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MATRIX TWO>PERSON GAMES

tree, which is nothing more than a picture of what happens at each stage of the
game where a decision has to be made.

The numbers at the end of the branches are the payoffs to player I. The
number %; for example, means that the net gain to player | is $500 because
player 11 had to pay $1000 for the ability to pass and they split the pot in this
case. The circled nodes are spots at which the next node is decided by chance.
You could even consider Nature as another player. We analyze the game by

rst converting the tree to a game matrix which, in this example becomes

I -

1 rr 1
4 1 36 36
3 3

12 -5 0 -3 0

To see how the numbers in the matrix are obtained, we rst need to know
what the pure strategies are for each player. For player I, this is easy because
she makes only one choice and that is pass (12) or spin (11). For player II, 111
is the strategy; if | passes, then spin, but if | spins and survives, then pass. So,
the expected payoff? to | is

. 5 1 1 1
= 2+ = =
11 against 111 5 2 6( 1) 7 and
. 5 1 3
L= + = =
12 against 111 6( 2) 6(1) >

Strategy |13 says the following: If I spins and survives, then spin, but if | passes,
then spin and re. The expected payoffto I is

. 5 5 1 1 1
I1agaun5t||3.6 E(O)+6(1) +5( 1) = 3% and
. 5 1. 3
12 against 113 : 6( 2)+6(1)_ 5

The remaining entries are left for the reader. The pure strategies for player 11
are summarized in the following table.

11 | If12,thenS; If 11, thenP.
12 | If12,then P; If 11, then P.
113 | Ifl1,thenS; Ifl2,thenS.
14 | If11,thenS; If12, thenP.

2This uses the fact that if X is a random variable taking values =1, 2, ..., xy, with probabilities
, Dn. tespectively, then EX = Y7 | a;p;. InIl against IT1, X is % with probability % and

—1 with probability % See the appendix for more.
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This is actually a simple game to analyze because we see that player 11 will
never play 111, 112, or 114 because there is always a strategy for player Il in
which Il can do better. This is strategy 113, which stipulates that if | spins and
survives the shot, then 11 should spin, while if | passes, then Il should spin and

shoot. If I passes, Il gets % and | loses %: If | spins and shoots, then Il

gets 3 and I loses  3: The larger of these two numbersis  Z; and so player |
should always spin and shoot. Consequently, player Il will also spin and shoot.
The dotted line in Figure 1.3 indicates the optimal strategies. The key to

these strategies is that no signi cant value is placed on surviving.

Remark. Extensive form games can take into account information that is available
to a player at each decision node. This is an important generalization. Extensive
form games are a topic in sequential decision theory, a second course in game theory.

Finally, we present an example in which is it clear that randomization of strategies
must be included as an essential element of games.

B EXAMPLE 1.6

Evens or Odds. In this game, each player decides to show one, two, or three
ngers. If the total number of ngers shown is even, player | wins +1 and

player Il loses 1: If the total number of ngers is odd, player | loses 1;and

player Il wins +1: The strategies in this game are simple: deciding how many
ngers to show. We may represent the payoff matrix as follows:

Evens Odds

11 1 2 3
1 1 -1 1
2 —1 1 -1
3 1 -1 1

The row player here and throughout this book will always want to
maximize his payoff, while the column player wants to minimize the payoff to
the row player, so that her own payoff is maximized (because it is a zero sum
game). The rows are called the pure strategies for player I, and the columns
are called the pure strategies for player II.

The following question arises: How should each player decide what number
of ngers to show? If the row player always chooses the same row, say, one

nger, then player Il can always win by showing two ngers. No one would
be stupid enough to play like that. So what do we do? In contrastto2 2 Nim
or Russian roulette, there is no obvious strategy that will always guarantee a
win for either player.

Even in this simple game we have discovered a problem. If a player always
plays the same strategy, the opposing player can win the game. It seems
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Foreachrow, ndthe minimum payoffineach columnand write it ina new additional
last column. Then the lower value is the largest number in that last column, that is,
the maximum over rows of the minimum over columns. Similarly, in each column

nd the maximum of the payoffs (written in the last row). The upper value is the
smallest of those numbers in the last row.

a1 aio Adim 1 minj aij
ao1 aoo adom 1 minj azj
an1 an2 anm T minj anj
# # #
max; aj; max; aiz maxj aim v = largest min
v* = smallest max

Here is the precise de nition.

De nition 1.1.1 A matrix game with matrix An m = (aijj) has the lower value

% _max  min _ajj:
i=1;:nnj=1;:0m
and the upper value
vt min  max aij;
J=1;:;mi=1;5n

The lower value v is the smallest amount that player | is guaranteed to receive (v
is player I’s gain oor), and the upper value v* is the guaranteed greatest amount
that player Il can lose (v* is player II’s loss ceiling). The game has a value if
v =v";and we write itas v = v(A) = v* = v : This means that the smallest
max and the largest min must be equal and the row and column i ;j giving the
payoffsa; ;; =v* =v areoptimal, or asaddle point in pure strategies.

One way to look at the value of a game is as a handicap. This means that if the value
v is positive, player | should pay player Il the amount v in order to make it a fair
game, with v = 0. If v < 0; then player Il should pay player | the amount v in
order to even things out for player | before the game begins.

B EXAMPLE 1.7

Let’s work this out using 2 2 Nim.

1 1 1 1 1 1 ' min= 1
1 1 1 1 1 1 ' min= 1
1 1 1 1 1 1 ' min= 1
# # # # # # v = 1]

max=1 max=1 max= 1 max=1 max=1 max=1||lvF= 1
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We see thatv = largestmin = 1land v*™ = smallest max = 1: This says
thatv* =v = 1;andso2 2Nimhasv = 1:The optimal strategies are
located as the (row,column) where the smallest max is 1 and the largest min
isalso 1: This occurs at any row for player I, but player Il must play column
3,50i =1;2;3; j = 3. The optimal strategies are not at any row column
combination giving 1 as the payoff. For instance, if Il plays column 1, then
I1 will play row 1 and receive +1: Column 1 is not part of an optimal strategy.

We have mentioned that the most that | can be guaranteed to win should be less
than (or equal to) the most that 11 can be guaranteed to lose, (i.e., v v*), Here is
a quick veri cation of this fact.

For any column j we know that for any xed row i; min;j ajj;  a;j; and so taking
the max of both sides over rows, we obtain

V =maxminajj maxaij:
i ] i

independent of i as well as j; and it is smaller than the right side for any j: But this
means that v min; max; ajj = v*; and we are done.

Now here is a precise de nition of a (pure) saddle point involving only the payoffs,
which basically tells the players what to do in order to obtain the value of the game
whenv* =v .

De nition 1.1.2 We call a particular row i and column j asaddle pointin pure
strategies of the game if

aij ai j aj j; forallrowsi=1;:::;nandcolumnsj =1;:::;m:

Lemma 1.1.3 A game will have a saddle point in pure strategies if and only if
vV = maxminajj = minmaxaijj =Vv*: (1.1.2)
1 J J 1
Proof. If (1.1.1) is true, then
v' =minmaxaj;; maxai;; ai ;j mina; ;; mMaxminaj; =V :
i i j i
Butv v™ always, and so we have equality throughoutandv =v* =v =a; ;j :
On the other hand, if v =v then
minmax a;;; = maxmina;j:
i i
Letj besuchthatv® = max;a;;j andi suchthatv = min;a; ;j: Then

aj Vv =v* aj;j ; foranyi=1;::5;n; j=1;:0,m:
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De nition 1.2.1 Let C and D be sets. Afunctionf : C D ¥ R has at least one
saddle point (x ;y )withx 2Candy 2D if

fix;y) f(x,y) fT(x;y)foral x2C;y2D:

Once again we could de ne the upper and lower values for the game de ned using
the function F, called a continuous game, by

v  =minmaxf(x;y); and v = maxminf(x;y):
y2D x2C x2C y2D

You can check as before that v v*:Ifitturnsoutthatv™ = v we say, as usual,
that the game has a value v = v* = v : The next theorem, the most important
in game theory and extremely useful in many branches of mathematics is called the
von Neumann minimax theorem. It gives conditions on f;C; and D so that the
associated game has a value v = v* = v : It will be used to determine what we
need to do in matrix games in order to get a value.

In order to state the theorem we need to introduce some de nitions.

De nition1.2.2 Aset C  R" is convex if for any two points a;b 2 C and all
scalars 2 [0;1], the line segment connecting a and b is also in C; i.e., for all
a;b2C; a+(1 )2C;80 1:

C is closed if it contains all limit points of sequences in C; C is bounded if it can
be jammed inside a ball for some large enough radius. A closed and bounded subset
of Euclidean space is compact.

Afunctiong : C ¥ Ris convex if

gCa+(@ )b g@+@ )b

for any a;b 2 C;0 1: This says that the line connecting g(a) with g(b);
namely ¥ g(a) + (1 Ja) : 0 1g; must always lie above the function
valuesg( a+ (1 )b); 0 1:

The function is concave if g( a + (1 )b) gl@+ (1 )g(b) for any
a;b2C;0 1: A function is strictly convex or concave, if the inequalities are
strict.

Figure 1.4 compares a convex set and a nonconvex set. Also, recall the common
calculus test for twice differentiable functions of one variable. 1f g = g(x) is a
function of one variable and has at least two derivatives, then g is convex if g% 0
and g is concave if g®  0:

Now the basic von Neumann minimax theorem.

Theorem 1.2.3 Let f : C D ¥ R be a continuous function. Let C ~ R" and
D R™ be convex, closed, and bounded. Suppose that x ® f(x;y) is concave and
y @ f(x;y) is convex. Then

v = minmaxf(x;y) = maxminf(x;y) =v :
y2D x2C ( y) x2C y2D ( y)
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In fact, de ney = ~(x) as the function so that f(x; *(x)) = miny f(x;y): This
function is well de ned and continuous by the assumptions. Also de ne the function
x= (y)byf( (v);y) = maxx f(x;y): The new functiong(x) = (”(x)) isthen
a continuous function taking points in [0; 1] and resulting in points in [O; 1]: There
is a theorem, called the Brouwer xed>point theorem, which now guarantees that
thereisapointx 2 [0;1]sothatg(x ) =x :Sety = ”(x ): Verify that (x ;y )
satis es the requirements of a saddle point for f:

1.3 MIXED STRATEGIES

Von Neumann’s theorem suggests that if we expect to formulate a game model which
will give us a saddle point, in some sense, we need convexity of the sets of strategies,
whatever they may be, and convexity>concavity of the payoff function, whatever it
may be.

