METRIC SPACES: OPEN & CLOSED SETS
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Define uniformly continuous function. Prove the uniform continuity theorem.

< Metric Spaces: Rudin (2" edition) , pp. 27 — 35
1.  Define Metric Space.
2. Show that each of the following defines a metric on the given space:
(a) The prototype: the line R with its usual distance d(x, y) = [x —y|.
(b) The plane R? with the standard "Euclidean metric" :

d((x1’)’1 ), (x2, 2 )) = \/(xz —x1)%+ (2 — 1)

(c) n-dimensional Euclidean space, R", with the metric
d(x,y) = ||lx — y|l, where ||z|| denotes the vector norm of z.

(d) The modulus metric on the set of complex numbers, C: d(z, w) = |z —w|.

(e) The plane with the taxi cab metric d((x1, Y1), (X2, Y2)) = [X1 - X2| + |y1 - V2.
This is also known as the Manhattan metic.

(f)  The plane with the maximum metric, viz:
d((x1'3’1 ), (x2, ¥, )) =max{|x; — x|, ly1 — ¥}

() The discrete metric on any non-empty set, X:

_(Oifx=y
d(x’y)_{lifx;ty

(h) Let X =IO, 1], the set of all continuous real-valued function on the interval [0, 1].

Define d(f,g) = J, If (x) — g()ldx.

(i) LetX=c[0,1]. Define d(f,g) = \/ [ (f () — g(x))2dx.



() LetX=c¢0,1]. Define d(f,g) = max{f(x) —g(x): x € [0,1]}

(k) Ininformation theory, linguistics and computer science, the Levenshtein distance is a string metric for measuring
the difference between two sequences. Informally, the Levenshtein distance between two words is the minimum
number of single-character edits (insertions, deletions or substitutions) required to change one word into the other.
It is named after the Soviet mathematician VVladimir Levenshtein, who considered this distance in 1965.
Levenshtein distance may also be referred to as edit distance, although that term may also denote a larger family
of distance metrics.[21% It is closely related to pairwise string alignments.

(D) Let X =R?and let d(x, y) = ||x||+ |ly|| be the sum of the Euclidean distances of x and y from the origin, unless x
and y lie on the same line through the origin, in which case it is the Euclidean distance from x to y. In Britain, d is
sometimes called the “British Rail” metric, because all the train lines radiate from London (located at the origin).
To take a train from town X to town y, one has to take a train from x to 0 and then take a train from 0 to y, unless x
and y are on the same line, in which case one can take a direct train.

Review de Morgan’s laws.
Let (X, d) be a metric space and let N((p) represent the neighborhood of p with radius r, viz
N,.(p) = {x € X|d(x,p) < r}. .Define interior point of a subset of a metric space.

Prove that N,.(p) is open.

Define open subset of X.

Prove that N,.(p) is open.

Define limit point of a metric space.

9. Define closed subset of X.

10. Prove that a subset S of a metric space is open if and only if its complement S¢ is closed.

11. Is the union of a finite number of open sets open? Is the union of a finite number of closed sets closed?

12. Is the intersection of a finite number of open sets open? Is the intersection of a finite number of closed sets closed?

13. Answer questions 11 and 12 omitting the hypotheses that there are only a finite number of sets.

14. Let (X, d) be a metric space and let N.(p) represent the neighborhood of p with radius r, viz
N,.(p) = {x € X|d(x,p) < r}. Prove that N,.(p) is open.

15. In examples (a) — (g) above, explain what the closed unit ball with center at the origin looks like.

16. Let (X, d) be a metric space. LetY be any non-empty subset of X. Explain why Y is a metric space with the “inherited”
metric.

17. Give an example of a countable collection of open sets in R whose intersection is closed, non-empty, and not all of R.

18. Consider R with the usual metric. Decide whether each of the following subsets of R are open, closed, both, or neither.

If a set is not open, find a point in the set for which there is no neighborhood contained in the set. IF a set is not closed,

find a limit point that is not contained in the set.

(@ O () R (c) the empty set (d) {x € R| x # 0} ) {1+§+§+-~+n—12
M xeQlo<x<1} (@ {1 "+ nen

A bit of history:  In mathematics, topology (from the Greek tonoc, place, and Adyog, study) is concerned with the properties of space
that are preserved under continuous deformations, such as stretching, crumpling and bending, but not tearing or gluing. This can be
studied by considering a collection of subsets, called open sets, which satisfy certain properties, turning the given set into what is
known as a topological space. Important topological properties include connectedness and compactness. Topology developed as a field
of study out of geometry and set theory, through the analysis of concepts such as space, dimension, and transformation. Such ideas
go back to Gottfried Leibniz, who in the 17" century envisioned the geometria situs (Greek-Latin for "geometry of place") and analysis
situs (Greek-Latin for "picking apart of place"). Leonhard Euler's Seven Bridges of Kénigsberg Problem and Polyhedron Formula are
arguably the field's first theorems. The term topology was introduced by Johann Benedict Listing in the 19" century, although it was
not until the first decades of the 20" century that the idea of a topological space was developed. By the middle of the 20" century,
topology had become a major branch of mathematics.
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Mobius strips, which have only one surface and one edge, are a type of object studied in topology
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