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704 |||l CHAPTER 11 INFINITE SEQUENCES AND SERIES

9-26 Determine whether the seris is convergent or divergent.

0. 3 @+ 3
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g

it

5.3+

31. The Riemann zeta-function ¢ is defined by
$1
=3

and is usd in number theory to study th distribution of pime
‘numbers. What is the domain of 7

32. (a) Find the partial sum sio o the series S3-1 1/ Estimate the

ertor in using si0 s an approximation (o the sum of the
series.

() Use (3) with n = 10 10 give an improved estimate of the

(©) Find a value of 150 that s, i within 0.00001 of the sum.

53] (@) Use the sum of the first 10 terms 1o estimate the sum of the
Seres Y3, 1/ How good i hi estimate?
®) Improve this estimate using (3) with n = 10.
) Find a value of nthatwill ensur tht the eror in the
approximation s = s, s les than 0001

34. Find the sum ofthe series 33, 1/ cortct 0 three decimal
places.

35. Btimate S, 2+ 17 corectt five decimal laces.

36, How many terms of the seris 3., 1/ [n(ln )°] would you
eed 0 3dd o find s sum to within 0.017

37 Show that if we wani to approximae the sum o the seris
3 a7 o that th emor i es than 5 n the inth decimal
piace, then we ned 10 add mare than 10" terms!

65138, (6) Show that the seres S5 (In 1/ isconvergent.

®) Find an upper bound for the error n the approximation
s=s

(©) Wha s the smallest value of 1 such thatthis upper bound.
isless than 0.057

(@ Find s, for this value of

[59] (a) Use (4) to show that if s, is the nth partial sum of the
harmonic seris,then

s=l+ln

) The harmonic seies diverges, but very slowly. Use part a)

10 show that the sum of the frst million terms Is less than
15 and the sum of th frs billion terms i les than 22

40, Use the following steps to show tha the sequence

-

has a limit. (The value of the limit is denoted by  and is called

Euler's consant)

@) Draw a picture ik Figare 6 with () = 1/xand interpret
taas an area [or use (5)] to show that &, > 0 for all n.

©) nterpret

1
IER

ty= ey =[In(a + 1) = Inn] =
a5 difernce of aress o show tha , ~ £, > 0. There-
fore, ()i  deceasing sequence
(©) Use the Monalonic Sequence Theorem to show that (1} 5
comergent.
1. Find al posiive valuesof b for which the series S5,
comerges.

42. Find all values of c for which the following seris convergs.

ilz-2h)
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4| EXERCISES

) Suppose 3 2, and by areseres with posiive erms and % s
kaown to be comergent.

@ 1 > b, forall n, what can you say about = 2,7 Why?
)16 24 < by forall . whatcan yousay about = 2,7 Why?
2. Suppose S 2, and S are seris with psitiv tems and = by is

Koot be divergent.
(a) If a, > b, for all n, what can you say about X a,? Why?
6)1f 21 < by forall . whatcan you say about = 2,7 Why?

3-32 Determine whether the series converges or diverges.

I

$ 5+
Xy

1t

> Zm
w312
'

3336 Use the sum of the firs 10 terms to approximate the sum of
the seies. Estimate the error

» S w3
F -
ey * 1w

57] The meaning of the decimal representaion of a number
O.dihch... (whereth digt d,isone ofthe numbers 0, 1.
29 i that

G, b b 4

Oddhdhd... = 0+ 05+ G+ qoe

‘Show that thi series aluays convergs.
38. For what values of p does the series S 1/(s” In 1) comverge?
39. Prove that if 2, = 0 and = , comverges, then 3 a7 also
converges.
40. (a) Suppose that = 2, and = b, are series with positive terms
and 3 b, is comergent_ Prove that if
m 2o

hen: a8 asocomergent.
6) Use part (a) to show thatthe series converges
S < an
015 Ep

f41] (a) Suppose that = 2, and 3 b, are series with positive terms
and. by s divergent. Prove that if

a_,
my,

then , s aso divergent.

(b) Use part a) to show that the series diverges.
£ s
L% LR

2. Give ancxampleof apie of seris = a, and 3 b, wit posive
terms where lim .« (a/b) = 0 and = by diverges, but X a,
converges. (Compare with Exercise 40.)

43 Show that £ 2, > 0 and i, - na, # 0, then 2,15
divergnt.

4. Show that 12, > 0 and 2, s convergnt, then = n(1 + 2,)
Scomugent

45 15 2,15 comvergent sres withposive terms, s t true that
S sina,) s also comergent?