Now let’s review a bit. In most twosperson zero sum games a saddle point in
pure strategies will not exist because that would say that the players should always
do the same thing. Such games, which include 2 2 Nim, tic>tac>toe, and many
others, are not interesting when played over and over. It seems that if a player should
not always play the same strategy, then there should be some randomness involved,
because otherwise the opposing player will be able to gure out what the rst player
is doing and take advantage of it. A player who chooses a pure strategy randomly
chooses a row or column according to some probability process that speci es the
chance that each pure strategy will be played. These probability vectors are called
mixed strategies, and will turn out to be the correct class of strategies for each of the
players.

X b ¢
Xi O; xi=1 andy; O, yj =1L
i=1 j=1

The components x; represent the probability that row i will be used by player I, so
Xi = Prob(l uses row i); and y; the probability column j will be used by player
I, that is, y; = Prob(ll uses row j): Denote the set of mixed strategies with k
components by

Sk T(zi;ze;::zk)jzi 0;i=1;2;:::k; zi = 1g:

In this terminology, a mixed strategy for player | is any element X 2 S, and
for player Il any element Y 2 Sp,: A pure strategy X 2 Sp is an element of
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Properties of Optimal Strategies ‘ (1.3.1)

. If wis any number such that E(i;Y) w ECX;j);i = 1;::5;n;) =

thenw = value(A) and (X; Y ) must be asaddle point. This is the way to check
whether you have a solution to the game. This is part (c) of Theorem 1.3.7 but
worth repeating.

. IfY is optimal for Il and y; > 0; then E(X; j) = value(A) for any optimal
mixed strategy X for I. Similarly, if X is optimal for | and x; > 0; then
E(i;Y) = value(A) for any optimal Y for II. Thus, if any optimal mixed
strategy for a player has a strictly positive probability of using a row or a
column, then that row or column played against any optimal opponent strategy
will yield the value. This result is also called the Equilibrium Theorem.

. If X is any optimal strategy for player | and E(X;J) > value(A) for some
column j; then for any optimal strategy Y for player Il, we must have y; = 0:
Player Il would never use column j in any optimal strategy for player II.
Similarly, if Y is any optimal strategy for player 1l and E(i;Y ) < value(A);
then any optimal strategy X for player | must have x; = 0: If row i for player
I gives a payoff when played against an optimal strategy for player Il strictly
below the value of the game, then player | would never use that row in any
optimal strategy for player I.

. If for any optimal strategy Y for player Il, y; = O; then there is an optimal
strategy X for player | so that E(X;j) > value(A): If for any optimal
strategy X for I, x; = 0; then there is an optimal strategy Y for Il so that
E(i;Y) < value(A): This is the converse statement to property 4.

. If player | has more than one optimal strategy, then player I’s set of optimal
strategies is a convex, closed, and bounded set. Also, if player Il has more
than one optimal strategy, then player I1°s set of optimal strategies is a convex,
closed, and bounded set.
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Xj > 0; i = 1;2; 3; must be wrong. On the other hand, we know that player |
has an optimal strategy of X = (0; 1;0); and so, by the equilibrium theorem
(1.3.1), properties 3 and 5, we know that E(2; Y ) = 1; for an optimal strategy
for player Il, aswell as E(1;Y) < 1; and E(3;Y ) < 1: We need to look for

Y1, Y2; Y3 S0 that
yi+ya+ys =1 2y1+2y> y3<13y1 +ys<Ll

We may replaceys; =1 yi1 Y, and then get a graph of the region of points
satisfying all the inequalities in (y1;Y>) space in Figure 1.5.

10\ V2

ylty2=1

-0.4 -0.2 0.2 0.4 0.6
02

Figure 1.5 Optimal strategy set for Y.

There are lots of points which work. In particular, Y = (0:15; 0:5;0:35)
will give an optimal strategy for player Il in which all y; > 0:

1.3.1 Dominated Strategies

Computationally, smaller game matrices are better than large matrices. Sometimes
we can reduce the size of the matrix A by eliminating rows or columns (i.e., strategies)
that will never be used because there is always a better row or column to use. This is
elimination by dominance. We should check for dominance whenever we are trying
to analyze a game before we begin because it can reduce the size of a matrix.

For example, if every number in row i is bigger than or equal to every corresponding
number in row K, speci cally ajj  axj;j = 1;:::; m (with strict inequality in at
least one comparison), then the row player | would never play row k (since she wants
the biggest possible payoff), and so we can drop it from the matrix. Similarly, if
every number in column j is less than or equal to every corresponding number in
columnk (i.e.,, aij  aijk; 1 = 1;:::;n); then the column player 11 would never play
column k (since he wants player | to get the smallest possible payoff), and so we can



GRAPHICAL SOLUTION OF 2 X m AND n X 2 GAMES

B EXAMPLE 1.15

Let’s consider 3
Thisisa 4 2 game without a saddle point in pure strategies since v. =
1;v* = 6: There is also no obvious dominance, so we try to solve the game

graphically. Suppose that player 1l uses the strategy Y = (y;1 Y); then we
graph the payoffs E(i; Y ); i = 1, 2; 3; 4; as shown in Figure 1.10.

~N Oo1 W
(o2 V)

8

Payoff to player Il
E(4,Y)

< optimal point

E(2,Y)

E(L,Y)

E@3,Y)

Figure 1.10 Mixed for player 1l versus 4 rows for player I.

You can see the dif culty with solving games graphically; you have to be
very accurate with your graphs. Carefully reading the information, it appears
that the optimal strategy for Y will be determined at the intersection point of
E(4;Y)=7y 8(1 y)andE(L;Y)= y+2(1 vy): Thisoccurs at the
pointy = 3 and the corresponding value of the game will be v(A) = %: The
optimal strategy for player I1isY = (3;8):

Since this uses only rows 1 and 4, we may now drop rows 2 and 3to nd the
optimal strategy for player 1. In general, we may drop the rows (or columns) not
used to get the optimal intersection point. Often that is true because the unused
rows are dominated, but not always. To see that here, since 3 7% 1% and

4 81 + 23; we see that row 2 is dominated by a convex combination
of rows 1 and 4; so row 2 may be dropped. On the other hand, there is no

2[0;1]sothat 5 7 1(1 )and6 8 +2(1 ):Row3isnot
dominated by a convex combination of rows 1 and 4, but it is dropped because
its payoff line E(3;Y ) does not pass through the optimal point.

43
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Considering the matrix using only rows 1 and 4, we now calculate E(X; 1) =
x+7(1 x)andE(X;2) =2x 8(1 x)whichintersectat(x = 2;v = 1):
We obtain that row 1 should be used with probability g and row 4 should be
used with probability £; so X = (2;0;0; ): Again, v(A) = 1:
A veri cation that these are indeed optimal uses Theorem 1.3.7(c). We
checkthat E(i;Y ) Vv(A) E(X ;J) forall rowsand columns. This gives

2 3 2 3 2 ;3
1 2 127 4 3
5 1%3 42_11 gs 425 _g gé
6005 5 65 3 3 and 5 6 g = % :
7 8 7 8 1
3

Everything checks.

We end this section with a simple analysis of a version of poker, at least a small
part of it.

B EXAMPLE 1.16

This is a modi ed version of the endgame in poker. Here are the rules. Player
I is dealt a card that may be an ace or a king. Player | sees the result but Il does
not. Player | may then choose to fold or bet. If I folds, he has to pay player Il
$1. If | bets, player 1l may choose to fold or call. If Il folds, she pays player |
$1. If player Il calls and the card is a king, then player | pays player 1l $2, but
if the card comes up ace, then player 11 pays player | $2.

Why wouldn’t player | immediately fold when he gets dealt a king? It is the
rule that | must pay Il $1 when | gets a king and he folds. Player I is hoping
that player Il will fold if I bets while holding a king. This is the element of
bluf ng, because if Il calls while 1 is holding a king, then | must pay Il $2.
Figure 1.11 is a graphical representation of the game.

Now player | has four strategies: FF =fold on ace and fold on king,
F B=fold on ace and bet on King, BF =bet on ace and fold on king, and
BB =bet on ace and bet on king. Player Il has only two strategies, namely,
F =fold or C =call.

Assuming that the probability of being dealt a king or an ace is % we may
calculate the expected reward to player | and get the matrix as follows:

mj| c F
FF| -1 -1
FB|-2 0
BF| 1 o0
BB| 0 1
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1.26 Show that for any strategy X = (X1;:::;Xn) 2 Sp and any numbers

X - X
max Xibi = max bj and min Xibi
X2S,, . 1in x2S,

min bj:
1 i n

1.27 The properties of optimal strategies (1.3.1) showthat X 2 Sp,andY 2 Sp,
are optimal if and only if min; E(X ;J) = max; E(i;Y ): The common value will
be the value of the game. Verify this.

1.28 Show that if (X ;Y ) and (X% Y ?) are both saddle points for the game
with matrix A; then so is (X ;Y °) and (X% Y ): Infact, (X ;Y ) where X =
X +@ )X%Y =Y +(@ )Y%and isanynumberin [0;1]:

1.29 Consider the game with matrix

2 3
2 3 5 2
_ 3 41 6 Z
A= g 5 3 2 19
1 3 2 2
Someone claims that the strategies X = (3;0;2;0) and Y = (0;%;2;0) are

optimal.
(a) Is that correct? Why or why not? (Hint: Use a previous problem.)

() If X =(£3;2:0; ) isoptimalandv(A) = 25; ndY :

1.30 In the baseball game Example 1.8 it turns out that an optimal strategy for
player |, the batter, is given by X = (X1;X2;X3) = (2;0; %) and the value of the
game is v = 2. It is amazing that the batter should never expect a curveball with

7
these payoffs under this optimal strategy. What is the pitcher’s optimal strategy Y ?

1.31 Inafootball game we use the matrix A = g 8 : The rst row and column
represent run, and the second row and column represent pass. The offense is the row
player. Column pass means defend against the pass. Use the graphical method to

solve this game.

