down for 0 < z < 1. Therefore, Euler's
method produces an overestimate of the solution, which should also be apparent from the sketch on the slope field.

|
N

|
—
=l
o

1119

dy —2x T T
) y=+vC—122=>—= =— =—-=
©y v de 2/C — z2 VO — 22 Yy
Therefore, the equation 2> + y? = C satisfies the differential equation. Since the particular solution of interest
passes through (0, 2), plug that point into the equation to find C' = 4.
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As an aside, notice this means that the true solution to the differential equation passing through (0, 2) is the

circlez? 4+ y? = 4. Thus, thetrue value of y whenz = 1isy = y/4 — 12 = v/3 = 1.7321. Theresult from part (b)
that Euler’s method provides an overestimate of the solution is, therefore, correct.

3. Inanumber of applications, differential equations of the following form appear:

dy
—~ =k(A—
7 = FA-y)
For aparticular problem, let'ssay k = 0.5, and A = 2. You aregiven that y = 1 when ¢ = 0, and you are interesting
in finding the value of y when ¢ = 1.

(@) The slope field for the differential equation is shown below. Sketch the solution to the differential equation starting
fromy =1,t=0.

1 1 { 1 t
0.5 1 1.5 2

(b) From your sketch in part (a), estimate the value of y when ¢ = 1. What happenstoy ast — co?

(c) Use Euler's method with N = 3 subdivisions of theinterval 0 < ¢ < 1 to find an approximation of y whent = 1, if
youstart fromy =1 at ¢t = 0.

(d) Sketch on the slope field where each Euler’s method step takes you. |s the Euler method approximation of y(1) an
overestimate or an underestimate, and why?

ANSWER:
(€Y y
2 [
1.5 F Euler's method steps
/ tue solution
1
0.5

1 1 i 1 t
0.5 1 1.5 2

(b) The solution y(1) looks to be approximately 1.4.
Ast — o0,y — 2.

© At = %.yo 1y =0.5(2—1) =05
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Y1 = yo + yoAt =1+0.5 (%) =116  y; =0.5(2—1.16) = 0.416
Y2 =31 + y1 At = 1.16 + 0.416 (%) =1.305  y5 =0.5(2—1.305) = 0.3472
y(1) % ys = yo + yh At = 1.305 + 0.3472 (%) —142...

The Euler’'s method estimate isy (1) ~ 1.42.
(d) See the slope field above. From the sketch of the solution in part (a), ¥ appears to be concave down, which means
that Euler’s method yields an overestimate.
The true solution to the differential equation withinitial conditiony = 1 whent = 0isy(t) = 2 — e~ . Thus, the
exact solution for part (c) isy(1) = 2 — e %% = 1.39346934 . . ..

. As we shall see in the study of population growth with limited resources, differential equations such as the following
appear:

d
ﬁ =y(2-y)

Given that when z = 0, y = 3, you will find the value of y when z = 1.

(@) The dope field for the differential equation is shown below. Sketch the solution to the differential equation passing

through (0, 3).

1 1 T

1 2

(b) From your sketch, estimate the value of y when z = 1. Also, what happenstoy asz — co?

(c) Use Euler's method with V = 4 subdivisions of theinterval 0 < = < 1 to find an approximation of y whenz = 1, if
you start from the point (0, 3).

(d) Sketch on the slope field where the Euler’'s method steps take you. In particular, is the Euler method approximation
of y(1) an overestimate or an underestimate, and why?

ANSWER:
@ Y

3¢ Solution

Euler's approximation —»t
2 L
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(b) y(1) =~ 2.2
Asz — oo,y — 2 asymptoticaly.
T y Ay = j—zAm =y(2 —y)(0.25)
0 3 3(2 — 3)(0.25) = —0.75
© | 025 | 225 | 2.25(2 —2.25)(0.25) = ~0.14
05 | 211 | 2.11(2 —2.11)(0.25) = —0.06
075 | 205 | 2.05(2 —2.05)(0.25) = —0.03
1.0 2.02

y(1) = 2.02 by Euler’'s method, N = 4

% =2.09
1- 5672
(d) Sincethe graph of y(x) appears to be concave up over the interval, the Euler approximation is an underestimate.

True Answer: y(1) =

5. For the differential equation represented by the slope field below, sketch the solution curve with y(0) = 0.
(@ 2y

-2

(b) Onthesame dopefield, use Az = 0.5 to sketch, as accurately as you can, two steps of Euler’s approximation to this
solution curve. (End at z = 1.)

ANSWER:
@ 2 2
1 1
0.1 z
-2 -1 1 2 -2 -1 05 1 2
=1 -1
—2 -2
Figure 11.3.120: Solution curve using slope Figure 11.3.121: Euler’s method with 2
field (for part (a)) divisions (for part (b))
(b) Using Euler's method with 2 divisions, we get 4(0.5) = 0.5(0) = 0. Andy(1) = 0+ 0.5 (% ) . The slope
(0,0.5)
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fieldat (0.5, 0) isnot very steep—it looks likeit is approximately 0.2. Soy(1) ~ 0.5(0.2) = 0.1. Since the solution
curve is concave up, the Euler's method approximation must lie below it.

6. Consider the solution with (0) = 0 to the differential equation

@_ 4
de ~ 1422

(8 What isthe exact value of y(1)?

(b) If you use Euler's method with 1 million steps to approximate your answer to part (a), will your approximation be an
over- or underestimate? Give a reason for your answer.

(c) Use Euler's method with 2 steps to approximate your answer to part (a).
ANSWER:

(8 Solving explicitly for y givesy = 4arctanx + C. Sincey = 0 whenz = 0, wehave C' = 0 so y = 4 arctan x.
Thusy(l) = 4arctanl = 4(n/4) = w. Soy(l) = =.
(b) A graph of y isshown in Figure 11.3.122.

y =4arctanz

_ $

Figure 11.3.122

Aswe can see from the graph, the solution curve y is concave down, so Euler’s method gives an overestimate.
(c) Teke Az = 0.5. Theny(0.5) =~ y(0) + ¢'(0) - Az = 0 + 0.5(4) = 2. Similarly, y(1) = y(0.5) + y'(0.5) - Az =~
2+0.5[4/(1+0.5)*] =2 +0.5(3.2) = 3.6. Soy(1) = 3.6.

Questions and Solutions for Section 11.4

1. Consider the differential equation

dQ
T 300 — 0.3Q.
(a) Solvethedifferential equation subject to Q(0) = 500.
(b) Solve the differential equation subject to @Q(0) = 1500.
(c) Sketch both solutions on the axes below. Give the coordinates of any intercepts and the equations of any asymptotes.
ANSWER:

dq

_ _ -0t
300 — 030 =dt = Q(t) = ce + 1000

Using Q(0) = 500, we get ¢ = —500.
Q(t) = —500e %3¢ 4 1000
(b) Q(t) = 500e=-%%" + 1000

(© 1500

@

500 @
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2. Solve the following differential equations with the given initial conditions:
dy =

@ === y=0whenz=1
der vy
(b)%’:fﬂ y=1whent=0
ANSWER:
@ /ydyz/a:da:
2 2
y
72
025"‘01
yzzxz—l

dy
o ] - o

arctany =t + C
arctanl =0+ C
s0C = arctanl = 1

arctany =t + T

—tan(t—i—z)
v= 4

3. Find the solutions to the following differential equations with the given initial conditions. Solve for y as a function of z,

and solve for all constants.

