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ABSTRACT OF THE DISSERTATION

A Quasideterminantal Approach to Quantized Flag

Varieties

by Aaron Lauve

Dissertation Director: Vladimir Retakh & Robert L. Wilson

We provide an efficient, uniform means to attach flag varieties, and coordinate rings
of flag varieties, to numerous noncommutative settings. Our approach is to use the
quasideterminant to define a generic noncommutative flag, then specialize this flag to

any specific noncommutative setting wherein an amenable determinant exists.
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Chapter 1

Introduction

1.1 Emergence of noncommutative structures

To varying degrees, physicists have been aware of the need for an honest study of
noncommutative structures for nearly a century. Heisenberg stumbled upon this need
when trying to make sense of the results of light-emission spectra experiments for hy-
drogen atoms [9]. Faddeev and his Leningrad school found the need in developing
an inverse scattering method for quantum field theory [7]. More recently, conformal
field theorists are finding a need for noncommutative structures (cf. the instantons of
Nekrasov-Schwarz and others [13]).

In these cases and many more, the noncommutative structures are rightly viewed

as geometric objects. Using the familiar pairing
{topological spaces X} < {rings R of functions on X}, (1.1)

mathematicians and physicists are developing the subject from the algebraic side. At
least three distinct programs for the study of noncommutative (NC) geometry, (which
I will call NC differential geometry, NC' algebraic geometry, and NC Lie theory) are
thriving today.

In NCDG, Alain Connes and others approach noncommutative geometry from the
perspective of real analysis and C*-algebras—the motivation being the passage from
classical to quantum mechanics in physics [9]. The geometric data is real: you act on
a space of objects X with your operators R, perhaps relaxing the notion of space, and
understand that the operators need not commute.

In NCAG, whose pioneers include Michael Artin and Bill Schelter, one studies gen-

eral noncommutative algebras in a manner suggestive of classic algebraic geometry. The



geometric data is transfered via the pairing (1.1), i.e.
(Spec R, R-Mod) — (X, line bundles on X).

The current state of the art is most readily applied to “small” algebras, in a sense
outlined in the AMS bulletin article [44].

In NCLT, one attempts to deform the Lie group/algebra pairing

(G,g) < (Oc,U(g))

and get quantum groups.

Remark. This term is a misnomer as by “quantum group” we really mean “quantized
ring of functions on a Lie group or Lie algebra.” First, the abuse of terminology is
symptomatic of the notion of geometry here; as in NCAG, it is transfered via the
pairing (1.1). Second, the author is inclined to reserve this term only for deformations

of K[G] and the like, and indeed we will speak no more of the U(g) story.

The deformation is carried out with respect to some guiding principle; this may come
in the form of R-matrices a la the Faddeev, Reshetikhin, and Takhtajan construction
(cf. Chapter 5) or via the closely related construction of Manin (cf. [35]), which attaches
a quantum group to any pair A; of quadratic algebras of the form K < z1,...,x, > /Z;,

thought of as the polynomials functions on “quantum affine n-space.”

1.2 Contributions of this thesis

The prevailing paradigm is that noncommutative mathematics is harder than commu-
tative mathematics. We trust the viewpoint of I. Gelfand and V. Retakh, who admit
that noncommutative mathematics is different, but argue that it is at least as simple
as commutative mathematics. This dissertation lends some weight to this argument in
the following sense: after some straightforward, albeit lengthy, calculations in Chapter
4, we are able to easily derive a wealth of results in Chapters 5-8.

Specifically, this thesis provides an efficient, uniform means to attach (coordinate

rings of) flag varieties to numerous noncommutative settings. Our approach is to use



the quasideterminant to define a generic noncommutative flag, then specialize this flag

to any specific noncommutative setting wherein an amenable determinant exists.