1.6 BEST RESPONSE STRATEGIES

If you are playing a game and you determine, in one way or another, that your
opponent is using a particular strategy, or is assumed to use a particular strategy, then
what should you do? To be speci c, suppose that you are player | and you know, or
simply assume, that player Il is using the mixed strategy Y ; optimal or not for player
I1. In this case you should play the mixed strategy X that maximizes E(X;Y ): This



CHAPTER 2

SOLUTION METHODS FOR MATRIX
GAMES

| returned, and saw under the sun, that the race is not to the swift, nor the battle
to the strong, ...; but time and chance happeneth to them all.

Ecclesiates 9:11

2.1 SOLUTION OF SOME SPECIAL GAMES

Graphical methods reveal a lot about exactly how a player reasons her way to a
solution, but it is not a very practical method. Now we will consider some special
types of games for which we actually have a formula giving the value and the mixed
strategy saddle points. Let’s start with the easiest possible class of games that can
always be solved explicitly and without using a graphical method.

2.1.1 2 X 2 Games Revisited

We have seen thatany 2 2 matrix game can be solved graphically, and many times
that is the fastest and best way to do it. But there are also explicit formulas giving the

Game Theory: An Introduction, First Edition. By E.N. Barron 55
Copyright (© 2008 John Wiley & Sons, Inc.



68 SOLUTION METHODS FOR MATRIX GAMES

ball, while 11 anticipates where the ball will be hit. Suppose that Il can return a ball
hit right 90% of the time, a ball hit left 60% of the time, and a ball hit center 70% of
the time. If Il anticipates incorrectly, she can return the ball only 20% of the time.
Score a return as +1 and not return as 1. Find the game matrix and the optimal
strategies.

2.3 SYMMETRIC GAMES

Symmetric games are important classes of two>person games in which the players
can use the exact same set of strategies and any payoff that player I can obtain using
strategy X can be obtained by player Il using the same strategy Y = X. The two
players can switch roles. Such games can be quickly identi ed by the rule that
A = AT:Any matrix satisfying this is said to be skew symmetric. If we want the
roles of the players to be symmetric, then we need the matrix to be skew symmetric.
Why is skew symmetry the correct thing? Well, if A is the payoff matrix to player
I, then the entries represent the payoffs to player | and the negative of the entries, or
A represent the payoffs to player Il. So player Il wants to maximize the column
entriesin  A: This means that from player I1’s perspective, the game matrix must be
( A)T because it is always the row player by convention who is the maximizer; that
is, A is the payoff matrix to player | and AT is the payoff to player Il. So, if we
want the payoffs to player Il to be the same as the payoffs to player I, then we must
have the same game matrices for each player and so A = AT: If this is the case,
the matrix must be square, a;; = aji; and the diagonal elements of A; namely, ai;,
must be 0. We can say more. In what follows it is helpful to keep in mind that for
any appropriate size matrices (AB)T = BTAT:

Theorem 2.3.1 For any skew symmetric game v(A) = 0 and if X is optimal for
player I, then it is also optimal for player II.

Proof. Let X be any strategy for I. Then
EQXGX)=XAXT= XATXT= XATXNH)T = XAXT= EX;X):

Therefore E(X; X) = 0 and any strategy played against itself has zero payoff.
Let (X ;Y ) be asaddle point for the gamesothat ECX;Y ) E(X ;Y )
E(X ;Y); for all strategies (X; Y ): Then for any (X; Y ); we have

EQGY)=XAYT= XATYT= XATYDT = Yy AXT = E(Y;X):
Hence, from the saddle point de nition, we obtain
ECX;Y )= E(Y ;X) EMX:Y )= E( ;X) EX;Y)= E(;X):
Then
E(Y :X)  E(Y ;X)) EMX)™D
E(Y ;X) E(Y ;X ) E({;X):
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But this says that Y is optimal for player I and X is optimal for player Il and also
that ECX ;Y )= E(Y ;X )= v(A)=0:

B EXAMPLE 25

General Solution of 3 3 Symmetric Games. Forany 3 3 symmetric game

we must have 2 3
0 a b

A=4 a 0 c¢b5:
b ¢ O

Any of the following conditions gives a pure saddle point:
1.a O0;b 0=) saddleat (1;1) position;
2.a 0;c 0=) saddle at (2;2) position;
3. b 0;c 0=) saddle at (3; 3) position:
Here’s why. Let’s assume thata  0;c  0: Inthiscase if b 0 we get
v = maxfminfa;bg;0; cg=0andv*™ = minfmaxf a; bg;0;cg=0;
so there is a saddle in pure strategies at (2; 2): All cases are treated similarly.
To have a mixed strategy, all three of these must fail.
We next solve the case a > 0;b < 0;c > 0 so there is no pure saddle and
we look for the mixed strategies.
Let player I’s optimal strategy be X = (X1;X2;X3): Then
E(X ;1) = axp2 bxz 0=v(A)
E(X ;2) = ax; cx3 0
E(X ;3) = bxg+cxx O

Each one is nonnegative since E(X ;Y) 0 = v(A); forall Y: Now, since
a>0;b<0;c>0we get

X3 X2 . X1 X3, X2 X1
a b ¢ a' b ¢
50 X3 X2 X1 Xz,
a b ¢ a’
and we must have equality throughout. Thus, each fraction must be some
scalar ;andsoxz3 =a ;X = b ;X3 = c : Since they must sum to
one, = 1=(a b+ c): We have found the optimal strategies X =Y =

(c ; b ;a ). The value of the game, of course is zero.

For example, the matrix
2 3

w N O
onN
O W w
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2.32 Leta > 0: Use the graphical method to solve the game in which player Il has
an in nite number of strategies with matrix

a 2a % 2a 2a

1
141
a 1 2 3 2a ¢

S,’mlna

2.33 A Latinsquare game is a square game in which the matrix A is a Latin square.
A Latin square of size n has every integer from 1 to n in each row and column. Solve

the game of size 5 2 3
1 2 3 45
2 4 15 3
A=823 5 4 2 1
4 1 5 3 2
53214

Prove that a Latin square game of size n has v(A) = (n + 1)=2:

2.34  Two cards, an ace and a jack, are face down on the table. Ace beats jack. Two
players start by putting $1 each into a pot. Player I picks a card at random and looks
at it. Player | then bets either $2 or $4. Player Il can either quit and yield the pot
to player I, or call the bet (meaning that she may bet the $2 or $4 that player | has
chosen the jack). If 11 calls, she matches I’s bet, and then if | holds the ace, player
I wins the pot, while if player I has the jack, then player Il wins the pot. Find the
matrix and solve the game . Hint: Player | has 4 strategies, e.g., If ace, bet 2; If jack,
bet 2. Player Il also has 4 strategies, e.g., If | bets 4, then Fold; If | bets 2, then Call.
Player I’s strategies are then, (2;2); (2;4); (4;2); (4;4), where the rst number is
the amount to bet if an ace. Player 11’s strategies are (F; C); (C; C); (F; F); (C; F),
where the rst letter is for a bet of 4.

2.35 Two players, Curly and Shemp, are betting on the toss of a fair coin. Shemp
tosses the coin, hiding the result from Curly. Shemp looks at the coin. If the coin is
heads, Shemp says that he has heads and demands $1 from Curly. If the coin is tails,
then Shemp may tell the truth and pay Curly $1, or he may lie and say that he got
a head and demands $1 from Curly. Curly can challenge Shemp whenever Shemp
demands $1 to see whether Shemp is telling the truth, but it will cost him $2 if it
turns out that Shemp was telling the truth. If Curly challenges the call and it turns
out that Shemp was lying, then Shemp must pay Curly $2. Find the matrix and solve
the game.

2.5 LINEAR PROGRAMMING AND THE SIMPLEX METHOD
(OPTIONAL)

Linear programming is one of the major success stories of mathematics for applica>
tions. Matrix games of arbitrary size are solved using linear programming, but so is
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We need to de ne a concept of optimal play that should reduce to a saddle pointin
mixed strategies in the case B = A: Itis a fundamental and far>reaching de nition
due to another genius of mathematics who turned his attention to game theory in the
middle twentieth century, John Nash.

De nition 3.1.1 A pair of mixed strategies (X 2 Sn;Y 2 Sp) is a Nash equi»
librium if E;OX;Y )  E;(X ;Y ) for every mixed X 2 S, and E;(X ;Y)
Ep(X ;Y )foreverymixedY 2 Sp: If (X ;Y ) isa Nash equilibrium we denote
byva = E;(X ;Y )andvg = E;(X ;Y ) as the optimal payoff to each player.
Written out with the matrices, (X ;Y ) is a Nash equilibrium if

E(X ;Y )=X AY T XAY T =E/(X;Y ); forevery X 2 Sp;
Ex(X ;Y )=XBY T X BYT =E;(X ;Y); foreveryY 2 Sp,:

This says that neither player can gain any expected payoff if either one chooses
to deviate from playing the Nash equilibrium, assuming that the other player is
implementing his or her piece of the Nash equilibrium. On the other hand, if it is
known that one player will not be using his piece of the Nash equilibrium, then the
other player may be able to increase her payoff by using some strategy other than
that in the Nash equilibrium. The player then uses a best response strategy. In fact,
the de nition of a Nash equilibrium says that each strategy in a Nash equilibrium
is a best response strategy against the opponent’s Nash strategy. Here is a precise
de nition for two players.

De nition 3.1.2 Astrategy X° 2 S, is a best response strategy to a given strategy
Y0 2 S, for player I, if

0.y 0y — .y 0y.
EI(X !Y )_)r(nzas)i EI(XYY )

Similarly, a strategy Y° 2 Sy, is a best response strategy to a given strategy
X0 2 s, for player I, if

0.y 0y — 0.v Y
Eu(X";Y )—Y”;%i(n Eun(X™Y):

In particular, another way to de ne a Nash equilibrium (X ;Y ) is that X
maximizes E;(X;Y ) over all X 2 S, and Y maximizes Ex(X ;Y) over all
Y 2Sm: X isabestresponsetoY andY isa bestresponseto X :

If B = A;abimatrix game is a zero sum two>person game and a Nash equilib>
rium is the same as a saddle point in mixed strategies. It is easy to check that from
the de nitions because E;(X;Y) = XAYT = Ep(X;Y):

Note that a Nash equilibrium in pure strategies will be a row i and column j
satisfying

aij aj and bjj bij;i=Loonmj=1000m
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Thenv(A) = % is the safety value for player land v(BT) = % is the safety value for
player Il.