(@ Z_?;:\/% y=4whenz =0
(b) Z—g:\/él——y? y:lwhenx:%
ANSWER:
@ Z—g:\/%_yé\/ﬂdy:%dzé/\/ﬂdy:/%dxégy%:2\/54—0
Letx:O,y:4tofindC:§(4)%:2\/6+C:>C:?
z

%y%ZQ\/E—G—?éy% =3z +8=y= (3T +8)
dy / dy

Y —drs | 2
4 —y? 4 —y?

T . . 1 T_T .
Let:v—g,y—ltoflndC.arc51n§— 6+C:> 6= 6+C:>C—0

b FL=Vi—y=

e :/dzéarcsin%:x%—C

arcsin % =z

g =sinx
y =2sinz
4. Find the solution to the differential equation ¢ = % satisfying y(0) = 2.
Yy
ANSWER:

!

= 5 isthesameas@ = L,so

1+y de 1+y
/(1+y)dy:/5dm,

which gives y + £ = 5z + C. But y(0) = 2,50 C = 4 and

y2
y+7:5x+4.
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5. Find the solutions to the following differential equations with the given initial conditions. Solve for y as afunction of z,
and solve for al constants.

@ e =Y y=5whenz =0
(b) dy =xsecy Y= T whenz =1
dx 6
ANSWER:
dy
(@ Ie =Y initial condition: (
z?
——xdx:>/ /xdx:>ln|y| 7
= |‘1"—e2+01:>y—6mT :>y—C’zemT

Plugin (0,5): 5 = Cye® :>C2—5:>y—5emT

dy g
(b) qp = Tsecy initial condition (1, 6)
dy . z’
=wxdr = | cosydy = | xdx = siny = — + C
secy 2
Pl in(l E)'sinz—l-i-c sl lio=a=0
gn{hbe) g2 Tt 7a Tt m =
= siny = a:—Z =y =sin"* a:—Z or = arcsin x—Q
y=5 =y= 5 y= 5
dN . .
6. Solve T =4 —0.2N, with N(0) = 0, and sketch the solution for ¢ > 0. Label any intercepts or asymptotes clearly.
ANSWER:

d—N_4 0.2N

/4 02N /dt
= wm

In|N —20| = —0.2t + C
N —20 = C/ —0.2t

but N(0) =0,s0C" =
N =20 — 20~ %

— 20(1 _ 6—0.2t)
N
20 F-----------------oo-ooe
t
7. This problem concerns the differential equation
dy _ 2
de ~ y

Note: You can do part (d) without parts (a)—(c).

(a) Sketch the slope field for the differential equation at the 14 points in the first and second quadrants —2 < z < 2,
0 <y < 2(z and y areintegers—don’'t include (0, 0)).
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(b) Sketch in asolution curve passing through (1, 2). Do you expect it to show any symmetry? Explain.

(c) Without plotting any more slopesin the third and fourth quadrants, describe what the slope field must look like there,
in terms of the slope field in the first and the second quadrants.

(d) Find an equation for the solution to the differential equation % = 279” passing through (1, 2). Is it consistent with
your answer to part (b)?

ANSWER:
@ Yy
2
1
xr
—2 —1 1 2
()
Y
\2/
1
xr
2 1 1 2

Thecurveissymmetric with respect to the y-axis because the slope at (z, y), which |s?x, isexactly the opposite

of theslope at (—z, y), which is—2—x.

Y
(c) The slopefield in the third and fourth quadrants can be obtained by reflecting the slope field in the first and second
quadrants with respect to the z-axis.

(d)
dy _ 2z
dr — y
/ydy:/Zxdm
y> =24+ C.

Since the curve passes through (1, 2), 2> = 2 + C, and so C' = 2. Hence the equation of the curveisy® = 2% + 2.
This curve isindeed symmetric with respect to the y-axis, and so our answer is consistent with part (b).

8. Find aformulafor the solution to each of the following differential equations.

@ -
dy _cos"y . _ T
p 7ol with y(1) = 2
(b)
zy —(2+2)y=0 with y(1)=1, y(z)>0foradlz
ANSWER:

(@) By manipulating the differential equation, we have

dy _ cos®y
de =«
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dy dx

cos? y z

; 1
/secz ydy = /;dx

tany = In|z| + C
y=tan"' (In|z| +C).
Sincey(1) = tan~'(C) = Z,wegetthat C =1, 50

y(z) = tan ! (In|z|+1).
(b) By manipulating the differential equation, we have
2

(
(2
(

+
8

Y

)
)y
)

+ 8
8

+ 8

2+x

dx

!
)
dy
dx
dy
y T
/@Z/(z%—l) dx
y T

Inly| =2In|z|+z+ C.
Sincey(z) > 0forall z, |y| = y sowecanwritelny = 2In|z| +z + C or
y = e . e21n|z|+z =S eln\z\z . e®

= Az’¢®, ifwelete® = A.

Usingy(l) = 1wegety(l)=A-1-e' =l,orA=1 s0

_ . T _ r—1
y(z) = Sre =ae
9. Solve the following differential equations. Show your work.
dpP
— AP =
€] gt + 0. t 50
Y sin
b —_— =
®) dt y?
(©) Z—z =e " withy(ln2)=—1In2
ANSWER:
(@) We manipulate the differential equation as follows:
dpP
— = —0.1(P = 500)
dpP
dpP
— = [ —0.1
/ P —500 / 0.1dt
In|P — 500 = 0.1t + C

P =500 + Ae™ """
(b) We manipulate the differential equation as follows:

y’dy = sintdt

/y2dy= /sintdt
y®

3 = —cost+C

y = VA — 3cost.
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(c) We manipulate the differential equation as follows:

dy _ e

de e
e Ydy =e “dx

/efydy: /eizdm

—e V=—""+C

e"?=—e""? 40, sincewhenz =In2,y=—In2
1 3

—2—_—§+C, 0C =—3

_ _ 3

y_ oz 2

e e +2

——ln(67m+§)
Yy = 5 )"

10. Find the general solution to each of the following differential equations:

(b) P —3H +tH
ANSWER:
(@) We can manipulate the differential equation as follows:

dy a
dt b(y b)

—
S
<=
I
—
&
S

ln‘ ~ 4=t + K
y— % — Ceibt
Y= % +Ce
(b) Similarly,
dH
S =(t-3H
dH
S5 = (t=3)t
/%H :/(t—S)dt
t2

In|H| = 5 -3+ K
H = Cet2/2—3t.
11. (a8 Find aformulafor the solution to the differential equation

dy _ —
qp = ycosz y(0) = 4.

(b) Find the exact minimum and maximum values of the function y(x) you found in part (a).
ANSWER:

(8) Separating variables gives

dy =ycosx

dx
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@ = cosx dx

zll—Z /cosm dx

In|y| =sinz+C

|y| _ 6Cesinac

y = ﬂ:e(/'esinx
sinx

y = Ae

Sincey(0) = A = 4, weget y = 4522,
() Since e’ isan increasing function, it will reach its minimum at the minimal value of its input and it will reach its
maximum at the maximal value of its input. So the minimum is reached when sin z = —1 and hence

Min=4e™ ' = é
e

Similarly, the maximum is reached when sin z = 1 and so

Max = 4e.

12. Find the general solution to each of the following differential equations.

d? ;
@ d—;;=x2—3x+2
d2
(b) d—xg:cosa:
ANSWER:
@
%:%m3—3m2+2m+01
_ 4 1 3 2
Y= 1290 2:1: +z” +ciT + co.
(b)

d—y—sina:+c
de — '

Yy = —cosT+ci1x + C2.

