MATH 161  CLASS DISCUSSION
30 OCTOBER - 4 NOVEMBER 2019
OPTIMIZATION

For since the fabric of the universe is most perfect and the work of a most wise Creator, nothing at all takes
place in the universe in which some rule of maximum or minimum does not appear.

- Leonhard Euler
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1. State the “second-derivative test” for local extrema.
2. For each of the following functions, discuss concavity and locate any and all inflection points. Apply the second
derivative test for local extrema. Sketch!
(@) y = x% - 6X
(b) y=x*-2x3
(© y =2x — x3
@ y=xe
3. Applying the Extreme Value Theorem, find the global max and min values of each of the following functions
defined on the given closed and bounded interval:
@ y=1/x+Inxon [%, 4]
(b) y=x-2Inxon[1,3]
(©) y =X(X-2)(x—-5) on [0, 5]
(d) y=3x*-4x®-8on[-1, 2]



(e) y =2co0s x—xon [0, 2n]
U] y=-2x3+3x*+12x + 4 on [-2, 3]
4. Given f(x) = x® — 3x° on the interval [-1, 4].
(@) Find all critical points of f.
(b) Determine on which intervals f is increasing.
(c) Find and classify all local and global extrema of f.
(d) On which interval(s) is f concave up? Find all the points of inflection.
(e) Sketch the graph of f using the above information.
5. Below is the graph of the derivative, F'(x), of a function F(x).
(@) Sketch the graph of F''[x].

(b) Sketch the graph of F[x]. Indicate local max/min, regions of increase/decrease, regions

where F is concave up/down, and all inflection points.
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6. Albertine is 2 miles offshore in a boat and wishes to reach a coastal village 6 miles down a straight shoreline from
the point nearest the boat. She can row 2 mph and walk 5 mph. Where should she land her boat to reach the village in

the least amount of time?
7. Find the point on the line x/a + y/b = 2 that is closest to the origin.

8. Swann is designing a rectangular poster to contain 50 in? of printing with a 4-inch margin at the top and bottom
and a 2-inch margin at each side. Which overall dimensions minimize the amount of poster board used?
9. Find an anti-derivative for each of the following functions:

(@) X7 — 8x2+ 2L

()  1/(x+1)
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(d) sin(5x+13)

(e) sec?(3x)

f) LA +x3

(9) sec(4x) tan(4x)
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(i) el789X
Q) (2-5y

A rectangle is to be inscribed in a semicircle of radius 2 cm.

What is the largest area the rectangle can have, and what are its dimensions?
You are planning to make an open rectangular box from an 8-inch-by-15-inch piece of tin by cutting
congruent squares from the corners and folding up the sides.
What are the dimensions of the box of largest volume you can construct this way, and what is its volume?
(MIT practice test problem) A new junk food — NoKarb PopKorn — is to be sold in large cylindrical

metal cans with a removable plastic lid instead of a metal top. The metal side and bottom will be of uniform
thickness, and the volume is fixed to be 64 cubic inches. What base radius r and height h for the can will
require the least amount of metal? Show work, and include an argument to show your values for r and h

A plasma TV screen of height 36 inches is mounted on a wall so that its lower edge is twelve inches above
the eye-level of an observer. How far from the wall should the observer stand so that the viewing angle '

E

'

14. A grain silo has the shape of a right circular cylinder surmounted by a hemisphere. If the silo is

subtended at her eye by the TV screen is as large as possible?

to have a volume of 504 r ft3, determine the radius and height of the silo that requires the least amount of

material to build.




MIT 18.01 practice problems

1. For the function 3x® — 52 + 1, sketch the graph over a suitable interval showing
all the local maximum and minimum points on the graph, the points of inflection, and the
approximate location of its zeros (show on which intervals of the form [n.n + 1], (n is an
integer) they occur. Show work, or indicate reasoning.
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2. Sketch the graph of 4z® — — over an interval showing its interesting features — local
T

mavima and minima, points of inflection, zeros, asymptotes.

3. A line of negative slope through (1, 2) cuts off a triangle in the first quadrant. For which

such line will the triangle have least area? (Use its slope m as the independent variable.
Show that yon get a minimum.)

4. The bottom of the legs of a three-legged table are the vertices of an isosceles triangle
with sides 5, 5. and 6. The legs are to be braced at the bottom by three wires in the shape

of a Y. What is the minimum length of wire needed? Show it is a mininum.

