
MATH 162        Solutions:   TEST I        16 February 2018 
 

 
 

Instructions:   Answer any 16 of the following 18 questions.  You may answer more than 16 to obtain extra 

credit.  You must show your reasoning; calculator answers are not acceptable. 

Each problem is worth 6 points, unless otherwise stated. 

 

1.   Explain why the following improper integral converges. 

 
 

Solution:   Since the integrand is roughly, 
𝑥2

2𝑥5 =
1

2
  

1

𝑥3  , we conjecture that our given integral converges (by 

virtue of the p-test for Type 1 improper integrals). 

 

Using the Comparison Test, for x ≥ 1,  0 ≤  
𝑥2−1

2𝑥5+3𝑥+17
<

𝑥2

𝑥5 =
1

𝑥3 we see that our original integral converges. 

 

 

2.   Determine if the following improper integral converges or diverges.  Justify your answer! 

∫
1

√𝑥 − 5
𝑑𝑥

7

5+

 

Solution:    

Since  ∫
1

√𝑥−5
𝑑𝑥

7

5+
 appears to behave as ∫

1

√𝑥
𝑑𝑥

5

0+
, we conjecture via the p-test for type 2 improper integrals 

that our original integral converges. 

Using the definition of the improper integral: 

 

∫
1

√𝑥 − 5
𝑑𝑥

7

5+

= lim
𝑎→5+

 ∫
1

√𝑥 − 5
𝑑𝑥

7

𝑎

= lim
𝑎→5+

 2(𝑥 − 5)
1
2

   |
𝑎

7

= 

 

lim
𝑎→5+

 2(𝑥 − 5)
1
2

   |
𝑎

7

= 2 lim
𝑎→5+

(2
1
2 − (𝑎 − 5)

1
2) = 23/2 

 

3.   Consider the recursive sequence defined by  

𝑎1 = 1 𝑎𝑛𝑑 𝑎𝑛+1 = √6 + 𝑎𝑛  𝑓𝑜𝑟 𝑎𝑙𝑙 𝑛 ≥ 1. 

(a)   Find a1, a2, a3, and a4.   Round your answers to the nearest hundredth. 

Solution:   𝑊𝑒 𝑎𝑟𝑒 𝑔𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝑎1 = 1.   𝑆𝑜 𝑎2 = √6 + 𝑎1 =  √7 ≈ 2.65 
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𝑁𝑒𝑥𝑡  𝑎3 = √6 + 𝑎2 ≈  √8.65 ≈ 2.94;  𝐹𝑖𝑛𝑎𝑙𝑙𝑦, 𝑎4 = √6 + 𝑎3 ≈ 2.99 

 

(b)   Find the lim
𝑛→∞

𝑎𝑛 assuming that this limit exists. 

Solution:  𝐿𝑒𝑡 𝐿 = lim
𝑛→∞

𝑎𝑛 .   𝑇ℎ𝑒𝑛, 𝑠𝑖𝑛𝑐𝑒 lim 𝑎𝑛+1 = lim 𝑎𝑛  𝑎𝑛𝑑 lim 𝑎𝑛+1 =  √6 + lim 𝑎𝑛  , we have: 

 

 𝐿 =  √6 + 𝐿  which implies that 𝐿2 − 𝐿 − 6 =  0 .  𝐹𝑎𝑐𝑡𝑜𝑟𝑖𝑛𝑔:   (𝐿 − 3)(𝐿 + 2) = 0, 𝑠𝑜 𝐿 =  −2 𝑜𝑟 𝐿 = 3.  
 

As L is defined to be a limit of positive numbers, we reject the possibility that L = -2. 

Thus L = 3. 

 

For each of the following sequences, determine convergence or divergence.  In the case of divergence, find the 

limit of the sequence.  Show your work. 

 

4.  𝑎𝑛 = 𝑛 sin
1

𝑛
 

 

Solution:   Let h = 1/n.  Then n = 1/h and as n  , h  0.  Hence: 

𝑎𝑛 = 𝑛 sin
1

𝑛
=

sin ℎ

ℎ
 → 1 𝑎𝑠 ℎ → 0 

 

5.  𝑏𝑛 = ∫ 𝑒−5𝑥𝑑𝑥
𝑛

0

 

 

Solution:  𝑏𝑛 = ∫ 𝑒−5𝑥𝑑𝑥
𝑛

0
=   (−

1

5
 𝑒−5𝑥|

𝑛
0

) = −
1

5
 (𝑒−5𝑛 − 1) →

1

5
 

 