The maxmin strategy for player | is X = (%; %), and the implementation of this
strategy guarantees that player I can get at least her safety level. In other words, if |
uses X = (3; 1), then E;(X;Y) V(A) = 3 no matter what Y strategy is used by
Il. In fact
Yo =

3 3
E % (yr+Y2) = 5 for any strategy Y = (y1,Y>):

Al
N w

The maxmin strategy for player I1is Y = XB" = (%; %); which she can use to
get at least her safety value of %:

Is their a connection between the safety levels and a Nash equilibrium? The safety
levels are the guaranteed amounts each player can get by using their own individual
maxmin strategies, so any rational player must get at least the safety level in a bimatrix
game. In other words, it has to be true that if X ;Y ) is a Nash equilibrium for the
bimatrix game (A; B), then

Ex(X ;Y )=X AY T value(A)and Ex(X ;Y )=X BY T value(BT):

This would say that in the bimatrix game, if players use their Nash points, they get at
least their safety levels. That’s what it means to be individually rational.
Here’s why that’s true.

Proof. It’s really just from the de nitions. The de nition of Nash equilibrium
says

E(X ;Y )=X AY T E(X;Y )=XAY T; forall X 2 Sp:
But if that is true for all mixed X; then

E(X ;Y ) max XAY T min max XAY T = value(A):
X2s, Y 2S,, X2S,,

The other part of a Nash de nition gives us

Ex(X ;Y )=X BY T max X BYT
Y 2S,,

=Yn;anYBTX T (sinceX BYT =YBTX 1)
min max YBTXT =value(B"):
X2S,Y2S,,

Each player does at least as well as assuming the worst.

PROBLEMS

3.1 Showthat (X ;Y ) is asaddle point of the game with matrix A if and only if
(X ;Y )isaNash equilibrium of the bimatrix game (A; A):
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2. R=0;r>0. Solutionsare0 x 1;y=0.
3. R=0;r <0. Solutionsare0 x 1;y=1

4. R > 0. Solutions are
ify=0=)» 0 x
ifo<y<1l=) x=

ify=1=) 1 x

D=3 =21| =

5. R < 0. Inthis nal case the set of all possible solutions are
ify=0=) 1 x
ifo<y<1l=) x=

ify=1=) 0 x

D=3 =21| =

We may also draw a zigzag line for player Il that will be a graph of the rational
reaction set for player Il to a given strategy X for player I. For example, if R > 0,
the graph would look like Figure 3.2. This bold line would be a graph of the rational

1R 1

Looking for Nash: the case R>0

Figure 3.2 Rational reaction set for player II.

reaction set for player Il against a given X: It has the explicit representation in the
case R > 0 given by

n _ PO N _ O n r o
Rp= (x;0)j0 x R L ﬁ,y jo<y<1l [ (x,l)]ﬁ X 1
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Nash point

Nash point
m/M=2/5 ) |

Nash point  r/R=3/5 !

Nash Equilibria
Figure 3.3 Rational reaction sets for both players

This is curious because the expected payoffs to each player are much less than
they could get at the other Nash points.

We will see pictures like Figure 3.3 again in the next section when we consider an
easier way to get Nash equilibria.

Remark: A direct way to calculate the rational reaction sets for 2 2 games.
This is a straightforward derivation of the rational reaction sets for the bimatrix game
with matrices (A;B). Let X = (x;1 X); Y = (y;1 vy) be any strategies and
de ne

f(xy) =E(X;Y) and g(x;y) = En(X;Y):

Theideaisto ndfora xed0 y 1, the bestresponse toy. Accordingly,

max F(x;y) = max xE(L;Y)+ (1 X)E(2;Y)
0 x 1 0 x 1

JE@GY)  B@Y)+EEY)

< Ei(2;Y) atx=0ifE((L;Y)<E(2;Y);
Ei(1;Y) atx=1ifE|(1;Y)>E(2;Y);
Ei(2;Y) atanyO<x<1ifE/(1;Y)=Ei(2;Y).

Now we have to consider the inequalities in the conditions. For example,
Ei(1;Y)<E(2)Y) » My<m; M =ay; a;p ax+azp M=axp ap!

If M > 0 this is equivalent to the condition 0 y < m=M. Consequently, in the
case M > 0, the best responsetoany 0y < M=m is x = 0: All remaining cases
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because XJ! = J,Y T = 1: But this is exactly what it means to be a Nash point.
This means that (X ;Y ) is a Nash point if and only if

XAY 37 AY T, (X BY "V, X B:

We have already seen this in Proposition 3.2.3.
Now suppose that (X ;Y ) is a Nash point. We will see that if we choose the
scalars

p =Ei(X :Y )=XAY T andq =Eu(X ;Y )=X BY T;

then (X ;Y ;p ;q ) is a solution of the nonlinear program. To see this, we rst
show that all the constraints are satis ed. In fact, by the equivalent characterization
of a Nash point we just derived, we get

XAY "JT=pJ3T AY T and (X BY NIn=qJn X B:

The rest of the constraints are satis ed because X 2 S, andY 2 Sy In the
language of nonlinear programming, we have shown that (X ;Y ;p ;q ) is a fea»
sible point. The feasible set is the set of all points that satisfy the constraints in the
nonlinear programming problem.

We have left to show that (X ;Y ;p ;g ) maximizes the objective function

fOCY;p;g) = XAYT +XBYT p g

over the set of the possible feasible points.

Since every feasible solution (meaning it maximizes the objective over the feasible
set) to the nonlinear programming problem must satisfy the constraints AY T pJ/!
and XB  qJm, multiply the rst on the left by X and the second on the right by
YT to get

XAYT  pXJ! =p; XBYT qImYT =q:

Hence, any possible solution gives the objective
fOY;p:q) = XAYT +XBYT p q O

So F(X;Y;p;q) 0 for any feasible point. But withp = X AY T;q =
X BY T, wehaveseenthat (X ;Y ;p :q ) is afeasible solution of the nonlinear
programming problem and

fX ;Y ;p;g)=XAY T+XBYT p q =0

by de nition of p and q : Hence this point (X ;Y ;p ;q ) both is feasible and
gives the maximum objective (which we know is zero) over any possible feasible
solution and so is a solution of the nonlinear programming problem. This shows that
if we have a Nash point, it must solve the nonlinear programming problem.



154 TWO>PERSON NONZERO SUM GAMES

3.22  Since every two>person zero sum game can be formulated as a bimatrix game,
show how to modify the Lemke Howson algorithm to be able to calculate saddle
points of zero sum two person games. Then use that to nd the value and saddle
point for the game with matrix

a-f 3

Check your answer by using the linear programming method to solve this game.

whPREN
NiE W N
© 0w N

3.23  Consider the following bimatrix for a version of the game of chicken (see
Problem 3.3):
I/l | Straight Avoid
Straight (1,1) (—-1,2)
Avoid | (2,—-1) (=3,-3)

(a) What is the explicit objective function for use in the Lemke Howson algorithm?
(b) What are the explicit constraints?
(c) Solve the game.

3.24  Use nonlinear programming to nd all Nash equilibria for the game and
expected payoffs for the game with bimatrix

2 1,2) (0;0) (2;0)
©;0) (2;3) (0;0)
(2,0) (0;0) ( 1,6)

3.25 Consider the game with bimatrix

2( 3, 4 (2 1) (0:6) (1:1)3
§ (200 22 (30 (@ 2
(23 (51 (1 1) @ 3
(43 @ 5 G2 (31

There are six Nash equilibria for this game. Find as many as you can by adjusting
initialpoint=in the Maple commands.

3.26  Consider the gun duel between Pierre and Bill. Modify the payoff functions
so that it becomes a noisy duel witha; = 2;b; = 1;¢p = 2;dy = 1,61 =
1,fi =200 = 2;hy =1k = 1;°p =2;forplayerl,anda, = 1;b, =
Lico=1,dy=1eo = 1;,f,=1;00=0;h, = 1;k, =1, =1, for player II.
Then solve the game and obtain at least one mixed Nash equilibrium.
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3. From the previous two steps you end up with three equations involving
01; 05 ; 0, : Treat these as three equations in three unknowns and solve.

For example, let’s take the price function P (q) = q;0 ¢ :
1. Firm 2 has the cost of production c*q, with probability p and the cost of

production ¢ g, with probability 1 p: Firm 2 will solve the problem for each cost
c*;c assuming that q; is known:

1

nggXQZ( @+g) c) =D =50 @ c®)

rr;gxqz( @+9q) ¢c) =D g =%( g c)

2. Next, rm 1 will maximize the expected pro t using the two quantities g5 ; d, :
Firm 1 seeks the production quantity gz, which solves

n;glqul (u+0y) clp+al (u+d) cl@ p):
This is maximized at
1 +
ql=§[|0( g c)+@ p( g9 c)l

3. Summarizing, we now have the following system of equations for the variables
G1;02 ;03 :

=5 G c)
w=b( & W+ P 6 ol

Solving these, we nally arrive at the optimal production levels:

1

o = 3l 2c;+pct + (1 p)x ]

L1 1 1

6 =30 +cl ElT p) +pc’] 56*:
1 1

; =30 2 +al+ipe ¢

Notice that if we require that the production levels be nonnegative, we need to put
some conditions on the costs and
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rm, say, rm 1, who will announce its production quantity publicly. Then rm 2
will decide how much to produce. In other words, given that one rm knows the
production quantity of the other, determine how much each will or should produce.

Suppose that rm 1 announces that it will produce q; gadgets at cost c; dollars
per unit. It is then up to rm 2 to decide how many gadgets, say, o at cost
Co; it will produce. We again assume that the unit costs are constant. The price
per unit will then be considered a function of the total quantity produced so that
p=p@z;92) =( g1 g2)" = maxf g1 2;0g: The pro t functions will
be

ur(@;92) =( g1 G2)J1  Cads;
u2001;92) = (g1 02)J2  C202:

These are the same as in the simplest Cournot model, but now gy is xed as given.