Questions and Solutions for Section 11.5

1. Consider the Hakosalo residence in Oulu, Finland. Assumethat heat islost from the house only through windows and the
rate of change of temperature in °F/h is proportional to the difference in temperature between the outside and the inside.
The constant of proportionality is 5. Assume that it is 10°F outside constantly. On a Thursday at noon the temperature

inside the house was 65° F and the heat was turned off until 5 pm.

(@) Write adifferential equation which reflects the rate of change of the temperature in the house between noon and 5
pm.

(b) Find the temperature in the house at 5 pm. (You may do this analytically or using your calculator to get a rough
estimate.)

(c) At 5 pm the heat is turned on. The heater generates an amount of energy that would raise the inside temperature
by 2°F per hour if there were no heat loss. Write a differential equation that reflects what happens to the inside
temperature after the heat isturned on.

(d) If the heat isleft on indefinitely, what temperature will the inside of the house approach?

ANSWER:

(8 If y(t) = temperature at time ¢ when ¢ is measured in hours since the heat was turned off, then dy _ _1

i~ W
10), 0<t<5
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(b) Separate variablesto get

dy 1
=—— [ dt
/y—lO 29

1
—55t+C

J

y—10=C'e” 2
y = C'e_%t + 10

In |y — 10|

If the heat is turned off at noon, when t = 0, y = 65. Then we have 65 = C' + 10,C’ = 55, 0y =
55¢ 35 + 10. Therefore, at 5 p.m, the temperature is

y = 55¢” 35 + 10 ~ 56.29°F.

dy 1 1 68
= =2 (y—10) = ——=y+ —,t > 5.
© % oW 10 = —55y+ 55 t>5
(d) We arelooking for an equilibrium solution, i.e. where ‘;—Z = 0. Thisoccurs when y = 68. Itis a stable equilibrium,

sincefory > 68, 2 < 0, and for y < 68, %X > 0. Inthelong run 68° F must be the temperature of the house.
2. Suppose there is a new kind of savings certificate that starts out paying 3% annual interest and increases the interest rate
by 1% each additional year that the money is left on deposit. (Assume that interest is compounded continuously and that
the interest rate increases continuously.)

() Write adifferential equation for ‘fi—’f , where B(t) isthe balance at time t.

(b) Solve the equation that you found in part (a), assuming an initial deposit of $1000.

(c) Whent = 7 years, the interest rate will have risen to 10%. Would it have been better to have invested $1000 at a
fixed interest rate of 5% for 7 years than to use the variable rate savings certificate described in part (a)? Explain your
answer.

ANSWER:
@ % = B(0.03 + 0.01¢)

() iB _ 0.03 + 0.01¢) dt which gives In|B| = 0.03¢ + 0.005t> + C, S0 B = Bge03+0:00* gince
B

Bo = $1000, we have B = 1000¢%03t+0-005t%
(c) Withtherateincreasing 0.01 every year, we would have 10002119245 = 1000¢%-4°® dollars at the end of 7 years.
With a constant rate of 0.5, we would have 1000e%-°%7 = 1000e°-3> dollars at the end of 7 years which is smaller.

3. The population of aphids on arose plant increases at a rate proportional to the number present. In 3 days the population
grew from 800 to 1400.

(@) Writedown adifferential equation for the population of aphids at time ¢ in days, where ¢t = 0 isthe day when there
were 800 aphids.

(b) How long does it take for the population to get 10 times as large?

(c) What was the population on the day before there were 800?

ANSWER:
(& If P(t) isthe aphid populéation at time ¢, then we know that

dpP

@ _rp

dt k

dP
[ [
In|P|=Fkt+C

P — (ht+C
— Pyelt

Since there are 800 aphids at time ¢ = 0, we have P = 800¢**.
Att =3, P = 1400, s0

1400 = 800¢>*
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(b) For P to become 10 times as large,

8000 = 800e(3 2 %)t
1.7
,_ 310

7
In 7

~ 12.34 days.

(c) Onthe day before there were 800 aphids, t = —1, s0
P =800e 3%

1
7 3

~ 664 aphids.

. Newton's Law of Cooling states that the rate of change of temperature of an object is proportional to the difference
between the temperature of the object and the temperature of the surrounding air.

A detective discovers a corpse in an abandoned building, and finds its temperature to be 27°C. An hour later its
temperature is 21°C. Assume that the air temperature is 8°C, that normal body temperature is 37°C, and that Newton’s
Law of Cooling applies to the corpse.

(@) Writeadifferential equation satisfied by the temperature, H, of the corpse at time ¢. Measure ¢ from the moment the
corpse is discovered.

(b) Solve the differential equation.

(c) How long has the corpse been dead at the moment it is discovered?

ANSWER:

dH . .
€) P k(H — 8) where k will be negative.
(b) If—i —kdt = H = Ce* +8

Since H(0) = 27,27 = Ce® + 8,0 C = 19.
Since H(1) = 21,21 = 19¢*") + 8 s0k = In (13) = —0.379.
SO H = 19e™37 + 8.
(c) Wewant H(T') = 37, 0
In (2
T= —% ~ 1.1 hours or 1 hour 7 minutes before the body was found.

. Cesium 137 (Cs'®") is a short-ived radioactive isotope. It decays at arate proportional to the amount of itself present and
has a half-life of 30 years (i.e., the amount of Cs'3” remaining ¢ years after Ao millicuries of the radioactive isotope is
released is given by Age ~(35)*. We will abbreviate millicuries by mCi).

As aresult of its operations, a nuclear power plant releases Cs'®” at arate of 0.1 mCi per year. The plant began its
operations in 1980, which we will designate ast¢ = 0. Assume there is no other source of this particular isotope.

(& Writean integral which gives the total amount of Cs'®” T years after. (Note: The rest of the problem does not depend
on correctly answering part (a).)

(b) Write a differential equation whose solution is R(t), the amount (in mCi) of Cs* in ¢ years. (We are assuming
R(0) = 0).

(c) After 20 years, approximately how much Cs'37 will there be?

(d) Inthelong run, how much Cs'3” will there be?

(&) Since Cs'®" poses a great health risk, the government says that the maximum amount of Cs'3” acceptable in the
surrounding environment is 1 mCi (spread over the surroundings). What is the maximum rate at which the station can
release the isotope and still be in compliance with the regul ations?

ANSWER:
T
@ / 0.1e~H g,
0
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(b dR =0.1— 1n2R
(c) Solvmg the equatlon in (b), we get:

dR
S
01_1n2R
——1 ‘01—1n2R‘_t+C
30 _ln244p
= 30 —0.1):
R=—1=(e 0.1);
30
R= (0.0 — ke #),
Now, R(0) = 0,50k = 0.1 andweha\/eR_IDQ(l—e’l3o2t).
~#52) ~1.60 mCi.

Hence R(20) = 25 (1 —
(d) From(c), R=25(1—e"

(e) Take Rate = r, then R =

3_02)Ast—>oo,e 351 50,50 R — 25 &~ 4.33mCi.
e
r =122 ~ 023 mCilyr.

In2 In2
(r —re” o “).Ast = co,e” 30" = 0,0 R — 2%r. Weset 1 = 2%, then

6. A bank account earnsinterest at arate of 2% per year, compounded continuously. Money is deposited into the account in
a continuous cash flow at arate of $500 per year.

(a) Writeadifferential equation describing the rate at which the balance B(t) is changing. (¢ istimein years.)
(b) Solve the differential equation given an initial balance of $1000.
(c) Find the amount of money in the bank account after 10 years, assuming an initial balance of $1000.