 

6.   𝑐𝑛 =
1

arctan(ln(ln 𝑛))
 

 

Solution:  𝑆𝑖𝑛𝑐𝑒 ln ln 𝑛 → ∞ 𝑎𝑠 𝑛 → ∞ ,    𝑐𝑛 =
1

arctan(ln(ln 𝑛))
→

1

  
𝜋

2
  

=  
𝜋

2
 

 

 

7.  𝑑𝑛 =
𝑛(5𝑛+1)(𝑛−2018)5

1789+ln 𝑛+(2𝑛+3)3(𝑛−11)4 

 
Solution: 

𝑑𝑛 =
𝑛(5𝑛+1)(𝑛−2018)5

1789+ln 𝑛+(2𝑛+3)3(𝑛−11)4 ≈
𝑛(5𝑛)𝑛5

(2𝑛)3𝑛4  = 
5

8
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8.    𝑒𝑛 = √𝑛2 + 5𝑛 − √𝑛2 − 21𝑛 

 

 

Solution:   Rationalizing the “numerator” yields: 

𝑒𝑛 = √𝑛2 + 5𝑛 − √𝑛2 − 21𝑛 = (√𝑛2 + 5𝑛 − √𝑛2 − 21𝑛)
√𝑛2 + 5𝑛 + √𝑛2 − 21𝑛

√𝑛2 + 5𝑛 + √𝑛2 − 21𝑛
= 

 

 

(𝑛2 + 5𝑛) − (𝑛2 − 21𝑛)

√𝑛2 + 5𝑛 + √𝑛2 − 21𝑛
=

26𝑛

√𝑛2 + 5𝑛 + √𝑛2 − 21𝑛
→ 13 

 

 

9.     𝑧𝑛 =  ∫
1

√𝑥 −1

𝑛

2
 𝑑𝑥  

 
Solution: Let x = u2; then dx = 2u du.   So 

 

 zn =  ∫
1

√x − 1

n

2

 dx = ∫
1

u − 1

√n

√2

 2u du = 2 ∫
u

u − 1

√n

√2

 u du 

Next, let y = u – 1; dy = du.    So 

 

 

 zn =  2 ∫
u

u − 1

√n

√2

 du = 2 ∫  
y + 1

y

√n

√2

 dy =  2 ∫  (1 +
1

y
)

√n

√2

 dy =  

 

 

2(y + ln y) [√n

√2
  = 2(√n + ln √n − √2 − ln √2 ) =  ∞. 

 Hence, the sequence diverges. 

 

 
10.  [2 pts each] For each of the following statements answer True or False.  Briefly justify each answer! 

(a)    x3 ln x + x + 1 = o(x4) 

Answer:  True 

(b)     4n  = o(n) 

Answer:  False 

(c)    )(
20155

99ln5)1(3 8

35

523

xO
xxx

xxxx





 

True since: 
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xas
xxxx

xxxx

x

xxx

xxxx

3
20155

99ln5)1(320155

99ln5)1(3

891113

523

8

35

523

 

 

(d)    (ln x)2018 = o(x) 

 
Answer:  True 

(𝑒)   (1 +
1

𝑥
)

3𝑥

= 𝑜(𝑒4𝑥) 

Answer:  True, since  (1 +
1

𝑥
)

3𝑥
→  𝑒3 

 
11.    Evaluate ∫ arcsin 𝑥  𝑑𝑥    
 
Solution:  Using integration by parts: 

 

Let f(x) = arcsin x 

Then 𝑔′(𝑥) = 1 

So g(x) = x and 𝑓′(𝑥) =
1

√1−𝑥2
 

Thus 

∫ 𝑎𝑟𝑐𝑠𝑖𝑛 𝑥  𝑑𝑥 = 𝑥 𝑎𝑟𝑐𝑠𝑖𝑛 𝑥 − ∫
𝑥

√1−𝑥2
 𝑑𝑥 =  𝑥 𝑎𝑟𝑐𝑠𝑖𝑛 𝑥 − √1 − 𝑥2 + 𝐶 

 

 
12.   Evaluate  

∫ 𝑥
1
4 ln 𝑥 𝑑𝑥 

Solution: Use substitution: 
 