It is not variable when rm 1 announces it. So what we are really looking for is the

best response of rm 2 to the production announcement gy by rm 1. In other words,
rm 2 wants to know how to choose g2 = g2(q;1) so as to

Maximize over qy; given g ; the function u2(q1; 92(91)):
This is given by calculus as

01 C2,
> :
This is the amount that rm 2 should produce when rm 1 announces the quantity of
production gy

Now, rm 1 has some clever employees who know calculus and game theory and
can perform this calculation as well as we can. Firm 1 knows what rm 2’s optimal
production quantity should be, given its own announcement of q;: Therefore, rm 1
should choose g; to maximize its own pro t function knowing that rm 2 will use
production quantity g2(q1):

02(01) =

U1(d1;92(92)) =d1( d1  92(da)) Cala

g1 C2

=0 01 >

g1 C2
+ z<
7 T3

Firm 1 wants to choose g, to make this as large as possible. By calculus, we nd that

=0 C1

2C1 +Co

2¢1 + C,)°
G = —— i and U1(dyiq,) = ( 2a*e),

8
Then the optimal production quantity for rm 2 will be
+2c1 3C .

U =02(01) = )
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The equilibrium pro t function for rm 2 is then

( + 2¢, 3C2)2 .

uz(9;;9,) = 6 ;

and for rm1,itis
( 2C1 + C2)2 .
8 :

For comparison, we will set c; = ¢, = ¢ and then recall the optimal production
quantities for the Cournot model:

u1(9y;9z) =

c 2C1 +Co c c

a1 = 3 = 3 ; 4z =

+c1 20 _ c
3 -3

The equilibrium pro t functions were

( +cp  2c1)? _( c)?.

u1(a5:93) =

9 9
( +c1 2602 _ (1 ¢
C. 4C) — J— .
In the Stackelberg model we have
c c
Q1=T>Q% Q2=T<qg3

So rm 1 produces more and rm 2 produces less in the Stackelberg model than if
rm 2 did not have the information announced by rm 1. For the rm’s pro ts, we

have
( cp? ( o
9 8
(o (o
9 16
Firm 1 makes more money by announcing the production level, and rm 2 makes

less with the information.
One last comparison is the total quantity produced

u1(ag; a5) = <u1(9;:9p) =

u2(q5; 95) = > Uz(0;;0) = :

2 3 2c; ¢ 3
Gres=3( O<m+ip=—Tp—"=72( 0
and the price at equilibrium (recall that > c¢):

+3c +2c

P, +6) = —, <P@f+0q)= 3
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As long as uz(d,) 0; rm 2 has an incentive to enter the market. If we interpret
the constantb as a xed cost to enter the market, this will require that

7( a)” >b;
16
orelse rm 2 cannot make a pro t.

Now here is a more serious analysis because rm 1 is not about to sit by idly and
let another rm enter the market. Therefore, rm 1 will now analyze the Cournot
model assuming that thereisa rm 2 against which rm 1is competing. Firm 1 looks
at the pro t function for rm 2:

U2(91;02) = (01 02)02  (age + b);

and maximizes this as a function of g, to get

m 0

a a)?
gy = f and uz(ql;qg‘) = M b

4

as the maximumpro tto rm2if rm 1 produces q; gadgets. Firm 1 reasons that it
can set g1 so that rm 2’s pro tis zero:

( g a7 P

uz(q1;02") = 2 b=0=) ¢?= 2 b a

This gives a zero pro tto rm 2. Consequently, if rm 1 decides to produce g
gadgets, rm 2 has no incentive to enter the market. The price at this quantity will be

D)= ( 275 a) = 275+ a;
and the pro tfor rm 1 at this level of production will be

p_
u@) =( D (agt+b)=2 b( a) 5b:

. . 5P- .
This puts arequirementon that >a+ 5 b; orelse rm 1 will also make a zero
pro t.

PROBLEMS

4.1 Suppose instead of two rms in the Cournot model with payoff functions
(4.2.1), that there are N rms. Formulate this model and nd the optimal quantities
each of the N rms should produce. Instead of a duopoly, this is an oligopoly. What
happens when the rms all have the same costsand N ¥ 1.?

4.2 Two rms produce identical products. The market price for total production
quantity q is P (q) = 100 qu: Firm 1’s production cost is C1(q1) = gy + 10; and
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rm 2’s production cost is C2(g2) = 22 + 5: Find the pro t functions and the Nash
equilibrium quantities of production and pro ts.

4.3 Compare pro tsfor rm 1 in the model with uncertain costs and the standard
Cournot model. Assume = 15;¢; =4;¢c* =5;¢c =1landp=0:5.

4.4 Suppose that we consider the Cournot model with uncertain costs but with three
possible costs, Prob(C, = c¢') =rj; i =1;2;3; wherer; 0;ri +rp+r3 =1
Solve for the optimal production quantities. Find the explicit production quantities
whenry =1;r,=2;r3=3; =100;andc; = 2;¢t =1;¢2 = 2;¢3 =5t

4.5 In the Stackelberg model compare the quantity produced, the pro t, and the
prices for rm 1 assumingthat rm 2 did not exist so that rm 1 is a monopolist.

4.6 Suppose that two rms have constant unit costsc; = 2;c, =land =19in
the Stackelberg model.

(a) What are the pro t functions?

(b) How much should rm 2 produce as a function of q;?

(¢) How much should rm1 produce? (d) How much, then, should rm 2 produce?

4.7  Setup and solve a Stackelberg model given three rms with constant unit costs
C1;C2;¢cz and rm 1 announcing production quantity q;.

4.8 In the Bertrand model show that if c; = ¢, = c; then (py;p,) = (c;c) is a
Nash equilibrium.

4.9 Determine the entry deterrence level of production for rm 1 given =
100; a = 2;b = 10: How much pro tis lost by setting the price to deter a competitor?

410 We could make one more adjustment in the Bertrand model and see what
effect it has on the model. What if we put a limit on the total quantity thata rm can
produce? This limits the supply and possibly will puta oor on prices. Let K = >
denote the maximum quantity of gadgets that each rm can produce and recall that
D(p) = p is the quantity of gadgets demanded at price p: Find the pro t functions
foreach rm.

4,11 Suppose that the demand functions in the Bertrand model are given by

g1 = Da(p1;p2) = (@ p1+bp2)* and g2 = Da(p1;p2) = (@ p2+bp1)™;

where 1 b > 0: This says that the quantity of gadgets sold by a rm will increase
if the price set by the opposing rm is too high. Assume that both rms have a cost
of productionc  minfps; p2g:

(a) Show that the pro t functions will be given by

Ui(p1;p2) = Di(p;p2)(pi ©); 1=12
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Why? Well, v(123) = d because the car will be sold for d; v(1) = M because
the car is worth M to player 1, v(13) = d because player 1 will sell the car
to player 3 for d > M; v(12) = c because the car will be sold to player 2
for c > M; and so on. The reader can easily check that v is a characteristic
function.

3. A customer wants to buy a bolt and a nut for the bolt. There are three
players but player 1 owns the bolt and players 2 and 3 each own a nut. A bolt
together with a nut is worth 5. We could de ne a characteristic function for
this game as

v(123) =5; v(12) =v(13) =5; v(1) =v(2) =v(3)=0; and v(;)=0:

In contrast to the car problem v(1) = 0 because a bolt without a hut is worthless
to player 1.

4. A small research drug company, labeled 1, has developed a drug. It does
not have the resources to get FDA (Food and Drug Administration) approval
or to market the drug, so it considers selling the rights to the drug to a big drug
company. Drug companies 2 and 3 are interested in buying the rights but only
if both companies are involved in order to spread the risks. Suppose that the
research drug company wants $1 billion, but will take $100 million if only one
of the two big drug companies are involved. The pro tto a participating drug
company 2 or 3 is $5 billion, which they split. Here is a possible characteristic
function with units in billions:

v(1) =v(2) =v(3) =0;v(12) = 0:1;v(13) = 0:1;v(23) = 0; v(123) = 5;

because any coalition which doesn’t include player 1 will be worth nothing.

5. A simple game is one in which v(S) = 1 or v(S) = 0 for all coalitions
S: A coalition with v(S) = 1 is called a winning coalition and one with
v(S) = 0isalosing coalition. For example, if we take v(S) = 1if jSj > n=2
and v(S) = 0 otherwise, we have a simple game that is a model of majority
voting. If a coalition contains more than half of the players, it has the majority
of votes and is a winning coalition.

6. Inany bimatrix (A; B) nonzero sum game we may obtain a characteristic
function by taking v(1) = value(A); v(2) = value(BT); and v(12) =sum of
largest payoff pair in (A; B): Checking that this is a characteristic function is
skipped. The next example works one out.

EXAMPLE 5.2

In this example we will construct a characteristic function for a version of the
prisoner’s dilemma game in which we assumed that there was no cooperation.
Now we will assume that the players may cooperate and negotiate. One form
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and conversely. For example, one such possible game is S = f12g versus
N S = 3, in which player S = f12g is the row player and player 3 is the
column player We also have to consider the game 3 versus f12g; in which
player 3 is the row player and coalition ¥12g is the column player. So now we
go through the construction.

1. Play S = f12g versus f3g. players 1 and 2 team up against player 3.
We rst write down the associated matrix game.

Versus player
player AA

AB
BA
BB

AwN N[>
wN RN |

For example, if 1 plays A and 2 plays A and 3 plays B, the payoffs in the nonzero
sum game are ( 3;1;2) and so the payoff to player 12is 3+ 1 = 2;the
sum of the payoff to player 1 and player 2, which is our coalition. Now we
calculate the value of the zero sum two>person game with this matrix to get the
value(12 vs. 3) = 3 and we write v(12) = 3. This is the maximum possible
guaranteed bene t to coalition ¥12g because it even assumes that player 3 is
actively working against the coalition.

