Marcel Bischoff.
Modularity of the category of representations of a conformal net.
1. Introduction.
Two interval inclusions.
Modularity.
Goal: Let A be a completely rational conformal net.
Semi-simplicity: Every separable rep is completely reducible.
The number of unitary equivalence classes of irreducible representations is finite.
Every separable irreducible representation has finite statistical dimension.
The category of representations has a monoidal structure with simple unit and duals (conjugates) and
a maximally non-degenerate braiding
A is completely rational conformal net. A(I) C B(Hy). Hp is the vacuum Hilbert space, Q € Hj is
vacuum. U has a bounded positive energy representation of PSU(1,1).
(a) Show additivity.
(b) Split property: I CC J implies A(I) — A(J) factors through type I factor.
(c) p2(A) < oo, ug = [A(E) : A(E)], A(E) = A(E'), where E=1UJ,INJ =0.

H is separable, for any I C I there is p ~ 7 that is localized in I (p;r = 14(11)).

Conjugates: 7 ~ p localized in I. Suppose P and @ are two other intervals. pr(z) = Jppro1(Jo x Jg)Jp
and JpA(P)Jp = A(P)'.

Bisognano-Wichmann: Jp x Jp = U(rp) x U(rp)*. [p1] does not depend on P and Q.

Theorem: If 7 is separable and irreducible, then there exists 7. If w is M&bius, then 7 is Mobius
covariant. p € [r] and p € [T].

2. Two interval inclusions.

Fact: If N C M is irreducible (N'NM = C1) and [M : N| < oo, then there is a canonical endomorphism
v(z) = Iz JJn. There is ¢ € M such that ¢z = o(z)y for € N if and only if there is o € End(N)
such that ¢ < |y there is U € N such that U(z) = vy(z)U.

E = LUL. A(E) C A(E) = A(E'). vp: A(E) — A(E). Pick 7; an irreducible separable representation.
pi € [mi]- p;i € [7] and localized at I.

R; € Hom(1,0 = p;pi), pi(pi(2)). Riz = pi(pi(2))Ri, z € A(E). Dierypibi < Ae = VE|am)-

Yier, dpi)? < [A(E), A(E)] = pa.

Fact: y(z) = >, Uioi(x)U, o; irreducible. U; such that ). USU; =1, U;U; = [i = j]1. Every x € M

w N

e

is of the form = = > z;1;, x; € N.

3. Modularity.

Proposition. Every irreducible separable representation of a conformal net A has finite statistical di-
mension.

Proof sketch: Choose p € [n] localized at some interval, choose p’ localized at some other disjoint
interval. There is v € Hom(p,p') C A(E). u = > u;R; implies 0 # u; € Hom(pip,1). p — pipip — ps.
T € A(E), =) crziRi, z; € A(E).

A(E) = A(E).

Braiding p, 1 localized irreps. E(p,n) € Hom(pn, np). nip = pn;.

Tr/r € Hom(n,nL.r)- E(p,n) = Tpp(TL)- E(n,p)* = Tip(Tr).

Definition: p and 7 have trivial monodromy if E(p,n) = E(n, p)*, which is equivalent to En(p,n) =
E(p,n)E(n,p) = 1.

Definition: 7 is called finite if

1. 7 is a finite direct sum of irreps;
7 has finite statistical dimension;
3. w(C*(A))' is finite.
Consider the category of all finite representations.
Definition: p is called degenerate if Ep(p,n) = 1 for all finite representations n (n € I').
Theorem: The center of the category of representations is trivial, thus it is modular.
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