46, 165 2, and S b, are both convergent series with positive terms,
st e that 3 2,15 aso comergent?
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1. What can you say about the seris = 2 in each of the following L5
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5] The trms of a seres ae defined recursvely by the cquatons

Su+1
Wmes

Determine whether S 2, converges or diverges.
30. A series = , i defined by the equations

a=2  am a

24cosn
=,

Determine whether = a, converges or diverges.
[57] For which of the following seris s the Ratio Test inconclusive

a=1  a.

hatis, i s o give a deinte answen?

wiy e
5=y s

©ETr LR ey

32. For which positive inegers ki the following series

53] @) Show that 0.7 comerges forall
©) Deduce that lim, - </ = 0 forall x

34 Let 3 a, be a seres with positive terms and et 1, = 21/
Suppose thatlimq-~- 1, = L < 1,50 3 2, comverges by the

Ratio Test. As usual, we et R, be the remainder afer » terms,

R

(@) 16{z,}is @ decreasing sequence and r,., < 1. show, by
‘summing a geomelric series,that

R=

T=rm
) 1 {zu}is an increasing sequence, show that

R
35. (a) Find the partal sum s; of the series 3, 1/12". Use Exer-
cise 34 to estimate the error n using S, 2s an approximation
10 the sum of the srics.
) Finda value of 150 that s, is within 0.00005 of the sum.
‘Use this value of 110 approximate the sum of the seris.

36. Use the sum of the first 10 terms to approximate the sum of
the series

Use Exercise 31 to estimate the error

37. Prove the Root Test. int for part (i) Take any mumber r such
that L < < 1 and use the fact that thre s an ineger N such
that 7] < rwhenever > N1

38. Around 1910, the Indian mathematician Stinivasa
‘Ramanujan discovered the formula

12T 5 (@nies + 26390
TTwOS ()

‘Willam Gosper used this serie n 1985 to compute th first

17 millondigts of

(@) Verfy tha the eries is comvergent.

b) How many comect decimal places of = do you get i you
e just the frttem of the sries? Wha i you use two
tems?

39, Given any series > 2., we defne a sees > 2 whose terms are
all the postive terms of > a, and a seres > 25 whose terms
areal the negatve terms of > 2, To be speciic,we lt

PPN oo
2 g 2

‘Notice that if 2, > 0, then a5 — 2, and a3 — 0, whereas if
a,< 0, then a5 = 2, and ; = (.
(@) 175 2, is absolutely convergent, show that both of the series
S a3 and > a5 are comvergent
) 1£> 2, is conditionally convergent, show that both of the
series > a and 3 a5 are divergent.
40. Prove that if 3 2, is a conditionally convengent series and.
ris any real number, then there is a eartangement of = 2,
‘whose sum is 7. [Hints: Use the notation of Exercise 39.
‘Take just enough positive terms 50 that their sum is greater
than 1. Then add just enough negalive terms 5 so that the
‘cumulative sum i less than - Continue in this manner and use:
Theorem 11.2.6.]
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1-38 Test the series for convergence or divergence.
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EXERCISES

1. () What s a sequence?
(b) What does it mean to say that lim, - 2, = 87
(©) What does it mean to say that lim, . 2, = =7

2. (&) What is a convergent sequence? Give two examples.
) What s a divergent sequence? Give two exampls.

3-8 List the fist five terms of the sequence.

ne1
3 a=1-02r 4 am g
5 =30 6262}

1 s a=4
a

AR (-
[BXH

) WG5S L)

514 Find a formala forthe general erm 2, of the sequence,
assuming that the patten of the fist few terms contines.
}

o {Libhi ) 0. {1,

(15 Listthe irst six ter of the sequence defined by

RTE
Does the sequence appear (0 have a limit? If so,fnd it

16, List the frst nine terms of the sequence {cos(z/3)). Does this
‘sequence appear o have a limit?Ifso, ind it. If not, explain
why.

17-46 Determine whether the sequence converges or diverges.
IFit converges, find the liit

17.a2,=

. »
- 02 8 a= ot
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27, 2= cos(n/2)
@a-1
= ()

nfs) = i)

33 (re) . fwenre}
SR B8] a,=ln(a + 1) = I
7. 3,= nsit/n) e
s (142f P

(nn?

=i+ 1) = I+ 1) 42 =

A31{0.1,0.0.1,000,1,...}

3

/¥ 47-53 Use a graph of the sequence to decide whether the
Sequence is convergen or divergent. Ifthe sequence is conver-
gent, guess the value of the limit from the graph and then prove
‘your guess. (See the margin note on page 680 for advice on
graphing sequences.)

ar.a,=1+ (=2/0"

4. a,= Jmsinx/yn)

Seer

®n= N\

0. a,- JFTE

_ reosn
TTe R

1-3-5

50 ) Determine whetherthe sequence defined as follows s
comrgen o dvrgent

a=1

a fon=1
(b) What happens i the frst em s = 22

55. 16 S1000 i nvested at 6% ineret, compounded anmualy,
then after 1 years th investment is worth 2, = 1000(L06)*
dollars.