In the game f3g versus F12g we have | 3 |as the row player and players f12g
as the column player. We now want to know the maximum possible payoff to
player 3 assuming that the coalition f12g is actively working against player 3.
The matrix is

Versus

AA AB BA BB

B8] [A o 2 1 1

B 2 1 1 1

The value of this game is 1. Consequently, in the game f3g versus 129 we
would get v(3) = 1: Observe that the game matrix for 3 versus 12 is not the
transpose of the game matrix for 12 versus 3:

2. Play S = f13g versus f2g: The game matrix is

versus player
player AA

AB
BA
BB

R OoORR|D>
ool
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We see that the value of this game is 1 so that v(13) = 1: In the game f2g
versus T13g we have | 2 | as the row player and the matrix

Versus

AA AB BA BB

2] |A 1 1 2 o

B 2 1 1 1

The value of this game is £, and so v(2) = 1:
Continuing in this way, we summarize that the characteristic function for
this three person game is

VD=LV =5 v@ = 1

v(12) = 3; v(13) =1; v(23) = 1;
v(123) = 4; v(;) =0:

The value v(123) = 4 is obtained by taking the largest sum of the payoffs that
they would achieve if they all cooperated. This number is obtained from the
pure strategies: 3 plays A, 1 plays A, and 2 plays B with payoffs (4; 2;2):
Summing these payoffs for all the players gives v(123) = 4: This is the most
the players can get if they form a grand coalition, and they can get this only
if all the players cooperate. The central question in cooperative game theory
is how to allocate the reward of 4 to the three players. In this example, player
2 contributes a payoff of 2 to the grand coalition, so should player 2 get an
equal share of the 4? On the other hand, the 4 can only be obtained if player 2
agrees to play strategy B, so player 2 does have to be induced to do this. What
would be a fair allocation?

One more observation is that player 3 seems to be in a bad position. On her
own she can be guaranteed to get only v(3) = 1, but the assistance of player
1 does help since v(13) = 1. Player 2 doesn’t do that well on her own but does
do better with player 3.

Remark. There is a general formula for the characteristic function obtained by
converting an n>person nonzero sum game to a cooperative game. Givenany coalition
S N, the characteristic function is

> >
v(S) = max min Ei(X;Y)= min max Ei(X;Y);
X2XsY2Yy s . Y2Yy §X2Xs .
i2S i2S
where Xg is the set of mixed strategies for the coalition S; Yy s is the set of mixed
strategies for the coalition N S; E;j(X; Y ) is the expected payoff to playeri 2 S;
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Since we now have equality throughout
V() +v(M)+v(N (SLT)=v(SLT)+Vv(N (SLT))
andsov(S) +v(T)=v(S[T):

We need a basic de nition regarding the allocation of rewards to each player.
Recall that v(N) represents the reward available if all players cooperate.

De nition 5.1.2 Let x; be a real number for each i = 1;2;:::;n: A vector x =

Xj  v(i) (individual rationality)

Xj = V(N) (group rationality)
i=1
Each x; represents the share of the value of v(N) received by player i: The imputation
x is also called a payoff vector or an allocation, and we will use these words
interchangeably.

Remarks.

1. Itis possible for x; to be a negative number! That allows us to model coalition
members that do not bene tand may be a detriment to a coalition.

2. Individual rationality means that the share received by player i should be at
least what he could get on his own. Each player must be individually rational,
or else why join the grand coalition?

3. Group rationality means that the total rewards allocated to each individual in
the grand coalition sho.gld equal;;he total rewards available by coo,&ration.
We know that v(N) i Xi i v(1); justby de nition. Ifinfact ;x; <
v(N), then each player could actually receive a bigger sfgre than simply x;j;
in fact, one possibility is an additional amount (v(N) i Xi)=n. This says
@t the allocation x; would be rejected by each player, so it must be true that

i Xi = V(N) for any reasonable allocation. Nothing should be left over.
P

4. Any inessential game, i.e., v(N) = ?=1 v(i); has one and only one imputa>

the problems). These games are uninteresting because there is no incentive for

any of the players to form any sort of coalition and there is no wiggle room in
nding a better allocation.

The main objective in cooperative game theory is to determine the imputation that
results in a fair allocation of the total rewards. Of course, this will depend on the
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nd the least core without normalizing.

5.7 A constant sum game is one in which v(S) + v(N  S) = v(N) for all
coalitions S N: Show that any essential constant sum game must have empty core
C@) =;:

5.8 In this problem you will see why inessential games are of no interest. Show
that an inessential game has one and only one imputation and is given by

that is, each player is allocated exactly the bene t of the one>player coalition.

5.9 Anplayeriisadummy if v(S) = v(S [ i); forevery S  N: It looks like a
dummy contributes nothing. Show that if i is a dummy, v(i) = 0; and x 2 C(0);
then x; = 0:

5.10 Show that a vector x = (X1;X2;:::;Xn) iSan imputatiory'f and only if there
nonnegative constants a;  0;i = 1;2;:::;n; such that i”:l ai = v(N)
i”=1 v(i); and x; = v(i) +a; foreachi =1;2;:::;n:

P
511 Let j=v(N) v(N 1i): Show that C(0) = ; if ?:1 i <V(N):
5.12  Verify the statement: C(0) & ; if and only if the linear program

Minimizez =x; + +Xn
X

subject to v(S) x; foreveryS N
i2s

hasa nite minimum, say z ; and z v(N):

5.1.1 Finding the Least Core

The next theorem formalizes the idea above that when e(S;x) 0 for all coalitions,
then the player should be happy with the imputation x and would not want to switch
to another one.

One way to describe the fact that one imputation is better than another is the
concept of domination.

De nition 5.1.8 Ifwe have two imputationsx 2 X;y 2 X; and anonempty coalition
S N; then|_¥, dominates y (for the coalition S) if X; > y; for all membersi 2 S;
andx(S) = 55X V(S):

If x dominates y for the coalition S, then members of S prefer the allocation x to the
allocation y; because they get more x; > yj; for each i 2 S; and the coalition S can
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B EXAMPLES.9

This example ! will present a game with an empty core. We will see that when
we calculate the least core Xt = C("'!); where "? is the smallest value for
which C("!) & ;; we will obtain a reasonable fair allocation (and hopefully
only one). The fact that C(0) = ; means that when we calculate "* it must
be the case that "1 > 0 because if " < 0; by the de nition of "! as the
smallest " making C("') & ;; we know immediately that C(0) & ; because
C (") increases as " gets bigger.

Suppose that Bill has 150 sinks to give away to whomever shows up to take
them away. Amy(1), Agnes(2), and Agatha(3) simultaneously show up with
their trucks to take as many of the sinks as their trucks can haul. Amy can haul
45, Agnes 60, and Agatha 75, for a total of 180, 30 more than the maximum
of 150. The wrinkle in this problem is that the sinks are too heavy for any one
person to load onto the trucks so they must cooperate in loading the sinks. The
question is: How many sinks should be allocated to each person?

De ne the characteristic function v(S) as the number of sinks the coalition
S N = f1;2;3g can load. We have v(i) = 0;i = 1, 2; 3; since they must
cooperate to receive any sinks at all, and

v(12) = 105; v(13) = 120; v(23) = 135; v(123) = 150:

It will be easier to not normaljze this problem, so the set of imputations will
be X = f(x1; X2; X3)jxi  0;  X; = 150g. First let’s use Maple to see if the
core is nonempty:

> with(simplex):

obj :=x1+x2+x3:
cnsts:={105-x1-x2<=0,120-x1-x3<=0, 135-x2-x3<=0};
minimize(obj,cnsts,NONNEGATIVE) ;

assign(%);

obj;

V V. V V V

Maple gives the output x; = 45; X, = 60; X3 = 75,and obj = X1 + X2 +X3 =
180 > v(123) = 150: So the core of this game is empty. A direct way to get
this is to note that the inequalities

X1 +Xo 105;x; +x3 120 and x, +x3 135

imply that 2(x; + X2 + X3) = 2(150) = 300 360; which is impossible.

1due to Mesterton-Gibbons [15].
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so that x minimizes the maximum excess for any coalition S. When there is
only one such allocation x , it is the fair allocation. The problem is that there
may be more than one element in the least core, then we still have a problem
as to how to choose among them.

Remark: Maple Calculation of the Least Core. The point of calculating the
"score is that the core is not a suf cient set to ultimately solve the problem in the
case when the core C(0) is (1) empty or (2) consists of more than one point. In case
(2) the issue, of course, is which point should be chosen as the fair allocation. The
">core seeks to address this issue by shrinking the core at the same rate from each
side of the boundary until we reach a single point. We can use Maple to do this.

The calculation of the least core is equivalent to the linear programming problem

Minimize z

subject to
>

v(S) x(S)=v(S) xj z; forallS (N:
i2S

The characteristic function need not be normalized. So all we really need to do is
to formulate the game using characteristic functions, write down the constraints, and
plug them into Maple. The result will be the smallest z = "'* that makes C("!) & ;;
as well as an imputation which provides the minimum.

For example, let’s suppose we start with the characteristic function

v(i)=0; 1=1;2;3; v(12) = 2;v(23) = 1;v(13) = 0; v(123) =

N ol

The constraint set is the ">core

C(") =Fx = (x1;%2;%3) jV(S) x(S) ;S (Ng
=f x; "Mi=1232 X3 X2 "1 X» X3 ™

" 5
0 X1 X3 ;X1+X2+X3:§9

The Maple commands used to solve this are very simple:

> with(simplex):

> cnsts:={-x1<=z,-x2<=z,-x3<=z,2-x1-x2<=z,1-x2-x3<=z,-x1-x3<=z,
x1+x2+x3=5/2};

> minimize(z,cnsts);

Maple produces the output
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formation of the grand coalition, we have
il)(Z) (ij 2)(iSj 1; I@} in ISH(n jf) 1) (2)(l}

jSj  larrive i arrives remaining arrive

Remember that because a characteristic function is superadditive, the players have
the incentive to form the grand coalition.

For a given coalition S, by elementary probability, there are (jSj 1)!(n  jSj)!
ways i can join the grand coalition N, joining S rst. With this reasoning, we assume
that Z; has the probability distribution

Gsj Dun jSp!.
n! '

We choose this distribution because jSj 1 players have joined before player i; and
this can happen in (jSj  1)! ways; and n  jSj players join after player i; and
this can happen in (n  jSj)! ways. The denominator is the total number of ways
that the grand coalition can form among n players. Any of the n! permutations has
probability # of actually being the way the players join. This distribution assumes
that they are all equally likely. One could debate this choice of distribution, but this
one certainly seems reasonable. Also, see Example 5.17 below for a direct example
of the calculation of the arrival of a player to a coalition and the consequent bene ts.

