Math 351:    Questions for class discussion, 29 August 2018
[image: Résultats de recherche d'images pour « cartoon logical reasoning »]
Reading Assignment:  Carefully read (meaning several times) Chapter I (sections 1 – 3) and carefully review Appendix A.0 (sets and numbers) and A.4 (induction) of Mattuck.
1.  Define  R, Z, Q, N (the natural numbers), N0 (non-negative integers),  (the empty set) and C..
2. Explain the difference between writing A  Write the relationships among the six sets of (1) using this notation.

3. Review (Closure Properties):   For each of the following, decide if the set is closed under the operations of addition, subtraction, multiplication, and/or division.  Give counterexample or proof.
 Z, N, Q, R, C, R ~ {0}, Q ~ {0}, the set of even integers, the set of even positive integers, the set of odd integers, the set of odd positive integer, the set of prime numbers, the set of composite integers > 2,  the set of irrational numbers, the set of integers that are perfect squares, the set of integers of the form 3k, the set of integers of the form 5k+1

4.   Define the following property on Q:
For x, y 
Is Q closed under each of these operations?
Repeat this question replacing Q by N and then by R.

5. Prove that  is irrational.  Which assumptions about integers must you make?
6. Prove that beween any two distinct rational numbers, there exists an irrational number.  
7. Define  increasing sequence; decreasing sequence.   Can a sequence possess both of these characteristics?  

8. Which of the following sequences is monotone?  Which are bounded above?  Which are bounded below?  Which are bounded?  For those that are both monotone and bounded, try to find the limit.
(a)    
(b) 
(c) 
(d) 
(e) 
(f)  
(g)  
(h)   
(i) 
(j) 
(k) 
(l) 

9.   Explain why   Is monotone and bounded above.

10. Find the flaw in the following “proof”:
(from: A. J. Hildebrand, notes from University of Illinois) 
[image: ]
11. Find the flaw in the following bogus proof:
· Step 1: Let a = b.
· Step 2: Then a2 = ab
· Step 3: Then a2 + a2 = a2 + ab
· Step 4: Then  2a2 = a2 + ab
· Step 5: Then  2a2 – 2ab = a2 + ab – 2ab 
· Step 6: Then 2a2 – 2ab = a2  – ab 
· Step 7: This can be written as  2(a2 – ab) = 1(a2  – ab) 
· Step 8:  Dividing each side by (a2 – ab) yields 1 = 2


Review (Exercises in writing basic proofs).  Prove each of the following statements:
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1. Suppose x€Z. Then x is even if and only if 3x+5 is odd.

2. Suppose x€ Z. Then x is odd if and only if 3x-+6 is 0dd.

3. Given an integer a, then a® +a? +a is even if and only if a is even.

4. Given an integer a, then a2 +4a-+5 is odd if and only if a is even.

5. An integer a is odd if and only if a? is odd.

6. Suppose x.y R, Then * +1%y =% +.xy if and only if y=x2 or y=

7. Suppose x,y€R. Then (x+)=+*+y? if and only if

8. Suppose a,b € Z. Prove that a=b (mod 10) if and only if a
(mod 5).

9. Suppose a € 2. Prove that 14]a if and only if 7|a and 2|a.

10. facZ, then ¥ =a (mod 3).

11. Suppose a,b € Z. Prove that (a~3)6? is even if and only if a is odd or b is even.

12. There exist a positive real number x for which 2 < V&.

13. Suppose a,b€ Z. Ifa+b is odd, then a?+5? is odd.

14. Suppose a€ 2. Then a?|a if and only if a e {-1,0,1}.

15. Suppose a,be Z. Prove that a+b is even if and only if a and b have the same
parity.

16. Suppose a,b€ 2. Ifab is 0dd, then a+b? is even.

17. There is a prime number between 90 and 100.
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Claim: |Forall n € N, (+) Yi_, i
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Proof: We prove the claim by induction.
Base step: When n = 1, (+) holds.
Induction step: Let k € N and suppose (=) holds for n = k. Then

[
Z::Z:+[k+l)

=

(k+l) +(k+1) (by ind. hypothesis)

(k’ U z) (by algebra)

e e ol

.

((k+l+ ) 73k7§+k+%+2k+2) (more algebra)
)

—3(wen+3) mottng.

Thus, (+) holds for n = k + 1, so the induction step is complete.
Conclusion: By the principle of induction, (+) holds for all n € N.




