David Moseley.

Hypergeometric functions.

The hypergeometric equation is a second order ODE with three regular singular points 0, 1, and oc:
z(1=2)f"4+ (c— (14+a+b)z)f —abf = 0. We can restate it as F'(z) = (A/z+ B/(1 — z))F(z). Here

A= <8 110>,B: <?1b 1+a3—bc>’F(z): (zé%))

Gla,byc;2) =Y, 50(a™™/c™)z" /nl.

11(2) = P2 T Q1 - 2).

f:C =V, P,Q € End(V). P has eigenvalues )\; (they are different) and eigenvectors ;. @ is a nonzero
multiple of a rank one idempotent. Q% = 6Q, § # 0. Hence tr(Q) = §. Rank 1: Thereis ¢ € V* and v € V
so that Q(z) = ¢(z)v, ¢(v) = 4.

Q is in general position with respect to P. v = §;&;, where §; # 0.

Choose eigenvectors so that ¢(§;) = 1. Let R = Q — P and suppose R satisfies the same conditions
as P with respect to Q. Let ((;j, —;) be the normalized eigenvectors/eigenvalues. f;(z) = > & n2*tm.
&o =&. Convergesin {z | |2] <1Az ¢ [0,1)}. gj(2) =, (2" ™. &0 = (;. Extend analytically and
complete. fi(z) =), ¢cijg;(2). Goal: compute c; ;.

cij = exp(im(Xs = 115)) [Tjos DX = M+ D) T1zy Dy — p) / Tl T = 0+ 1) Tjess Tt — Ag)-

Fact: The transport matrix depends only on the eigenvalues of P and P — ). This dependence is
holomorphic.

Fact: 510’ S Sn Ci,j()\la ey )\n,ul, PN ,,U,n) = Cgiﬂ-j(kal, ey )\Un,/,b.,-l, N ,,Lt-,-n).

Look at 6((2)) because ¢(fi(2)) = 3, €s56(97(2))- f1(2) = 3 €m0,

YonsoM A+ A)Ein2" =3, 50 Pén2" + QA+ 2+ 22 +-) X0, 5o €in2™

mM+M—P)in=Q& 0+ - +&n1) un=0¢E0+ - +E&,n)

aj.0 = 1.

1 = [Ii<jen [licmen(m+Ai —p5)/(m + X = Aj).

$(f1(2))/ (2 (1= 2)) = Z,n0 01m2™ = X 2" [T

Restrict the A; and p; to real numbers, A; > Aj41 and Ay +1 > p; > A; for all 5.

T'(a)T(b)/T(a+b) = fotal t)>~tdt for a,b > 0.

d(f1(2)) = (1 — 2)2MK [ - f (1= 2ty b)) M L 62799 (1 — )R Nty K =], D\ —
Aj+1)/T (A = pj + DT (py = Aj) = K exp(imhi)|2[** []; 4, f[071
8(65 (2) 211 explrirs). 95(2) = 35 Cinet . 91> (2)) ~ ex 21 explip).
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