ANSWER:
(8 Thebaance increases at arate of $500 per year from the cash flow and by 2% - B per year from interest, so we have

df = 0.02B + 500.

(b) We can manipulate the differential equation as follows:

Cﬁf = 0.02(B + 25,000)
dB
— O —0.02dt
B + 25,000

dB
—_— = .02
/B+25,000 /00 dt

In|B + 25,000 = 0.02t + C
B + 25,000 = Ae”%%,
Whent = 0, we have B = 1000, so A = 26,000, giving
B = 26000e” %" — 25000.
(c) Substituting ¢ = 10 in the above equation gives B = 26000¢%-°2(19) — 25000 = $6756.47.

7. After acertain car isturned on, the engine block heats up according to the differential equation
dH
— =-K(H-1
7 ( 00)
for K, apositive constant.

(8 If theengine block was 15° C when the car was started, solve the differential equation.
(b) If after running for 20 minutes the temperature is90° C, find K.

ANSWER:
(a) By separating variables, we get

dH dH

Soln|H —100| = —Kt + C and H — 100 = Ae™** where A = +e°.
We have initial temperature of 15° Cwhent = 0. Thisgives15 — 100 = A. S0 A = —85 and H = 100 — 85e~**.
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(b) Using part (a), we get 90 = 100 — 85¢ %29,
Solve for K and we get

Questions and Solutions for Section 11.6

1. A diligent student has a Slow leak in her bike tire, but has been too busy studying for exams to fix it. Assume that the
pressure in the tire decreases at a rate proportional to the difference between the atmospheric pressure (15 Ibs.) and the
tire pressure. Monday at 6:00 pm she pumped up the pressure to 85 Ibs. By 6:00 pm Tuesday it was down to 75 Ibs. How
much longer can she wait to pump up the tire if she wants to keep the pressure at a minimum of 40 Ibs.? (You may keep
your answer in number of days from Monday at 6:00 pm if you like.)

ANSWER:

Counting in days from Monday at 6pm, we have

dP

g k(15 — P),where P is pressure and k is constant;

1
/mdP_/kdt,

In|P — 15| = kt + C;
P =15+ MHC.

Whent = 0, P = 85. Whent = 1, P = 75. Therefore, 85 = 15 + ¢ and C' = In 70. Now, 75 = 15 + ¢*(70), and so
k=InS ~ —0.154.

5
To find when P = 40, solve 40 = 15 + (£)* - 70, yielding ()" = & and t = “-1L ~ 6.68 days.

In % ~
2. Intrying to model the response to a stimulus, psychologists use the Weber Fechner Law. This law states that the rate of
change of aresponse, r, with respect to astimulus, s, isinversely proportional to the stimulus.

(@) Model thislaw as adifferential equation.
(b) Solvethisdifferential equation with theinitial condition that r(so) = ro for someinitial stimulus, so.
ANSWER:

(a) Let k be apositive constant. Then, the Weber Fechner Law states that

dr _k
ds s’
(b) To solve this equation, separate variables to obtain
dr=Fk- @
S

and integrate

/drzk/é
s

r=kln|s| + C.
Plugging in theinitial condition gives C = ry — kIn |so|. This means the solution is

r=kln|s|+ro—kln|so|

=ro+kln s

50
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3. The differential equation describing the motion of a 60-kg woman who has jumped into a swimming pool is given as

follows:

Inthisequation, a = Z—: on theleft hand sideisthe woman's downward accel eration, v isthe woman’s downward vel ocity,

g = 9.8 m/sec’ isthe acceleration due to gravity, and & = 1960 kg/sec is the woman's ballistic coefficient in water. This

equation assumes that the woman does not attempt to swim to the surface and just allows herself to continue sinking.

(@) Inwords, what does each term on the right hand side of the differential equation tell you?

(b) What isthe woman’'s terminal velocity in the water?

(c) Thewoman entersthe water with an initial downward velocity of 10 m/sec. Sketch agraph of her downward velocity
as afunction of time. (You do not need to solve the differential equation to do this.) Explain in words the motion of

the woman.
ANSWER:
dv k
@ % = g - ~y
et Z_
Velodity increase dueto Velocity decrease due to
pull of gravity drag of water
dv _ k . _mg
(b)E—0:>g mv—0:>Vt— A
(9.8 m/sec?®) (60 kg)
Ve= g0 kgsec 0SS
(© Downward Velocity (m/sec)

10

0.3 bommmmooo e PE— ¢

The velocity of the woman decreases exponentially from the moment she enters the water, leveling off to 0.3
m/s.

4. Thereis atheory that says the rate at which information spreads by word of mouth is proportional to the product of the

number of people who have heard the information and the number who have not. Suppose the total population is N.
(@ If p= f(t) isthe number of people who have the information, how many people do not have the information?
(b) Writeadifferential equation that describes the rate, % at which the information spreads by word of mouth.

(c) Why does thistheory make sense?
(d) Sketch the graph of p = f(t) asafunction of time.

ANSWER:

(@ N — p people do not have information.
d

(b) 22 = kp(N —p).

(c) Thistheory makes sense for several reasons. The first is that we would expect the number of people who have the
information to grow exponentially when p issmall. That is, if p issmall, then chances are that each person they come

into contact with will not know the information. From the equation, we can see that d—i) = k(pN —p”), so that when
p is small, the term p? on the right-hand side will be small compared to the larger term pN. We also expect that at

the very beginning and at the very end of the information spreading process, the rate of change of p will be zero.
At the very beginning, information spreads slowly because very few people have it. At the end, it spreads slowly
because there are few people left to hear it. Notice in the equation that when p = 0 or IV (the beginning and end of

the process), % = 0 as we suspected.
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(d) P

P t

where P, isthe number of people who have the information initially.

5. When a bacteria cell is suspended in a fluid, the concentration of a certain drug within the cell will change toward its

concentration in the surrounding fluid at arate proportional to the difference between the two concentrations.

(a) Write the differential equation that expresses this relation. (Be sure to define the meaning of the literal quantities
involved.)

(b) Assume that the concentration in the surrounding fluid is held constant. What is the general solution of the equation
in (a)? (This solution will necessarily contain some unknown constants.)

(c) Suppose that a patient’s blood is infected with these bacteria, which initially contain none of the drug. The patient is
given enough of the drug to bring (and hold) its concentration in his blood to 0.0001. After two hours, the concentra-
tion within the bacterial cellsisfound to be 0.00004. Use this to evaluate the unknown constants in (b).

(d) How long will it be before the concentration within the bacteria reaches 0.000087?

ANSWER:

(a) Let k equal the concentration of the drug in the cell, s represent the concentration of the drug in the fluid, and A be
the constant of proportionality. Then, 2 = (s — k) - A.

T dt
(b) If welet s be constant,
dk
= | Adt
[55= [ o=

—In(s—k)=At+ B

ands—k = eiAt*B, S0,

—At—B

k=s—e

Rewrite thisas
k=s—e Be M =5— DeiAt,
where D = e B,
(©) Since k(0) = 0, D = s. Wearegiven s = 0.0001, so k = 0.0001 — 0.0001e~4*. k(2) = 0.00004 implies
0.00004 = 0.0001 — 0.0001e~>*. Solving for A, 0.6 = e>* and A = —1 In(0.6) ~ 0.255
(d) Set0.00008 = 0.0001 (1 — ™). Then

0.8 = 1 — ¢—0-255¢
_0.2 = _g—0-255¢
In(0.2)
—0.255
t ~ 6.312 hours.