Let u = 𝑥
1

4;    𝑡ℎ𝑒𝑛 𝑥 =  𝑢4 𝑎𝑛𝑑 𝑠𝑜 𝑑𝑥 = 4 𝑢3𝑑𝑢 

Thus 

∫ 𝑥
1

4 𝑙𝑛 𝑥 𝑑𝑥 = ∫ 𝑢 𝑙𝑛 (𝑢4) 4𝑢3𝑑𝑢 = ∫ 𝑢 4 (𝑙𝑛 𝑢) 4𝑢3𝑑𝑢 = 16 ∫ 𝑢4 𝑙𝑛 𝑢 𝑑𝑢 = 

4

25
𝑥

5

4 (5 𝑙𝑛 𝑥 − 4) + 𝐶   since 

∫ 𝑢4 𝑙𝑛 𝑢 𝑑𝑢 =
1

25
𝑢5(5 𝑙𝑛 𝑢 − 1) 

 

13.   The graph of the function p(x) is shown below: 
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Solution: Integration by parts formula 

 ∫ 𝑓(𝑥)𝑔′(𝑥)𝑑𝑥 =  𝑓(𝑥)𝑔(𝑥)
2

0
[
2
0

− ∫ 𝑓′(𝑥)𝑔(𝑥)𝑑𝑥
2

0
           

𝑁𝑜𝑤 𝑙𝑒𝑡 𝑓(𝑥) = 𝑥 𝑎𝑛𝑑 𝑔′(𝑥) = 𝑝′′(𝑥). 

𝑇ℎ𝑒𝑛 𝑓′(𝑥) = 1 𝑎𝑛𝑑 𝑔(𝑥) = 𝑝′(𝑥). 

 

𝑆𝑜   ∫ 𝑥𝑝′′(𝑥)𝑑𝑥 = 𝑓(𝑥)𝑔(𝑥) [
2
0

− ∫ 𝑓′(𝑥)𝑔(𝑥)𝑑𝑥 =
2

0
𝑓(2)𝑔(2) − 𝑓(0)𝑔(0) −   ∫ 1𝑝′(𝑥)𝑑𝑥 =

2

0
  

2

0
 

  2𝑝′(2) − 0 −  (𝑝(𝑥)|
2
0

) = 2𝑝′(2) − (𝑝(2) − 𝑝(0)) = 2𝑝′(2) − 𝑝(2) + 𝑝(0) = 2(1) − 2 + 0.5 =
1

2
 

𝐻𝑒𝑟𝑒 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑑 𝑝′(2) 𝑢𝑠𝑖𝑛𝑔 𝑡ℎ𝑒 𝑓𝑎𝑐𝑡 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑔𝑟𝑎𝑝ℎ 𝑖𝑠 𝑣𝑖𝑟𝑡𝑢𝑎𝑙𝑙𝑦 𝑙𝑖𝑛𝑒𝑎𝑟 𝑓𝑟𝑜𝑚 (1, 1) 𝑡𝑜 (2, 2). 

 

_______________________________________________________________________ 

 

For each improper integral given below, determine convergence or divergence. (You will need to use the 

Comparison Test here.)   Justify your answers!  

 

 14.     ∫   
1

(ln 𝑥  − 1)2

∞

4
𝑑𝑥  

Solution:   

𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 
1

(𝑙𝑛 𝑥−1)2 >  
1

(𝑙𝑛 𝑥)2 >  
1

𝑥
 > 0. 

Now ∫   
1

𝑥

∞

4
𝑑𝑥 diverges; so by the Comparison Test, 

∫   
1

(𝑙𝑛 𝑥  − 1)2

∞

4
𝑑𝑥  diverges as well. 
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15.       ∫   
𝑥+3

√𝑥3+𝑥5

∞

0+
𝑑𝑥  

Solution: 

∫   
𝑥+3

√𝑥3+𝑥5

∞

0+
𝑑𝑥 = ∫   

𝑥+3

√𝑥3+𝑥5

1

0+
𝑑𝑥 + ∫   

𝑥+3

√𝑥3+𝑥5

∞

1
𝑑𝑥  

 

Now, for 0 < x < 1,  
𝑥+3

√𝑥3+𝑥5
>  

3

√𝑥3
= 3 

1

𝑥
3
2

> 0  

Now, invoking the p-test for type 2 improper integrals, 

∫   
𝑥 + 3

√𝑥3 + 𝑥5

1

0+

𝑑𝑥 𝑑𝑖𝑣𝑒𝑟𝑔𝑒𝑠 

Hence ∫   
𝑥+3

√𝑥3+𝑥5

∞

0+
𝑑𝑥 diverges. 