Therefore, for the xed player i; the bene t player i brings to the coalition Z; is
v(Zi) v(Zi 1). It seems reasonable that the amount of the total grand coalition
bene ts that should be allocated to player i should be the expected value of v(Z;)
v(Z; i). This gives,

>
i EMZ) vz ] = V(S) V(S DIProb(Zi =S)

Prob(Zi =S) =

fS>2<ig
L 3USj DUn  jSi!
= 7w v U D0 I
fs2 ig ’
The Shapley value (or vector) is then the allocation x = (X1;:::;Xn): At the end

of this chapter you can nd the Maple code to nd the Shapley value.

B EXAMPLES5.14

Two players have to divide $M, but they each get zero if they can’t reach an
agreement as to how to divde it. What is the fair division? Obviously, without
regard to the bene t derived from the money the allocation should be M=2 to
each player. Let’s see if Shapley gives that.

De nev(l) =v(2) =0;v(12) = M: Then
M

x1 = [v(1) V(;)]%Z! +[v(12) v(z)]% =5
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at another job. In negotiations with the union, the rm agrees to the pay level p and
toemploy0 w W workers. We may consider the payoff functions as

u(p;w) = f(w) pw tothe company

and
v(p;w) =pw + (W  w)po to the union:

Assume the safety security pointis u = 0 for the company and v = W p, for the
union.

(a) What is the nonlinear program to nd the Nash bargaining solution?

(b) Assuming an interior solution, show that the solution (p ;w ) of the Nash
bargaining solution satis es

_ ot FE),

w f'(w ) =po and p o

(c) Find the Nash bargaining solution for f(w) = aw +b;a > 0.

THE SHAPLEY VALUE WITH MAPLE

The following Maple commands can be used to calculate the Shapley value of a
cooperative game. All you need to do is to let S be the set of numbered players,
and de ne the characteristic function as v. The list M = [M[K]] consists of all the
possible coalitions.

>restart:with(combinat):S:={1,2,3,4};
>L:=powerset (S) :M:=convert(L,1list) :M:=sort (M,length) ;K:=nops (L) ;
># Define the characteristic function
>for k from 1 to K do if nops(M[k])<=1 then v(M[k]):=0; end if;end do;
v({1,2}):=0:v({1,3}):=0:v({2,3}) :=0:v({1,4}) :=5:v({2,4}) : =10:v({3,4}) : =0:
v({1,2,3}):=0:v({1,3,4}) :=25:v({2,3,4}) :=30:v({1,2,4}) :=35:v({1,2,3,4}) : =55:
># Calculate Shapley
> for i from 1 to nops(S) do
x[i]:=0:
for k from 1 to K do
if member(i,M[k]) and nops(M[k])>=1 then
x[1] :=x[1]+(v(M[k])-v(M[k] minus {i}))*
((nops (M[k])-1) !*(nops (S)—nopsM[k]))!) /nops(8)!
end if;
end do;
end do:

> for i from 1 to nops(S) do lprint(shapley[i]l=x[i]); end do;
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BIBLIOGRAPHIC NOTES

The pioneers of the theory of cooperative games include L. Shapley, W. F. Lucas,
M. Shubik, and many others, but may go back to Francis Edgeworth in the 1880s.
It received a huge boost in the publication in 1944 of the seminal work by von
Neumann and Morgenstern [26] and then again in a 1953 paper by L. Shapley in
which he introduced the Shapley value of a cooperative game.

There are many very good discussions on cooperative game theory, and they are
listed in the references. The conversion of any N>person non>zero sum game to
characteristic form is due to von Neumann and Morgenstern, which we follow, as
presented in references by Wang [28] and Jones [7]. Example 5.9 (used here with
permission of Mesterton>Gibbons) is called the log hauling problem by Mesterton»
Gibbons [15] as a realistic example of a game with empty core. It is a good candidate
to illustrate how the least core with a positive "' results in a fair allocation in which
all the players are dissatis ed with the allocation. The use of Maple to plot and
animate C(*") as " varies is a great way to show what is happening with the level
of dissatisfaction and the resulting allocations. For the concept of the nucleolus we
follow the sequence in Wang’s book [28], but this is fairly standard. The allocation
of costs and savings games can be found in the early collection of survey papers in
reference [13]. Problem 5.19 isamodi cation of a scheduling problem known as the

antique dealer’s problem in Mesterton>Gibbon’s ne book [15], in which we may
consider savings games in time units rather than monetary units.

The Shapley value is popular because it is relatively easy to compute but also
because, for the most part, it is based on a commonly accepted set of economic
principles. The United Nations Security Council example (Example 5.19) has been
widely used as an illustration of quantifying the power of members of a group. The
solution given here follows the computation by Jones [7]. Example 5.20 is adapted
from an example due to Aliprantis and Chakrabarti [1] and gives an ef cient way
to compute the Shapley allocation of expenses to multiple users of a resource, and
taking into account the ability to pay and requirement to meet the expenditures.

The theory of bargaining presented in Section 5.4 has two primary developers:
Nash and Shapley. Our presentation for nding the optimal threat strategies in section
5.4.2 follows that in Jones’ book [7]. The alternative method of bargaining using the
KS solution is from Aliprantis and Chakrabarti [1], where more examples and much
more discussion can be found. Our union versus management problem (Problem
5.31) isamodi cation of an example due to Aliprantis and Chakrabarti [1].

We have only scratched the surface of the theory of cooperative games. Refer to
the previously mentioned references and the books by Gintis [4], Rasmussen [22],
and especially the book by Osborne [19], for many more examples and further study
of cooperative games.
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The game is symmetric and has solution X =(0;2;2:004)=Y ;v=0

2
0 2
2.22 A=§ 0 32 X =Y =(0;%;2;0); for example
. 0 7:7:0); .
0 3 4
2.23 The matrix B is given by
2 3
0 0 5 2 6 1
o 0o 1 £ 2 1
B = 5 1 0 0 0 1
82 L 0o o o 14
6 2 0 0 0 1
1 1 1 1 1 0

and will have v(B) = 0;and P = Q = 2:;5;2:2,0,8 Thenb = (5+

6)53—11andb—(3+8+0)53—11 SOX1 = 2 X = g andy; = ;Y2 =

537 11°
11,y3—0 AISO V(A) = :g%_%_%
2.24 (a)X _( )Y - %,OO,S,O)V

);Y = (& & 5*0)\’_
225 X = (532 2:08Y =(%;31: 2:0,0)v =2

2.26 The pure strategies are labeled plane(P), highway(H), roads(R), for each player.
The drug runner chooses one of those to try to get to New York, and the cops choose
one of those to patrol. The game matrix in which the drug runner is the row player,

becomes 2 3
18 150 150

A=4100 24 1005:
80 80 35

For example, if drug runner plays H and cops patrol H; the drug runner’s expected
payoff is ( 90)(0:4) + (100)(0:6) = 24: The saddle point is

= (0:144;0:3183;0:5376) and Y = (0:4628;0:3651;0:1721):

The drug runners should use the back roads more than half the time, but the cops
should patrol the back roads only about 17% of the time.

2.27 The game matrix is
0:40 0:44
g 0:28 040 02 Z
0:2 0:6
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3.21
X1=(1 0) Y]_:(l 00) E[=2;EH=1
Xo=(1;0) Y2=(5;0;3) E;=%Ep=1
X3=(01) Y3=(001) E[zl;EH=3

3.22 Take B = A. The Nash equilibriumis X = (3;3;
the value of the game isv(A) = =

(=]
}./
<
Il
r-\
oolm
olw
\/
=%}
>
o

3.23 The objective function is f(x;y;p;q) = 7x+7y 6xy 6 p g with
constraints2y 1 p;5y 3 p;2x 1 @g;5x 3 g@;and0 x;y L

Xi=(@0) Y1=(;1) Ei= LEg=2
X2=(0;1) Y2=(0) E=2Eg= 1
X3=(53) Ya=(:3 E=3En=
3.24 xl= %1%1 1Y1= 163113113 yEI 131 EH_l XZ_ %vo!% =Y2

1
6
with payoffs E; = 2;Ey = 3: X3 = Y3 = (0;1;0):

3.26 The matrices are

2 1:20  0:56 0:88 12 3 2 0:64 0:92 0:76 06 3
124 0:40 144 1:6 7 0:28 0:16 0:12 02
A= 0:92 0:04 1:20 18 8= 0:44 0:28 0:04 0:6
0:6 0:2 0:6 2 0:6 0:2 0:6 0

One Nash equilibrium is X = (0:71;0;0;0:29);Y = (0;0;0:74;0:26): So Pierre

res at 10 paces about 75% of the time and waits until 2 paces about 25% of the time.
Bill, on the other hand, waits until 4 paces before he takes a shot but 1 out of 4 times
waits until 2 paces.

3.27 (@) The Nash equilibria are

X1=(L0) Yi=(0;1) E= LE;=2
Xo=(0:1) Yo=(L0) E=2Ey= 1
X3= %5 Ys= %3 E=35Ei=3

They are all Pareto>optimal because it is impossible for either player to improve their
payoff without simultaneously decreasing the other player’s payoff, as you can see
from the gure:
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Payoffs (E[I},E[ll]) in Chicken Game

dolob &<

4 K3
y 600009
boo PPN

LY o
00909 olo aee RO
. O

o

R®0000o

None of the Nash equilibria are payoffdominant. The mixed Nash (X3; Y3) risk
dominates the other two.
(b) The Nash equilibria are

l.
4’4
X2=(0;1);Y2=(0;1);E1 = E2 = 1;
X3z = (1,0) =Y3;E1=E, =3:

| W

X = ;Y1 =(1;0);E1 =3;E, = 0;

(X3;Y3) is payoff~dominant and Pareto>optimal.

(c)
111 6 5 2 10
T 2Ee T mwn BTt
3 1 5 3
X2— Z,O,Z —YZ,E[—Z,EH—E.
X3=Y3=(0;1,0);E; =2;E = 3:

Clearly X3; Y3 is payoff>dominant and Pareto>optimal. Neither (Xy; Y1) nor (Xz; Y>)
are Pareto>optimal relative to the other Nash equilibria, but they each risk dominate

(Xs; Y3):
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SOLUTIONS FOR CHAPTER 4
P
4.1 ui(gy; i gisiian) = qi( j[\l=l gj  Ci): The optimal quantities that each
rm should produce is

(@) 1

1 o XA

qi - m NC| ) o Cj .