@) Find the first fveterms of the sequence (2, .
(®) I the sequence convergentor divergent? Explain.

56, Find the first 40 terms of the sequence defined by

_fta if asoneven mumber
1= 13, + 1 if a,is an odd number

and a, = 1. Do the same if 3, = 25. Make a conjecture:
about this type of sequence.

S7. For what values of r s the sequence {nr*) convergent?

58 (2) If{a,}is convergent, show that

apey = lim 2,

) A sequence {a} is defined by a, = 1 and
0= 1/(1 + ) for > 1. Assuming that .} is
comergent,find s lmit.

[59] Suppose you know that {a,} is a decreasing sequence and
it terms le between the umbers 5 and 8. Explain why
e sequence has a limit. Whal can you say about he value
of the limi?

50-66 Determine whether the sequence is increasing, decreasing,
o not monotonic. Is the sequence bounded?

60, a,= (=2
1
3

-3
v

)

6 a,= n(-

4. a,=ne

1
65 2= 6 a=nt

EE

7. Find the i of thoe sequence
{vz.vav oo}

68. A sequence {a.} is given by @ = VZ, 2o = VT a.
(a) By induction or otherwise, show that {a,}is increasing
‘and bounded above by 3. Apply the Monotonic Sequence
‘Theorem to show that . a, exiss.
(®) Find lim, .. 2,
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€8] Show thatthe sequence defined by

RS
Istncresingand 2. <3 forall  Deduce that {.}1s comver-
et and o 18 i

70, Shonw that the sequence defined by

a=1

a=2

Saisies 0 < 2, = 2 and s decreasing. Deduce that the
Sequence i convergent and fnd its i
71. (a) Fibonacci posed the following problem: Suppose that
rabbitslive forever and that every month cach pair
produces a new pair which becomes productive at age
2 months. 1f we start with one newbom pair how many
pais of rabbits vl we have i the th monih? Show that
the answer is £, where { £} is the Fibonacci sequence
defined in Example 3(c).
) Let a, = £,.,/f,and show that a,, = 1 + 1/a,,.
Assuming hat {2,}is convergen, find its limit.
7@ Leta, = 2.2, = (a), a, = fla;) = (1.
00 = f(a,). where £is a continuous functon. If
lim, - 2, = L. show that £(1) = L.
®) Mlstrate part (3) by taking 703 = cos x a = 1, and
estimating the value of L {0 five decimal places.
473, @) Use a graph to guessthe value of the limit
L4
Jm
®) Use. graph of the sequence i par &) o find the
smallet values of N that correspond to = = 0.1 and
&= 0,001 in Definition 2.

74, Use Defiiton 2 direcly o prove that lim, . r* = 0
when | 1] < 1.
75. Prove Theorem .
{#int: Use cither Definition 2 or the Squecze Theorem.|
76. Prove Theorem 7.
77. Prove that if lim,—.. 2, = 0 and {b} is bounded, then
lim, ... (a,b) = 0.
e (1)
@) Show hat 0= a < b, then
ot —
e
®) Deduce that b(n + 1)a — nb] < 2"
(© Usea=1+1(n+ 1) and b=1+ 1/nin pat ) to
‘show that {a,} is increasing.
@ Usea = Land b= 1+ 1/(22)in part () to show that
e

<@+ bt

(©) Use paris (c) and (@) to show that 2, < 4 forall n
() Use Theorem 12 t show that lim, . (1 + 1/)* exists.
(The limitis . See Equation 3.6.6)

79, Let aand b be positive numbers with a > b Let 2, be their
arithmetic mean and b, their geometric mean:

amft heyE

‘Repeat this process so that, in general,

ath

by = Vabe

A=

(@) Use mathematical induction to show that

20> aues > oo > by

) Deduce that both {a.} and {b} are convergent.

(©) Show tht limy-~e 2, = lim, < b. Gauss called the
‘common value of these limis the arithmetic-geometric:
‘mean of the numbers a.and b.

80. (2) Show that if lim, . 3z, = Land lim, . 20, = L.
then {a,}is convergent and lim, - 2, = L
®)1fa = Land
1
T+a

=14

find the st eigh erms of the sequence .}, Then use
part @ t show that lim, . 2, = 2. This gives the
continued fracton expansion

e —t

24

7+

81. The size of an undisturbed fish population has been modeled
by the formula
bp,
oy

where p, i the fish population after years and  and bare

positive constantsthat depend on the species and is environ-

‘ment. Suppose that the popultion in year 0 s s > 0.

(6) Show tha 1f {7, s convergent.thn the anly possible
values for s limit ae 0 and b - 2.

©) Show that por < (b/a)pe.