 

16.    Evaluate the integrals below, given that f(x) is a continuous function for 0 ≤ x ≤ 6 with the following 

properties: 

  

 

Solution:  Integration by parts. 

Let u(x) = x and 𝑣′(𝑥) = 𝑓′(𝑥).   𝑇ℎ𝑒𝑛 𝑢′(𝑥) = 1 𝑎𝑛𝑑 𝑣(𝑥) = 𝑓(𝑥). 

So ∫ 𝑢(𝑥)𝑣′(𝑥)𝑑𝑥 =  𝑢(𝑥)𝑣(𝑥)
2

0
[
2
0

− ∫ 𝑢′(𝑥)𝑣(𝑥)𝑑𝑥
2

0
= 

2𝑓(2) − ∫ 𝑓(𝑥)𝑑𝑥 = 2(3) − 3 = 3
2

0
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17.  Consider a group of people who have received a new treatment for pneumonia.   Let 

 

(a) Give a practical interpretation of the quantity∫ f(t) dt
10

3
.  You need not compute the value of this integral.  

Use complete sentences. 

 

Solution: The fraction of the people with pneumonia who recovered during a period of three to ten days after 

treatment. 

 

(b)   Find a formula for the cumulative distribution function F(t) of f(t) for t > 0.  Show all your work.  Your 

answer may include the constant a.  Your final answer should not include any integrals.  

 

 
 

(c)   Determine the value of a.  Show your work. 
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18.   The lifetime t (in years) of a tree has probability density function 

 

 

(a)   Use the comparison method to find the values of p for which the average lifetime M is finite (M < ∞). 

Properly justify your answer. 
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(b)   Find a formula for a in terms of p. Show all your work. 

 

 

(c)    Let C(t) be the cumulative distribution function of f(t). For a given tree, what is the practical 

interpretation of the expression 1 − C(30)? 

 

Solution: 1 − C(30) is the probability that a given tree lives at least 30 years. 

 

 

Extra Credit A: 
 

  [MIT integration bee] 

∫ 𝑒arccos 𝑥𝑑𝑥 

Hint:  Begin with a u substitution.  

 

Solution:  Let u = arccos x.   Then x = cos u, and dx = -sin u. 

So  

∫ 𝑒𝑎𝑟𝑐𝑐𝑜𝑠 𝑥𝑑𝑥 = − ∫ 𝑒𝑢 𝑠𝑖𝑛 𝑢 𝑑𝑢 

 

Using integration by parts (twice) we find that∫ 𝑒𝑢 𝑠𝑖𝑛 𝑢 𝑑𝑢 =
1

2
𝑒𝑢(𝑠𝑖𝑛 𝑢 − 𝑐𝑜𝑠 𝑢) + 𝐶. 

Note that cos u = x and sin u = √1 − 𝑐𝑜𝑠2 𝑢  =  √1 − 𝑥2. 

Finally,  

∫ 𝑒𝑢 𝑠𝑖𝑛 𝑢 𝑑𝑢 =
1

2
𝑒𝑢(𝑠𝑖𝑛 𝑢 − 𝑐𝑜𝑠 𝑢) + 𝐶 =

1

2
 𝑒𝑎𝑟𝑐𝑐𝑜𝑠 𝑥 (𝑥 − √1 − 𝑥2) + 𝐶 
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Extra Credit B: 
 

 A bouncy ball is launched up 20 feet from the floor and then begins bouncing. Each time the 

ball bounces up from floor, it bounces up again to a height that is 60% the height of the previous 

bounce. (For example, when it bounces up from the floor after falling 20 ft., the ball will bounce 

up to a height of 0.6(20) = 12 feet.)  Consider the following sequences, defined for n ≥ 1:    

 

(a)  Find the values of h3 and f3 . 

 Solution:   h3 = (0.6)(12) = 7.2 

 

f3 = 64 + 14.4 = 78.4 

 

(b)  Find a closed form expression for hn and fn.  (“Closed form” here means that your answers should 

not include sigma notation or ellipses (…).  Your answers should also not involve recursive 

formulas!) 

 
 

(c)      Decide whether the given sequence converges or diverges.  If it does converge, compute its sum. 

 

(i) The sequence {fn} converges to 100. 
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(ii)  The series ∑ ℎ𝑛
∞
𝑛=0  converges and its sum is 50. 

 

 

 
 

 

 

 

 

 

 

 

 

If a lion could talk, we could not understand him. 

- Ludwig Wittgenstein 

 

 

http://www.brainyquote.com/quotes/quotes/l/ludwigwitt165052.html