J=1;j6i

IfCi=c;, i=1;2;:::;;N;thengi=c=(N+1) T O;N ¥ 1:

. P—
44 Withus(G1;62) = 1100 2° (41 +G2)) G 10;and uz(1;62) = g2(100
2 (@1+92) 202 5; wegetq, = 795:88;0, = 756:48; and pro ts u; =
16066:77; and u, = 14519:42:

4.3 Pro tfor rm1is 10, compared with 16 or 7:11 if c, = 50r ¢, = 1, resp.

4.4 We have to solve the system

1
= E[( g2 c)ri+( g5 cor+( a3 corsl;
0= %[ u c'Li=123;

which has solution

1
w=3 2a+n )+nE )
1 ¢ 1 r ct
=2 40 —+:n@ )+ 2B 2 -
62 =3 1 5 an )+ 2 ( )
1 ¢ 1 r c?
2= 40 — 4+ H+2E ? ha
62 =3 1 5 an )+ 2 ( )
1 1 r 2¢3
s_1 L 1 3 a4y, 2
0 =3 L G R U B
The quantities with the information givenare g, = 283 for rm1,andg} = 32;92 =
521 and q3 — 497.
16’ 2 16 *

4.6 (b)ge = 3(18 q1); (€) g =8; (d) g =5:

47 q2(91) = ( g1 2c2+c3)=3;03 = ( 01 2c3+C)=3: Then g =
( +ca+c3  3c1)=2;and uy(ds; 02;03) = ( +cx+c3  3cy)?=12:

4.9 g7 = 91:67;p = 8:32; u; = 569:8:
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(b) For the data given in the problems = 338:66;9 = 357:85:

4.23 The cumulative distribution function is F(p) = 2p% +3p%;0 <p < 1: The
interior solutionof 1 F(p) pf(p) =0isp = 0:422; so the reserve price should
be set at 42:2% of the normalized range of prices. Notice that even though the
density is symmetric around p = %; the optimal reserve price is not 0:5: The Maple
commands to solve are

> restart: f:=x->6*x*(1-x);
> Fr=x->int(f(y),y=0..x);
> fsolve(1-F(X)-x*f(x)=0,x);

4.25 The expected payoff of a bidder with valuation v who makes a bid of b is given
by
u(b) =vProb(bishighbid) b=vF( )N ' b=v N1 b

Differentiate, set to zero, and solveto get (v) = (N 1)=N)vN:
Since all bidders will actually pay their own bids and each bid is (v) =
(N 1=N)vN: the expected payment from each bidder is

Z
N 1°1°

B (] =~ Vv = N 1

N(N+1)

Sincethereare N bidders, the total expected paymenttothe sellerwillbe (N 1)=(N + 1):

SOLUTIONS FOR CHAPTER 5

5.2 (a) v(1) = value(A) = &; v(2) = value(BT) = &; v(12) = 6;v(;) = 0:
(b) ThecoreisC(0) = (6 xz2;X2)j 2 x» Zg:
(c) TheleastcoreisC £ = f(3;3)g:

5.3 Innormalized form simply divide each number by 13 : x unnormalized=  13; 33; 33

NIw

54 v(;) = 0;v() = §;v(2) = 2;v(3) = 1; v(12) = 5;v(13) = 4;v(23) = 3;
v(123) = 16:

56" =1andC : = 111
56 "= 1leastcoreisC( 1) =fx=(2;2;0)q:

5.7 Supposex 2 C(0) sothate(S;x) 0;8S ( N: Take the single play?{,coalition
S =figsov(i)+Vv(N i) =v(N): Since the game is essential, v(N) > ?:1 v(i):
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516 X! =C( X)=Ffxi+x; =3, %& xi;% X0 The next least core is
X2=C( 3) =15 % %)

5.17 The least coreistheset C( 1) = fxy = 1;xp + X3 = 11;X, 1;X3 20:
The nucleolus is the single point £(1; it; 1)g

1202
5.18 For the least core " = 1
1 3 3 1.
Leastcore:X1=C( )=FfX1+Xo = X3+X4a =X ;1 =1;2;3;4
2 2 2 2
Xo + X 3'x + X 3'x + X 5'x + X ;
2 3 21 1 4 21 1 3 41 2 4 21
3 3 3
X1 + X2 + X3 iiX1+X2+X4 §;X1+X3+X4 5;

3
Xo + X3 + X4 E;x1+x2+x3+x4=3g:

Next X2 has "2 = 1: X3 has "® = 3; and nucleolus=f(3; 2; 2; 3)g:

5.19 (a) The characteristic function is the number of hours saved by a coalition.
v(i) = 0; and

v(12) = 4;v(13) = 4;v(14) = 3;v(23) = 6;v(24) = 2;v(34) = 2;
v(123) = 10;v(124) = 7;v(134) = 7;v(234) = 8;v(1234) = 13:

(b) Nucleolus=f(12; 33; 33: 3)g with units in hours. The least core is

3 23 3
X1:C Y=+F + + = _- = _-
( 2) X1+ Xp X3 = o Xs = 5
17
X1+ Xo + X3+ Xg =13, Xy + X2 + X4 >
X2 + X3 + X 19'x 3'x .
2 ¥ X3 Xy X 5iXe o
X1 + X 11'x 3'x + X 1.
1HXe  iXs SiXat Xy o
X2 + X ! (X1 + X 9'x + X .
2 X XeHXe Xt Xs o
7 17
X3 + Xy E;X1+X3+X4 79

:I.'Zhe_nleg.t least core, which will be the nucleolus, is X2 = f(12; 33; 33, 3)g with

(c) The schedule is set up as follows: (i) Curly works from 9:00 to 11:52.5, (ii)
Larry works from 11:52.5 to 1:45, (iii) Shemp works from 1:45 to 3:30, and (iv) Moe
works from 3:30 to 5:00.
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In order for X3 to be an ESS, we need

1 1

>+ + 2px2;
2>2 2px + 2px<;

NI

which becomes 0 > 2p(x %)2; for 0 < p < px: This is clearly impossible, so X3
is not an ESS.

6.2 There are three Nash equilibria X; = Y; = (1;0); X, = Y, = (0;1); and
the mixed X3 = Yz = (4;3): The rst two are ESSs. For Xs; u(3;3) = %;
u(x;2) =2:1su %;x =2 > u(x;x)? No, because £ > x2+2(1 x)? s false

forall 0 < x < 1:

6.3 The only symmetric (nonstrict) Nash is (X = (0;1); X ). Then u(0;0) =
1;u(x;0) = 1; u(x;x) = 2x?+ 5x + 1; and u(0; x) = 5x + 1: Hence, u(0;0) =
1 =u(x;0) and u(x; x) < u(0;x); forany 0 <x  1: This means that X = (0;1)
is an ESS.

6.4 The Nash equilibria and their payoffs are shown in the following table; they are
all symmetric.

X u(X ;X))
(1;0;0)
(0;1;0)
(0;0;1)
3:2:0)
CHE)
(EH

1.1.1
(3:373

wIN Mo NN N DN

For X = (1;0;0) youcan see this is an ESS because it is strict. Considernext X =
(3;2;0):Since u(Y; X ) = 2(y1 +Y2) ys=2; the set of best response strategies is
Y =(y;1 y;0):Thenu(Y;Y)=14y? 4y+2andu(X ;Y)= % + 2y: Since
it is not true that u(Y;Y ) < u(X ;Y), for all best responses Y & X ; X isnotan
ESS.

6.5 (a) There is a unique Nash, strict and symmetric ESS= (0;1) ifa<0;b > 0; =
(1;0)ifb<0;a=>0:

(b) Three Nash equilibria, all symmetric, NE= (1;0); (0; 1); X; X = (b=(a +
b); a=(a + b)): Both (1;0); (0; 1) are strict, so (1;0); (0; 1) 2 ESS: The mixed X is
not an ESS since E(1;1) = a > ab=(a+b) = E(X; 1) so ESS = f(0;1); (1;0)g:
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(c) Two strict asymmetric Nash Equilibria, one symmetric Nash Equilibrium
X = (c = b=(a + b); a=(a + b)), but now X is ESS since

E(CX;Y)=cay; +(1 c)by, =ab=(a+h)

and forevery strategy Y & X; E(Y;Y) = ay? + by < ab=(a+b) = E(X;Y);s0
X is the ESS.

6.7 The pure Nash equilibria are clearly equivalent. For the interior mixed Nash,
the calculus method shows that the partial in the appropriate variables of the pay»
off functions lead to equations for the Nash equilibrium independent of a;b: You
may also calculate directly that E'(X;Y) = XAlYT = XAYT (a b)YT =
E(X;Y) (a b)YT:Therefore, E'(X ;Y ) E!(X;Y )forall X, ifand only if
E(X ;Y ) ECXY ), forall X.

6.8 (b) The three Nash equilibria are X; = (%; %) =Y, and the two nonsymmetric
Nash points ((0; 1); (1;0)) and ((1; 0); (0; 1)): So only X; is a possible ESS.

(c) From the following gure you can see that (p1(t); p2(t)) ¥ (%; %) ast ¥ 1
and conclude that (X1; X1) is an ESS. Verify directly using the stability theorem that
it is asymptotically stable.

0.99

0.8

p2(t)
0.6

0.5

] 0.5
0.4 03 P
0.1

0.0 25 5.0 75 100
t

The gure shows trajectories starting from three different initial points. In the three>
dimensional gure you can see that the trajectories remain in the plane p; +p, = 1:
The Maple commands used to nd the stationary solutions, check their stability, and
produce the graph are

> restart:with(DEtools):with(plots):with(LinearAlgebra):
Az=Matrix([[3,2],[4,111); X:=<x1,x2>;

Transpose(X) .A.X;

s:=expand(%);

L:=A.X; f:=(x1,x2)->L[1]-s;9:=(x1,x2)->L[2]-s;
solve({f(x1,x2)=0,9(x1,x2)=0},[x1,x2]);

V V. V V V
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