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ABSTRACT. Notes from the “Conformal Field Theory and Operator Al-
gebras workshop,” August 2010, Oregon.

Idea/Motivation: We're really doing this because we’d like to do all this
in 4-dimensions, but its so intractable that we do it in 1 or 2 dimensions.
Boundary CF'Ts are a nice intermediate point.

We always assume locality in 1-dimension: if I NJ = () then [A(]), A(J)] =
0 (they commute). In 2-dimensions, we want them to be in their causal
complements.

Let O1,05 € M?, Oy in the causal complement of Q5.

[[[ Finish picture ]| <==
Definition. Complete Rationality (of a net on R) means you have
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(1) Split property: INJ =0= A(I)VA(J)=AI)® A(J)
(2) Strong additivity: A((a, b)) V A((b,c)) = A((a,c))
(3) Finite index: pugo < 00

Let M, = positive Minkowski space = {(¢,z) | x > 0}. Consider double
cones O

0.1. Boundary CFTs.

Definition. A boundary CFT over a given 1-d conformal net A is an as-
signment O — B4 (0O) C B(H) satisfying locality, isotony, equivariance with
respect to an action of PSLy(R) on M, and H, and

existence and uniqueness of a vacuum vector Q € B(H),
covariance: U(g)B+(O)U(g)* = B+ (gO) when ¢gO is a double cone,
an action 7 of the net A on H, covariant under PSLy(R); i.e.

U(g)m(A(I))U(g") = A(gl),

Joint irreduciblity: Where m(A)” = the vNA generated by all of
7w(A(I)), then

7(A)" v B(O) = B(H).
Example. Trivial BCFT over A is
O AL (O):= A1)V A(J)

Dual to trivial

O s A (0) .= A(K) N A(L).
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0.2. Relations between different mathematical objects. Fix a partic-
ular 1d CN A(I) and examine BCFT over A. Focus on Haag dual BCFTs
over A. These are in 1-1 correspondence with chiral extensions of A, i.e. 1d
CN which extend A. These in turn are classified by superfactors of A (of
index p2). These are in bijection with Frobenius algebras (in some category
coming from A).

BCFT over A
(-)gen Q-systems
> superf: i i
. perfactors Frobenius algebras in
Haagjlual BCFT thral F)jen- of A of (a suitable category
over sions o . .
dex coming from) A
~_ index pz g
conditional expectation and basic construction

The construction going from a Haag-dual BCFT over A to a chiral extension
is gen, and going the other way is incl.

Definition. By locality B4 (O) C B4 (O’)’. The BCFT B is Haag dual if
this inclusion is an equality.

Definition. Given a BCFT B4 over A, its boundary net B9¢" is given by
BY"(I) := By (W),

where W7y is the finite wedge determined by I, and B4 (W7) is the algebra
generated by B4 (O) for all O C Wj. This is possibly non-local, though
relatively local with respect to A; i.e.

[A(1), B(J)] = 0.

Theorem 0.1 (or definition). Given an irreducible (non-local) chiral exten-

sion B of A, the induced BCFT
B"(0) = B(L) N B(K)'.
Then, we check that

° (Bind)gen =B
° (Bgen)z_‘(_wd —_ Bdual
Facts:

e Given chiral extensions I — B(I) D A(I), we have a consistent
family of conditional expectations

er: B(I) — A(I)
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such that I C J = ¢7|y = €.
e If irreducible and finite index, then e is implemented by ¢ : B — A.

Theorem 0.2 (Reeh-Schlieder). The vaccum vector Q is cyclic and sepa-
rating for any B(I).

Theorem 0.3. Classifying chiral extensions B of A is equivalent to classi-
fying “extensions” of A(I).

0.3. Superfactors to Frobenius algebras. What is the “some category
coming from A?” Objects are elements in End(A), and morphisms are in-
tertwiners a € A such that for a € (p, o), then ap(x) = o(x)a.

Frobenius algebra in a category C consists of an object (), multiplication
m:Q®Q — Q,n:1— Q such that (Q,m,n) is a monoid. A : Q —
Q®Q,e: Q — 1 such that (Q,A,¢€) is a co-monoid. And, with [ = H
relation: (m® 1)o (1® A) =Aom.

h P,

Example. G finite group with group ring C[G] = C{g € G}. Then
m(g,h) = gh

E(Z a’gg) = Qe
Alg)=> a®b

ab=g
n(1) =1

Example. Subfactors and the canonical endomorphism. Let N C M be
type III; subfactors, Jy, Jas the modular conjugations of N, M (with respect
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to a cyclic and separating vacuum vector Q € H).
y:M— N
T +— JNJMl‘J&JN

Given N C M, we define a Frobenius algebra in End(M). Let v be the
canonical endomorphism v = 7, where ¢ : N < M, 7: M — N.!

Given a Frobenius algebra in End(M), it gives a subfactor E : M — N by
defining E(x) = mp(z)A.

Proof: This is a bimodule map whose image is an algebra! Want to show
E(zE(y)) = E(x)E(y)

End proof.

T =110+, where ~ is from the example above.