© Use pat () to show tht f a > b then i, . p, = 0
notherwords, he populaton dies ou.

@ Now assume that a < b. Show that f po < b = 3, then
(i increasing and 0 < p, < b~ & Show also that
i o > b= then { i s decreasing and pu > b~ 2
Deduce hat i a < b, then o pu = b~ 3.

poa=
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11.2] EXERCISES

1. ) Wht i the difference between a sequence and aseies?
(b) What i aconvergen eres? What i 2 divergnt seres?
2. Explan what t meanstosay tht S5, 2, = 5.

75 3-5 Find a least 10 patal sums o the seres. Graph b the
Sequence ofterms and the sequence of partial sums o the same
Scren. Does it sppar that the seies is convergent o divergent?
1Fitis convergen, fin thesum. 1 i 5 divrgent. explain why

- 2r=1

I

& 3o

'
EP)

w9 wigh

2
B Letas= 5

(o) Determine wheher {a} s convergent.
©) Determine wheher S5 2, is comergent.

10, (@ Bxplin the ifrncebtween
Sa ad 3a
z z
0 Explinthe ifferencebetween
11-20 Detemine whether the geometc s s convergent o
divergent. 115 comergen, o o oum
W3+2+8+5+
B3-4+Eo%a
114044 016+ 008+ -

3 609" P
15, 3609 6 3 o

21-34 Determine whether the seres is convergent or divergent.
Ifitis convergent, find its sum.

»

5 syt

3

-3

e
n(nu!) » 7

35-40 Determine whethe the seie is comergentordivergent
by xpresing s, a tlescoping sum (@ n Exampl .11t s

frapspe—

EvETE)

Pt
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4146 Express the number as a ratio of integers.
[L) 02 = 02222
42,073 = 073737373

3. 3417 = 3417417417
44, 6.250 = 62545454 .

45, 15382 46. 712385

47-51 Find the values of x for which the series converges. Find
the sum of the serie for those values of x.

wSa-

ety
=

0l

52. We have seen that the harmonic series s a divergent series
‘whose terms approach 0. Shonw that

sufo-

is another seris with this property.

5 53-54 Use the partial fracton command on your CAS o find
2 comvenien expression for the partal sum, and the use this
expression o find the sum of the series. Check your answer by

usiog the CAS o sum the sertes drectly
Sw et s 1
ey %

55 I the i partal sum of a seres -, s

SECTION 11.2 SERIES [||| 695

56 1fthe h partial sum of a seies 3 a, s 5, = 3 = 027,
find asand 3 aa.

57. When money is spent on goods and services, thase who
receive the money also spend some of it. The peaple receiv-
ing some o the twice-spent money will spend some of tha,
and s0 on. Economists callthis chain reacton the multiplicr
effct n a hypothetical isolated commanity th local govern-
‘ment begins the process by spending D dollar. Suppose that
each recipient of spent money spends 100% and saves
10059% of the money that he or she receives. The values cand
sare called the marginal propensity o consume and the mar-
ginal propensity 0 save and, of course, ¢ + 5= 1.

@) Let S, b the fofal spending that has been generated afier
ntransactons. Find an equation for S,

() Show that im, . 5, = kD, where & = 1/5 The mumber
kis called the multiplicr. What is the multplier i the
‘marginal propensity to consume is 80%?

Note: The federal government uss this principle o justify

deficit spending. Banks use this principle o jusify iending a

large percentage of the money tht they receive in deposits.

58. A certain ball has the property that cach time it falls from a
height onto a hard,level surface, it rebounds to a height 1
where 0 < < 1 Suppose that the bal is dropped from an
nital height of H meters.

(@) Assuming tha the ball ontinues to bounce indefinitly.
find the total disance that i travels. (Use th facttha the
ballflls g/ meters in {seconds)

() Calculate the tota time tha the ball travels.

(©) Suppose that cach time the ball srikes the surface:

‘with velocity i rebounds with velocity k. where
0< k< 1. How long wil it take for the bll o come

Seemn

61, In Example 7 we showed tha the harmonic series i diver-
gen. Here we ouline another method, making use ofthe
fact that 0* > 1 + xforany x> 0. (See Exercise 4376

I, i the st parial sum of he harmie seie, show
thal &> n + 1. Why docs this imply tht the harmonic
Seresis divergent?

62, Graph the curves y = %0 < x < L forn=0,1,2.3.4, ..
‘ona common screen. By finding the areas between successive
curves, give a geometic demnstraion o the fact, shown in
Example , that

51

2!
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e s o s
s1
Lw<fma

[
2 Suppie 7143 cotmons poste decesin ction

for x= 1 and a. = (0. By drawing a pictre, rank the
following three quaniites in increasing order:

[rwa Sa S

3-8 Use the Integral Test to determine whether the seres is