Problems from Stewart:

2. Find two numbers whose difference is 100 and whose product
IS @ mimmum,

3. Find wwo positive numbers whose product is 100 and whaose
SUm is & minimum.

4. The sum of two positive numbers is 16, What is the smallest
possible vilue of the sum of their squares?

5. What is the maximum vertical distance between the line
y = x + 2 and the parabola y = v* for =1 = y = 27

6. What is the munimum vertical distance between the parabolas
y=x'+ landy = x—x*?

7. Find the dimensions of a rectangle with perimeter 100 m
whose area is as large as possible,

8. Find the dimensions of a rectangle with area 1000 m* whose
perimeter is as small as possible.

9. A model used for the yield Y of an agricaltural crop as a
function of the nitrogen level V in the soil (measured in
appropnate units) is

__ kN

BERE

¥

where £ s u poaitive constant. What nitrogen level gives the
best viehd?

il‘ll.
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ing up the sides, Find the largest volume that such a box can
have.

(a) Draw several diagrams 1o illusirate the situation, some
short boxes with lurge bases and some tall boxes with
small bases. Find the volumes of several such boxes.
Does it appear that there is a maximum volume? If so,
estimate it

Draw a diagram illustrating the gencral situation. Intro-
duce notation and label the diagram with your symbols.
Write an cxpression for the volume.

Use the given information to write an ¢quation that
relates the variables.

Use part (d) 1o write the volume as 4 function of one
variable.

Finish solving the problem and compare the answer wit
your estimate in part (4),

(b

-

(c)
(d)

(e)

~

(

A farmer wants to fence in an arca of 1.5 million square feel
in a rectangular field and then divide it in half with a fence
parallel  one of the sides of the rectangle. How can he do
this so as o minimize the cost of the fence?

A box with a square base and open top must have a volume
32,000 ¢m', Find the dimensions of the box that minimize tl
amaonnt of materinl used
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where & is a positive constant. What nitrogen level gives the
best vicld?

The rate {in mg carbon /m’/h) at which photosynthesis takes
place for a species of phytoplankton is modeled by the
function

ool
P+i+4

where [ is the light intensity (measured in thowsands of foor-
candles). For what light intensity is # a maximum?

11. Consider the fellowing problem: A farmer with 750 1 of
fencing wanis to enclose a rectangular area and then divide
it into four pens with fencing parallel to one side of the
rectangle, What is the largest possible total area of the
four pens?

(a) Draw several dingrams illustrating the situstion, some
with shallow, wide pens and some with deep, narmow pens.
Find the total arcas of these configurations, Does it appear
that there is a maximuwm area? IT o, estimate it.

by Draw a diagram illusirating the general situation. Intro-
duce notation and label the diagram with your symbols,

() Write an expression for the total anes.

(b Use the given information to write an equation that
relates the variables.

(e) Use part (d) o write the total area as 2 function of one
vanable,

(fy Finish solving the problem and compare the answer with
yolr estimarte in part {a).

12. Consider the following problem: A box with an open op is to
be constructed from a square piece of cardboard, 3 ft wide, by

cutling out a square from each of the four corners and bend-

~—

3. Find the points on the ellipse 4x* + y* = 4 that are farthest
away from the point (1, O).

4. Find, correct 1o two decimal places, the coordinates of the

point on the curve y = sin x that is closest to the point {4, 2).

5. Find the dimensions of the rectangle of largest arca that can

be inseribed in a circle of radius r.
6. Find the area of the lurgest rectungle that can be inscribed in
the cllipse x%/a* + y¥b* = 1.
7. Find the dimensions of the rectangle of largest area that can
be inscribed in an equiluteral triangle of side L if one side of
the rectangle lies on the base of the triangle.

8. Find the area of the largest trapezoid that can be inscribed
m a circle of radius 1 and whose base is a diamelter of the
circle,

9. Find the dimensions of the isosceles triangle of largest arca
that can be inscribed in a circle of radius r.

0. If the two equal sides of an isosceles triangle have length a.
find the length of the third side thut maximizes the area of

the tnangle.
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11 1200 em® of material is available 1o make a box with a
sguare base and an open twp, find the largest possible volum
of the box,

A vectangular storage container with an open top is o have
a volume of 10m’. The length of its base is twice the width.
Material for the hase costs 510 per square meter. Matenial fo
the sides costs 56 per square meter, Find the cost of material
for the cheapest such container.

Do Exercise 16 assuming the container has a lid that is mad
from the same material as the sides.

. A farmer wanls o fence inoa rectangular plot of land adjsce

to the north wall of his bam, Mo fencing is needed along the
beurn, and the fencing along the west side of the plot is share
with a neighbor who will split the cost of that portion of the
fence. IT the fencing costs 520 per linear fool w install and
the farmer is not willing to spend more than 55000, find the
dimensions for the plot that wonld enclose the most area.