6. A spherical raindrop evaporates at a rate proportional to its surface area. Note: you can do parts (€) and (f) WITHOUT
doing parts (a)—(d).
(@) If V =volume of the raindrop and S = surface area, write down a differential equation for %.
(b) Your equation in (a) should include an unspecified constant k. What is the sign of k? Why?
(c) SinceV = $7r® for asphere, write down an equation which relates % for asphereto r and 2.
(d) Since S = 4mr” for a sphere, you can write S in terms of r and 4%~ in terms of r and % Then the differential
equation in part (a) becomes % = k. Show how this happens.
(e) Solvethe differential equation % = k, where k is a constant.

(f) If it takes 5 minutes for a spherical raindrop to evaporate to £ of its origina volume, how long will it take to
completely evaporate?
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(b) k isnegative because the raindrop evaporates and its volume decreases.

ANSWER:
av
@ S =ks.
dVv 2 dr
A
© dt

(d) Since v _ kS, we have47rr2% = k(4nr?), which gives % =k.

(©) dr = kdt;r = kt + ro.

®

V() = Skt + 7o),
4 3
So V(5) = 571'(5]{,‘ +7r0)°.
1 14 ,
Ontheother hand, V(5) = gV(o) 5 3™
4 1 4
Thus, 371'(5]6 + r0)3 =3 5771“8
Y —
5k +ro = g0 = 370
G=Yr_ 1
_\z7HYr 1
k=" 10"

Now, we want V' (t) = 0 (i.e., the volume to be 0). Since V(t) = 3w (kt + r0)*, we set kt + ro = 0. Then

To

t = —— = 10 minutes.

k

7. A lake contains pollutants. A stream feeds clear mountain water into the lake at 2 gals/min. Polluted water is drained
out of the lake at arate of 2 gals/min by a second stream. If the volume of the lake if V' gals and time, ¢, is measured
in minutes, and if it is assumed that the pollutants are spread evenly through the lake at al times, then the differential
equation for Q(t), the quantity of pollutant in the lake at time ¢ is (circle one):

@ 22 - 2

@ =201V

() Z2=o
ANSWER:

(b) %:-%

@ % =2-20
f) %:w—Qt
) 2= qe

The pollutants are leaving the lake and no new pollutants are entering, so the net rate is just the rate out. The total
volume out is 2 gals/min of which only 2 - (Q/V') isthe pollutant (Volume - Concentration), so

or choice ().

Questions and Solutions for Section 11.7

1. Suppose y isasolution to the differential equation

aQ _ _,@
dt v’
dy

ar ()

and that f(y) > 0 for al y. Which of the following could be a graph of y? (Circle one or more.)
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ANSWER:

Since f(y) > 0 for al y, we know that dy /dz > 0 for al y so y(z) isnondecreasing for al y. The only nondecreas-
ing graph among the options given is choice (c).

2. Consider the differential equation % = g(y). The graph of g(y) isdrawn below.

< Y
6

(@) What are the constant solutions to the differential equation % = g(y)?Which of them are stable?
(b) Sketch agraph of y asafunction of ¢ for representative initial values of . You do not have to provide ascale for ¢.

ANSWER:
a) The constant solutions to the differential equation dy = g(y) aey = 1 and y = 6 because for these values of y,
dt
dy

o= 0, so y is constant. The only stable solution isy = 6. Although solutions with (0) < 1 approach 1 in the

long run, it is best not to call y = 1 a stable equilibrium since solutions with y(0) slightly greater than 1 tend to veer
away.
(b) y

6 D>
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3. Therates of change of the populations for four different species are given by the differential equations (i), (ii), (iii), and

(iv) below. (These species do not interact, and so the differential equations are all independent of one another.) P measures
the population in thousands at time ¢t months. Each species startswith 1000 members (P = 1) at timet = 0. Assume that
each of these differential equations holds indefinitely.

. dP ... dP ... dP .. dP

@) e 0.05 (ii) Fr —0.05P (iii) T 0.05(1000 — P) (iv) Fr 0.0005P(1000 — P)

(a) For each of thefour species, find the size of the population P when the rate of change of the population isamaximum.
(Remember P(0) = 1.)

(b) For each of the four species, find the size of the population P when the rate of change of the population isaminimum.
(Remember P(0) = 1.)

(c) For each of the four species, find all equilibrium values of the population, and state whether each equilibrium value
is stable or unstable.

(d) For each of the four species, sketch a graph of the population as afunction of time given theinitia condition P(0) =
1.

ANSWER:
(@) We want to know when the rate of change, % is a max. To approach this problem, let f(P) = % (the rate of
change is given as afunction of P). To find the max of f(P) = Cﬁl_I;’ set f'(P) = 0, confirm whether thisis amax,

and find the P value for this max.
(i) f(P) = 0.05. Therate of change is constant (f'(P) = 0 for all P), so there isno maximum rate of change.

(ii) Thisequation describes exponential decay. Since we start with P = 1, ‘fi—’t’ will be negative for all time. No max.

(iii) F(P)=0.05(1000 — P) =50 — 0.05P f'(P) = —0.05
f'(P) can never equal zero, so we must check the (left) endpoint. The left endpoint isat ¢ = 0, and P(0) = 1.

Here f(P) = Cil_t = 49.95, and from there % decreases to zero. This must be true, because % >0= Pis

increasing = Z—I; is decreasing. So Z—I; has a max (of 49.95) where P = 1.

(iv) f(P) = 0.0005P(1000 — P) = 0.5P — 0.0005P>
f(P)=05—-0.001P=0=0.5=0.00lP =P = % =P = 500.
Check that itsamax: f”(P) = —0.001 < 0 = max.

(b) (i) Again, sincetherate of change % is constant (meaning P(t) islinear) thereisno min.

(i) (Seeaii.) f(P) = —0.05. At the left endpoint, where P = 1, we have % = —0.05 isamin. (From there%
increases to zero.)

(iii) f'(P) = —0.05 (see aiii). The left endpoint, where P = 1, is a max of % = 49.95. From there, % de-
creasesto zero.
It never attains the value zero, but in some sense zero is a“min” since % cannot be less than zero. % ap-
proaches zero as P approaches 1000.

. P . . . .
Answer: Either Cﬁl_t never attainsamin, or it approaches a“min” of zero when P = 1000.

(iv) Asseeninpart (a), setting f'(P) = 0 yields amax of C;—Ij, so we need to check endpoints. The (left) endpoint,

where p = 1, isnot amin. But @ decreases to zero as P approaches 1000. So the answer, asin part biii, is
either nomin, or a“min” at P = 1000.
. R P .
(c) Tofind the equilibrium values, set Cil_t = 0. (Nochangein P.)

(i) No equilibrium, since C;—Itj = 0.05.
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(i) % =0 = —0.05P =P = 0. Thisisastable equilibrium, because the population is dying off. Since@ <0,

dt
P aways will decrease to zero, no matter where it starts.

(iii) ap _ 0 = 0.05(1000 — P) =P = 1000
This is a stable equilibrium, meaning the population will always approach 1000, no matter what size it is at
t=0.1f P <1000 at =0, then C;—Itj > 0, and P increases until it levels off at 1000ascﬁl—1t) approaches 0. If
P(0) > 1000, then % < 0, and P decreases until it levels off at 1000 as% approaches zero.

