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ABSTRACT. Notes from the “Conformal Field Theory and Operator Al-
gebras workshop,” August 2010, Oregon.

Outline for the talk

(1) An example

(2) Semi-simple ribbon categories
(3) Continuation of example

(4) Definition of quantum dimension
(5) Properties thereof

(

6) Computations for IPERs of LSU(2)

1. BASIC EXAMPLE

Let V = C? and choose a basis {es, ea} with dual basis {e1, ez} for V*. We
have an evaluation map

e: VeV —=C
defined by eating a vector with a linear functional. There is also an embed-
ding
i:C>VeV"
defined by
i(1) = e1 ® e+ e2 ® €.
The composition
e0i:C=>VeV*"=C
yields
ele1 ®er+e1 ®eg) =2.
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2. SEMI-SIMPLE RIBBON CATEGORIES

Let C be a C-linear abelian category equipped with the following structure:

e ®:C xC — C, a bilinear functor

e apyw: (UV)eW — U ® (V®W), a functorial isomorphism
forall U, V,W € C

e [ € C such that End(I) = C, together with functorial isomorphisms

A IV SV

and
pv  VRI=V
forall V eC

Such a structure is called a monoidal structure.
Example. Vec(C), together with the tensor product ®. O

Example. Rep(SU(N)) with tensor product H; ® Ho of the underlying
Hilbert spaces H1, Ho € Rep(SU(N)) and the action

9z ®y) = g(z) ® g(y)
for g € SU(N) and = € H1, y € Ha. 0.
Definition. A braiding is given by isomorphisms
ovw VW S WV,

which are functorial in V, W € C, and satisfy some commutative diagrams.
A category with a monoidal structure and a braiding is called a braided
monoidal category.

Example. For the categories Vec(C) and Rep(SU(N)), the isomorphisms
vV xW—>WxV

given by
T(v,w) = (w,v)

give a braiding. ([

Rigidity is given by homomorphisms
ey V'V =1
and
iv: I =->VeV
where V' is the right dual of V. These maps must make the following dia-
grams comimute:
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Example. For Vec(C), we have V* = Hom(V,C) and the maps ey and iy
as before. g

Example. For Rep(G), the representation on the dual of #H is given by
continuous linear functionals #* = C(H,C) with the representation

(9f)(v) = flg~'v)
for feH", g€ G and v € H. O

Suppose that we have a map f: U — V. We can construct a dual map fx
by the composition

v g ueu 'Y v g v e Ut XS U
Definition. A ribbon category is a rigid braided tensor category with a
functorial isomorphism &y : V -+ V** such that

dvew = oy ® 0w
or =1;
Sy+ = (5;) 7
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3. QUANTUM DIMENSION

Let C be a semi-simple ribbon category.

Definition. Let V € C and f € End(V). Define the trace of f to be the
composition

I=Vev A ver sveer 9

One important property of the trace is
tr(f ®g) =tr(f)tr(g),
a fact which needs the ribbon structure.

Definition. The quantum dimension of V' € C is defined to by tr(1y).

If there are finitely many simple objects, the quantum dimension is a real
number. For LSU(N), the quantum dimension is, in fact, positive.

4. CALCULATIONS

Let
N{, = dim (Hom(Vi,, Vy ® Vy))

Theorem 4.1 (Wassermann). The Connes fusion satisfies
My RH, = EP Nf sen(on)Hp
where
W =o(h+68) -4
18 a permutation.
Corollary 4.2. For G = SU(2), we have
HIXH; =Ho

Theorem 4.3. For the permutation signature f, we have
HoRHy= P H,y
g=f+0
Corollary 4.4. For G=SU(2) and 1 <X <[—1,
HERH)y =Hr—1DP Hrt1



QUANTUM DIMENSION 5

5. IPERs or LSU(2)

Fix a level [ € Z, consider

Ho, - .., Hi,
and define
d; = dim H,;
and
dp=1.

Proposition 5.1. For 0 <i <1, we have

di = dj—,
so that
did; = di—1 + dig1
and
didi—i = dj—i—1 + di—it1,
and hence

di—1 = dj—j11

for1 <i<Il-1.

We can use this proposition to calculate the quantum dimensions, as in the
following picture:
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