It the farmer in Exercise 18 wants o enclose S000 square
feet of land, what dimensions will minimize the cost of
the fence?

{a) Show that of all the rectangles with a given area, the o
with smallest perimeter is a square,

{b) Show that of all the rectangles with a given perimeter, th
one with greatest area is a square.

Find the point on the line ¥ = 2x + 3 that is closest to the
origin.

Find the point on the curve v = \,-"; that is closest 1o the
point {3, 0).

39. If you are offered one slice from a round pizza (in other
words, a sector of a circle) and the slice must have a
perimeter of 32 inches, what diameter pizza will reward
you with the largest slice?

A fence 8 1t tall rans parallel to a wll building at a distance
of 4 ft from the building. What is the length of the shortest
ladder that will reach from the ground over the fence to
the wall of the building?

A cone-shaped drinking cup is made from a circular picce
of paper of radius R by cutting out a sector and joining
the edges CA and CB. Find the maximum capacity of
such a cup.
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A night circolar evlinder is inscribed in a sphere of vadios r.
Find the largest possible volume of such o cvlinder.

A right cirenlar cvlinder is inscribed in a cone with height &
and base radius r. Find the largest possible volume of such
a cylinder.

A right circular cvlinder is insceibed in a sphere of radius r.
Find the largest possible surface area of such a cylinder.

A Norman window has the shape of a reciangle sur-
mounted by a semicircle. {Thus the diameter of the
semicircle is equal 1o the width of the reclangle. See Exer-
cise 1.1.62.3 If the perimeter of the window is 30 i, find
the dimensions of the window so that the greatest possible
amount of light is admitted.

The top and hottom margins of a poster are cach 6 cm and
the side margins are each 4 cm. If the area of printed mate-
rial on the poster is fixed at 384 cm’, lind the dimensions of
the poster with the smallest area.

A poster is to have an area of 180 in® with 1-inch margins at
the botiom and sides and a 2-inch margin at the top. What
dimensions will give the larpest printed area?

A piece of wire [ m long is cul into two pieces. Cne piece
15 bent into a square and the other 15 bent into an equilateral
triangle. How should the wire be cut o that the total area
enclosed 15 (a) a maximum? (h) A minimem?

Answer Exercise 37 if one picce is hent into a square and
ihe other into a circle.

42,
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A cone-shaped paper drinking cup is o be made tw hold
27 em” of water. Find the height and radius of the cup that
will use the smallest amount of paper,

A cong with height i is inscribed in a larger cone with
height H so that its vertex is ai the center of the base of
the larger come. Show that the inner cone has maxamom
volume when i = 1 1.

« An object with weight W is dragged along a horizontal

plane by a force acting aleng a rope aitached o the ohject.
If the rope makes an angle & with @ plane, then the magni-
de of the force is
_ W
sin f + cos d
where jt is a constant called the coefficiem of friction. For
what value of & is F smallesc?

If a resistor of & ohims is connected across a battery of E
viols with internal resistance v ohms, then the power (in
walls) in the external resistor is

. ER
TR+

IT E and r are hxed bt B vanes, what is the maximum
value of the power?

. Fora lish swimming at a speed ¢ relative wo the water,

the energy expendilure per unil ime is proportional o
p'. I is believed that migrating fish try 1o minimize the
total energy required o swim a fixed distance. [T the fish
are swimming against a current u (¢ << #), then the time

"...at about the age of sixteen, | was offered a choice which, in retrospect, | can see that | was not mature
enough, at the time, to make wisely. This choice was between starting on the calculus and, alternately,
giving up mathematics altogether and spending the time saved from it on reading Latin and Greek

literature more widely.
become too late to repair my mistake.

I chose to give up mathematics, and | have lived to regret this keenly after it has
The calculus, even a taste of it, would have given me an

important and illuminating additional outlook on the Universe, whereas, by the time at which the choice
was presented to me, | had already got far enough in Latin and Greek to have been able to go farther

with them unaided.
as | did.

I was not good at mathematics; | did not like the stuff...

So the choice that | made was the wrong one, yet it was natural that I should choose

Looking back, I feel sure that | ought

not to have been offered the choice; the rudiments, at least, of the calculus ought to have been compulsory

for me.
live.

One ought, after all, to be initiated into the life of the world in which one is going to have to
I was going to live in the Western world...and the calculus, like the full-rigged sailing ship, is one

of the characteristic expressions of the modern Western genius."

- Arnold Toynbee, Experiences