(@iv) C;—Ij =0 =0.0005P(1000 — P) = P =0 or P = 1000. P = 0 is an unstable equilibrium, because if the

population starts out at any value other than zero, it will grow larger and move away from the value zero. (If it
starts out greater than 1000, it will never be less than 1000, so it will never approach zero.)
P = 1000 is a stable equilibrium, because the size of the population always approaches 1000. If P starts out

less than 1000, then % > 0, and P approaches 1000 as % approaches 0. If P starts out greater than 1000,

then Cﬁl—lt) < 0, and P decreasesto 1000 as C;—Itj approaches 0.

©)
W P i P

- 1

(i) P (iv) P
1000 f-—-—-———=—==—=— 1000

500

4. On January 1, 1879, records show that 500 of a fish called Atlantic striped bass were introduced into the San Francisco
Bay. In 1899, the first year fishing for bass was allowed, 100,000 of these bass were caught, representing 10% of the
population at the start of 1899. Owing to reproduction, at any time the bass population is growing at arate proportional to
the population at that moment.

(a) Writeadifferential equation satisfied by B(t), the number of Atlantic striped bass atime ¢, where ¢ isin years since
January 1, 1879 and 0 < ¢ < 20.
(b) Solvefor B(t), assuming 0 < ¢ < 20.
(c) Assume that when fishing starts in 1899, the rate at which bass are caught is proportional to the square of the
population with constant of proportionality 10~7. Write a differential equation satisfied by B(t), for ¢ > 20.
(d) Assume that fishing practices from the start of 1899 are as described in part (c). What happens to the bass population
in the long run?
ANSWER:
Let B(t) be the bass population at time ¢.
(@) Wearetold that for 0 < ¢ < 20,
dB
— =kB.
dt k
Also
B(0) =500, and B(20) = 10°.
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(b) So B(t) = Ae*t, where A and k are constants. Since B(0) = A = 500, we know A = 500 so B(t) = 500e*t.
Since B(20) = 500e%%* = 10°, we have e*°F = 2000, 0 20k = In 2000 or k = 2000 .38. s0

B(t) = 500,

(c) Weknow that ‘fi—’f = Rate of growth — Rate of fishing, or

B _ 338 — 1077 B>
dt
R 0.38 S .
d 6 6
(d) The equilibria occur when d—’f =0,oraaB=0and B = 0= = 3.8 -10°. Theequilibriumat B = 3.8 - 10" is

stablesince 22 > 0 for 0 < B < 3.8 - 10° and 2 < 0 for B > 3.8 - 10°. Sointhelong run B = 3.8 - 10°.

Questions and Solutions for Section 11.8

1. Suppose the equations

dy dx

=2 —_4 2 -

ar y + 2zy, 7 T+ Yy

describe the rates of growth of two interacting species, where x is the number of species A, measured in thousands,

and y is the number of species B, measured in thousands.

(a) Describe what happens to each species in the absence of the other.

(b) For each species, isthe interaction with the other species favorable or unfavorable?

(c) Summarize in words the nature of the interaction between these two species.

(d) Determine all the equilibrium points in the zy-phase plane.

(e) Thesdlopefieldin the zy-phase planeisshown below. Sketch the trajectory for initial conditionsof x = 2.5, y = 0.5.
(In other words, there are initially 2500 of species A and 500 of species B). Be sure to indicate with arrows which
direction along the trajectory the populations will go in time, and show how you found this direction.

1.8 -

0.6

0.2 -

0.5 1 1.5 2 2.5

ANSWER:

(a) Bothdieout.

(b) Favorable to both.

(c) Each species would be lost without the other—symbiosis.

d ¢ = —y(4—22), z' = —z(1 — y) so Equilibrium points: (0, 0), (2,1)
(&) At(2.5,0.5):

Ccll_?; = —4(0.5) + 2(2.5)(0.5) = —2 + 2.5 = 0.5 (positive).
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Ccll_:: =—-2.5+4+(2.5)(0.5) = —2.5 + 1.25 = —1.25 (negative).

Therefore if theinitial conditions are (2.5, 0.5), species A is decreasing while species B isincreasing.

Y

0.2 -

2. Suppose the equations % =2y — xy and Cfl—: = z — zy describe the rates of growth of two interacting species, where
is the number of species A, measured in thousands, and y is the number of species B, measured in thousands.

(a) Inone sentence, summarize the nature of the interaction between these two species.

(b) The slope field in the zy-phase plane is shown below. Sketch the trgjectory for the initial conditionsz = 1,y = 2.
(In other words, there are initially 1000 of species A and 2000 of species B.) Be sure to indicate with arrows which
direction along the trajectory the populations go in time, and show how you found this direction.

Y
4

3.5
2.5
1.5

0.5

05 1 15 2 25 3 35 4

(c) Describe the long-run behavior of the two populations with the initial conditions given in part (b).
ANSWER:

(@) The two populations are competitors, since each would grow exponentially without the other; each suffers in the
presence of the other.

(b) At (1,2) we have dy _ 2>0 and

dt
Ccll_f = —1 < 0. Thismeansy isincreas-

ing and z is decreasing, so the direction
of the trgjectory must be upwards and to
the | eft.
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(c) From thetrgjectory we seethat y grows (in fact, exponentially) and z dies out.

1.5

0.5

1 1 1 1 1 1 1 1 x

05 1 15 2 25 3 35 4

3. On afine spring day you stand in the Square and throw a bean bag high into the air and catch it. Sketch atrajectory which
reflects the bean bag's trip. Label the points A, B and C' on the tragjectory where

A = the point corresponding to the instant the bag is tossed;
B = the bag reaches its highest altitude;

C' = the point corresponding to the instant you catch the bag;
x = the altitude of the bean bag;

v = the velocity of the bag.

v
x
ANSWER:
We take the acceleration to be constant at —32ft/sec®. Then v = —32t + vp and & = —16t> + vot (we take
v(0) = vo and x(0) = 0). Hence, t = 35~ and
_ qaVo— V.o v—v _ 1 5 1,
r= 6T r T =y T

(Remember that v, the initial velocity, is a constant.) The graph is shown below.
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4. Below isagraph of position versustime.

x(position)

N W ke ot O

_1,/12345678Y

(a) Sketch arough graph of v versust.

v(velocity)

N W ke ot O

(b) Graph the corresponding trajectory in the zv-plane.
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ANSWER:
@ ,
v(velocity)
7
6
5
4
3
2
1
N t
-1 1 W 7 \ 9

(b) Taking values of x and v at the same time ¢, we get the following set of (x, v) ordered pairs:

t=1/2 (0,8)
t=1 (3,4)
t=2 (5,0)
t=3 (4,-1.5)
t=4 (2.5, —1.5)
t=5 (1,-1)
t=55 | (1/2,—1/2)
t=6 (1/3,0)
t=6.5 (1/2,1/3)
t="7 (2/3,1/2)
t=175 (4/3,0)
t=8 (1/2,-1)
t=85 (0,-2)

Plotting these gives the following picture:
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Figure 11.8.123

5. A fatal infectious disease is introduced into a growing population. Let S denote the number of susceptible people at time
t and let T denote the number of infected people at time ¢. Suppose that, in the absence of the disease, the susceptible
population grows at a rate proportional to itself, with constant of proportionality 0.3. People in the infected group die at
arate proportional to the infected population with constant of proportionality 0.2. The rate at which people get infected
is proportional to the product of the number of susceptibles and the number of infecteds, with constant of proportionality
0.001.

(8 Writeasystem of differential equations satisfied by S and I.
(b) Find the equilibrium points for this system.
(c) For each of theinitia conditions below, cricle what happens ast startsto increase. (No reasons need be given.)
(i) S =400,I=100
e Sincreases, I increases.
e Sincreases, I decreases.
e S decreases, I increases.
e S decreases, I increases.
e None of the above
(i) S =400,I =400

e S increases, I increases.

e S increases, I decreases.
e S decreases, I increases.
e S decreases, I decreases.
None of the above

(iii) S =200, 1 =300

e S increases, I increases.

e S increases, I decreases.
e S decreases, I increases.
e S decreases, I decreases.
e None of the above
(iv) S =100,I =100

e Sincreases, I increases.
e Sincreases, I decreases.
e S decreases, I increases.
e S decreases, I decreases.
¢ None of the above
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ANSWER:
(@) The system of differential equationsis
s = 0.35 — 0.00151,
dt
a = 0.001ST —0.21.
dt
(b) Inequilibrium, 42 = 4L =0, j.e.
ds
— = —0.0015(I — =
7 0.0015(I — 300) =0,
dI
— =0.001I(S — 200) = 0.
7 0.001I(S —200) =0

If we solve these two equations we find that the equilibriaare at (0, 0) and (200, 300).
(c) Figure 11.8.124 shows how the nullclines around (200, 300) divide first quadrant into four regions.

I
N
e
® (400, 400)
300
“ /
U ® (400, 100)
(100, 100)
S
200
Figure 11.8.124

Figure 11.8.124 also shows the directions of arbitrary trajectories in each of these regions; for example, a
trgjectory in the upper-right region moves northwest. Using this figure, we can determine how S and I change in
each of the four situations:

(i) S and I both increase.
(i) S decresses; I increases.
(iii) None of the above.
(iv) S increases; I decreases.

Questions and Solutions for Section 11.9

1. Which system of equations could have the phase plane diagram of Figure 11.9.125?
dx dy

(a)£=—5:1:+y &l—é=$—5y
(b)gz r — by &l—;zfm—y
(c)gz—x+5y %z—fm—y
(d)Ez x — by E:_&K_y
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Figure 11.9.125: Phase Plane

ANSWER:

On the positive x axis, al trajectories satisfy the conditions % < 0, ‘;—Z < 0. If we substitute y = 0 and some
positive z-value into the equation, we see that only (c) can satisfy the above condition.
. Let 2 bethe number of reptiles, y be the number of mammals, and = be the number of plants on theisland of Komodo, all
measured in thousands (e.g., x = 50 means 50,000 reptiles). The following differential equations give the rates of growth

of reptiles, mammals, and plants on the island:

Ccll_f — —0.22 — 0.04zy + 0.0008z~
dy

_— = — ,]_ . ].

7 0.1y + 0.01zy

&2 0.002:% — 0122

dt

(a) Describe what happens to each class if the other two were not present. Use the terms we learned in class, such as
“exponential growth,” to describe the type of population growth each class experiences in the absence of the other
two.

(i) Reptiles:
(i) Mammals:
(iii) Plants:
(b) Say that initially there are 100,000 plants (i.e., z = 100) on Komodo, and there are no reptiles or mammals.
(i) Would the plant population increase or decrease initially?
(ii) Describe what would happen to the plant population in the long run. (If the plant population tends toward a
particular value, then give that value.)
(iii) Atwhat plant population would the number of plants be increasing the fastest?

(c) Who s eating whom on Komodo? Describe the nature of the interaction between each class.

(d) Find the equilibrium populations of reptiles, mammals, and plants (again assuming that none of the populations is
Z€r0).

Novv) assume that there are no plants (z = 0), but the reptile and mammal populations are non-zero.

(e) The dlope field of the zy phase plane is shown below. Sketch the trajectory starting from initial populations of 2000
reptiles and 2000 mammals (x = 2 and y = 2). Be sure to indicate with arrows in which direction the populations
move in time along the trajectory. Finally, describe what happens to the reptile and mammal populations in the long
run. Why does this make sense?
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)
3 [
25
2 |-
1.5 F
1 L/
0.5 [
| 1 | | 1 | xT
05 1 15 2 25 3
ANSWER:
(& (i) Reptiles: Ccll—f = —0.2z = exponential decay
(i) Mammals: Ccll_?; = —0.1y = exponential decay

(iii) Plants: d—j =2(z — 0.001z%) = logistic growth
(b) = Logistic growth, carrying capacity z = 1000[2z(1 — 0.001z)] = 0 = z = 1000]

(b) (i) Carrying capacity = 1000 > P, = 100 =- Plant population increases initially.

(i) lim z(t) = 1000 (Population tends toward carrying capacity.)

t—o00
dz 1 . . L
(iii) max(E) =3 (carrying capacity)= 500; here the second derivative is zero.
(c) Ccll_?; x +0.01zy = Mammals eat reptiles.
dx .
T +0.008zz = Reptiles eat plants.
(d) (i) z(—0.2 —0.04y + 0.008z) =0
Set 2 = y(—0.1+ 0.01z) = 0 to get = = 10.

and & = 2(2 — 0.002z — 0.1z) = 2(2 — 0.002z — 1) = 2(1 — 0.002z) = 0 to get z = 500.

Then 42 = —0.2 — 0.04y + 0.0008(500) = 0 wheny =5
Equilibrium populations are:
x = 10, i.e., 10,000 reptiles
y =5, i.e, 5,000 mammals
z = 500, i.e., 500,000 plants.
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(e) Yy
3 [
2.5
2 -
1.5
1 L/
0.5 [
| 1 | | 1 | €T
05 1 15 2 25 3
Pluginz =2,y = 2:
dx
T =-0.2(2) —0.04(2)(2) < 0
% — —0.1(2) + 0.01(2)(2) <0
Soz andy are }. Arrowsgo /.
Reptile and mammal populations — 0.
Makes sense because plants are the ultimate food source for both!
3. Theinteraction of two populations z(t) and y(t¢) is modeled by the system
ldr ldy
P =1—z—ky, ydt =1—-y+kz,

where k is a positive constant.

(@) What type of interaction is modeled here (Symbiosis, Predator—Prey, Competition)?
(b) Do the qualitative phase plane analysis for the case k > 1. For example, try k = 2. What happens in the long run?
(c) Do the qualitative phase plane analysisfor thecase k < 1. For example, try k = % What happens in the long run?

ANSWER:

(@) We note that anincrease in y causes a decrease i |n 7 (due to the —ky term) and an increase in = causes an increase
in y (due to the +kx term). Thus, itis Predator—Prey model, with ¢ being the Predator and = being the Prey.

(b) For k =2, wehave - L ‘“ =1-z—2yandi% =1 — gy 4 2z The phase plane diagram is below; one can see the
trajectories spiraling toward (0,1). Asfor theequmbrlum points, wehavez(1—z—2y) = 0 and y(1 —y+2z) = 0.
Therefore, either x = 0, andtheny = 0ory = 1;ory = 0,andthenz = 0orx = 1;0r1 —x — 2y = 0 and
1—y+2r=0adthenz =1, y=2 Sowehave(0,0), (1,0), (0,1),and (—%, 2) asour equilibrium points.
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(c) Fork = 3, wehaveldz — 14— 1y and i‘;—i‘ = 1—y+ 1. The Phase Plane Diagram is below; one can seethe
trajectories spiraling toward (2, £). Asfor the equilibrium points, wehave z(1—z—3y) = 0 andy(1—y+3x) = 0.

Therefore,eitherx:O,andtheny:OOry:1;ory:0,andthenx:Oorle;orl—x—%y:Oand

l1-y+3z=0andthenz = -2,y = 2. Sowehave (0,0), (1,0), (0,1), and (2, £) as our equilibrium points.

4 -

1 1 1 | T

1 2 3 4

4. The acceleration of amoving object is given by
Lo _ (% 1)
2~ T \dt

(a) Set up asystem of first order differential equations for position = and velocity v.

(b) Do the qualitative phase plane analysis for this system, indicating clearly the null clines and constant solutions.
(Consider positive and negative values for x and v.)

(c) With the help of your graphing calculator, sketch two trgjectories: one for initial vaues z(0) = —3, v(0) = 3 and
the other for z(0) = 3, v(0) = —2.

where z(t) isthe position at time ¢.

(d) Consider the tragjectory with initial values z(0) = —3 and v(0) = 3. Approximate the maximum and minimum
values of x (if such values exist). Approximate the maximum and minimum values of v (if such values exist).
(e) Consider the trajectory with initial values z(0) = 3 and v(0) = —2. Approximate the maximum and minimum

values of x (if such values exist). Approximate the maximum and minimum values of v (if such values exist).
(f) Draw some general conclusions about what happens to z(¢) and v(¢) for different initial values.
ANSWER:

(@ Wehavev = 4 and & = z(v — 1).

(b) To find points in the phase plane where slopes are vertical, we solve % = 0, to obtain v = 0. To find points with
horizontal slopes, we solve % = 0,toobtainz = 0 or v = 1. Therefore, slopes are vertical along the z-axis and
horizontal along the v-axisand thelinev = 1. Asfor equilibrium points, we want both % and ‘fi—‘f equal to 0, which
isonly possible for z = v = 0. The slope field is shown below.
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(©) v v
9 9
6 6
N 3
xr T
-9 -6 -3 3 6 9 -9 -6 3 6 9
-3 —3
—6
-9 -9
(d) We see that the function continues indefinitely up and to the right. Thus, maximal values for v and x do not exist. We
also see from the graph that the minimal value for z isz = —3 (at the starting point) and the minimal value for v is
v 1.14.

(e) From the graph, we approximate the maximal value for x to be z = 3.24, the maximal value for v to be v =~ 1.00,
the minimal value for z to be x ~ —3.24, and the minimal value for v to bev ~ —7.60

(f) If initially the velocity is greater than one and the position is positive, the acceleration will be positive forcing the
velocity and position to increase further. Thus, an object in this state will never fall, and does in fact climb without
bound. If the velocity isgreater than one, but position is negative, then the object will at first slow down (while moving
in the positive direction) and then speed up again. If, however, the velocity is ever less than one, then a cycle will
arise in which velocity decreases until the position is negative at which point the object begins to fall more slowly.
The object eventually changes direction and the cycle recurs.

Review Questions and Solutions for Chapter 11

1. Each graph below is a solution to at least one of the differential equations. Match them up in such away that each graph
is used only once. No work need be shown.

® Y ® Y




338

@

(b)

(©

(d

@
(b)
©

(d

Discuss the solutions of the differential equation

d*y .
proi 2 has solution graph
dy .
priial 2 has solution graph
dy .
i y(2 — y) has solution graph
dy .
i —yt has solution graph
ANSWER:
C.y=t2
Ay=—e'+1,9 <0ify <2
B. Zero solution, y = 0.

2
D.y= e T

y(1 -z —y).

Your discussion should include at |east the following points:

Are there any constant solutions?

A sketch of several solution curves.
Explain why the solution function f for which f(—1) = 1 has aglobal maximum. What is the “long run” behavior

of this function? (i.e., what can you say about lim f(z)?)
r— 00

Many solution functions have global maxima. Where do these maximum points appear on the graph?
A discussion that includes other significant information may receive extra credit. Although you may use your calcu-
lator to get the picture, try to base your arguments on information taken directly from the differential equation.

Note: Solutions starting from negative values of y are likely to grow so fast the the calculator will overflow, causing

it to stop and give an error message.

ANSWER:

<

Solution Curvesto

L=yl-z-y)

The only constant solution is the curve y = 0. One can seethisbecause if y = ¢,

c(l—z—c)=0.
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But thisholds for @l z only if ¢ = 0.

Solutions will have global maximawhen j—z = 0. Thishappenswheny = 0 or when1 — z — y = 0. Thefirst cannot
happen, since solution curves do not intersect and y = 0 is a solution. Therefore, critical points can only occur on the
linex +y = 1. If y ispositive, d—g will be positive for > y — 1 and negative for © < y — 1, so al critical points with
positive y will be maxima. Moreover, if y(z) > 0 for some z, then y is decreasing for z > 1, so y(z) approaches some
limit greater than or equal to 0. Hence 3/ (x) — 0 when x — oo. This means that

dy
dx
sincel —z —y — —oo, theny — 0 (it'sthe other factor) as desired.
3. TRUE/FALSE questions. For each statement, write whether it is true or false and provide a short explanation or coun-
terexample.
(@ y =2 +zisasolutionto & = 2(y — z°) + 1.
(b) The solution of j—z = z + 1 passing through (0, 1) is the same as the solution passing through (0, 0), except it has
been shifted one unit upward.
(c) The solutions of ‘fi—’z = kP(L — P) are dways concave down.

ANSWER:

=y(l—z—y)—>0

(8) TRUE. Substitutey = 22 + z in the left side of the equation Z—Z =2y —a?) + 1.
Left side = 2z + 1.
Now substitute in the right side:

Right side = 2(¢” + . — 2°) + 1
=2z +1.

(b) TRUE. The slope field is independent of y, so solutions beginning at the same z-coordinate with different y-
coordinates will be vertical translations of each other.
(c) FALSE. Thisisthe logistic equation, some of whose solutions look like:

P

Note: A quick way to see that the statement isfalseisto note that when k = 0, dP/dt = 0, and thus P = const,
which is not concave down.

4. Consider the differential equation

dpP
dt

(@) What are the equilibrium solutions with —1 < P < 8? Give exact answers.

(b) Sketch solution curves to this differential equation for —1 < P < 8. Include all the equilibrium solutions and the

solutions going through the points (0, 1), (0, 3), (0, 5), (0, 7).
(c) What happensto the value of P(t) ast — oo if P(0) = 1?
(d) What happensto thevalue of P(t) ast — oo if P(0) = 67

(e) What equilibrium solutionsin —1 < P < 8 are stable and which are unstable?
2

(f) Find % intermsof P

(g) Useyour answer to part (f) to decide at which of the following points the solution curve is concave up. (Circle your
answer(s). No reasons need be given.)

=sin P

(1,1) (3,3) (5,1) (7,3)
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ANSWER:
(@ % = 0whensin P = 0, i.e.if P = km, so we have equilibriaat P = 0, P = =, and P = 2.
(b) For Pin (0, ), sin P is positive, so ‘3—1; is positive, so P isincreasing; likewise P isincreasing for P in (2x, 37).

By asimilar argument, P is decreasing for P in (r, 27). Thus the graph of P will be as shown in Figure 11.10.126:

Figure 11.10.126

(c) Looking at Figure 11.10.126, we notethat P = 1 isin (0, ), so P(t) — w ast — oo.
(d) Looking at Figure 11.10.126, we notethat P = 6 isin (r, 27) o P(t) — 7 ast — oo.
(e) P =rwisstable; P = 0and P = 27 are unstable.

(f) We differentiate the expression for ‘fi—’::

=5 ()
dtz2 "~ dt \ dt
= % (sin P)
dP
= P _
osP (%)
= cos Psin P.

(9) (cos P)(sin P) ispositivefor P = 1 and negative for P = 3 so solution curves are concave up at (1,1) and (5, 1).