Ezample. The celebrated identity for minors of a 4 x 2 matrix A

D12P34 — P13P24 + p23p14 = 0,

and its quantum counterpart

P12D34 — ¢ 'p13pad + ¢ *pazp1a = 0,

are both consequences of the quasi-Pliicker relation
3 .4 2 4
TiaT91 + 11373 = 1.

When compared to the programs outlined in the preceding subsection, this thesis
fits most readily within the third program. It distinguishes itself from the present
literature in that each flag algebra constructed here may be more concretely attached
to a geometric object. A different approach with this same goal, also making use of the

quasideterminant, appears in a recent article of Skoda [43].

1.3 Future directions

In Chapter 6, it becomes evident that the quasideterminantal calculus cannot currently
capture the entire quantum flag—missing a large portion of the g-straightening relations.
It may be the case that new quasideterminant identities are waiting to be discovered,
identities that will bridge the gap between the pre—flag algebra we introduce below
and the quantum flag algebra. On the other hand, it is entirely possible that no
quasideterminantal explanation for this current gap exists. Indeed, some preliminary
computer calculations the author has performed seem to suggest that there are no
genuinely new quasi-Pliicker identities to discover. Proving this would be a difficult
and important result. If accomplished, one would be left with explaining why the
quantum setting is special, and under what conditions imposed on a noncommutative

setting similar straightening relations may be expected to appear.



In another direction, one need only recall the classic fact that every irreducible
representation of GL,, appears within the coordinate algebra for F¢((1"),n) to see the
importance of studying noncommutative versions of F¢(-,-). Toward this goal, a careful
study of the ring of quasi-Pliicker coordinates is merited. A modest beginning to this

program appears as Section 7.4.



Chapter 2

Preliminaries

2.1 Notation

We fix some notation for the remainder of the thesis.

Sets, Subsets, & Sequences

By [n] we mean the set {1,2,...n}. If d € [n], then by ([Z]) we mean the set of all
subsets of [n] of cardinality d. More generally, if S C [n], then ([g]) denotes (J,cg ([Z]).
For example, in this notation the power set P[n] of [n] is given by 0 U (%) By [n]¢
we mean the set of all d-tuples (a1, asz,...,aq) chosen from [n]; and more generally [n]®
denotes (J,cg[n]®.

We write v = n when v is a composition of n (any sequence of positive integers summing
to n). In the literature, compositions 7 are sometimes allowed to have parts 7; = 0
for some i. We will not need these “weak-compositions” here. If v = (y1,...,7) is a

composition of n, we denote the number of parts r by p(v) and we write |y| = n. A

special subset of [n — 1] associated to  will be important:

IVl = S v 7200 D Voo D Vi

J<i Jj<r—1

Notice that the cardinality of the ||y is r — 1.

Operations on Matrices

Let A = (a;;) be an n x m matrix, and fix subsets I C [n] and J C [m]. We let AT/
denote the matrix obtained by deleting rows I and columns J from A; by A ; we mean

the matrix obtained by keeping only rows I and columns J of A. With slight abuse



of the just-defined notation, A% will represent the (n — 1) x (m — 1) sub-matrix of A
obtained by deleting row i and column j. Analogously, we may occasionally write A;;
instead of a;;.

When it is clear from the context that I represents row-indices (J represents column-
indices), we let Ay (A;) denote the square matrix obtained from A by taking row-set
I (column-set J) and column-set the first || columns of A (row-set the first |J| rows
of A). Finally, if I € [n]?, then by A; we mean the rows (columns) of A indexed by I,

put down in the order in which they appear in the sequence I.

Operations on Sets & Tuples

Fix I € ([2]) and J € [n]?. Sets, e.g. I = {i1,...,iq}, will always be assumed to have
the property i1 < iy < ... < iq. Tuples (or sequences), e.g. J = (ji,...,ja), naturally,
cannot always be assumed to have this property. For sets or tuples K of length d, we

use | K| to denote d.

Remark. In fact, tuples are compositions, but |-| has different meanings for tuples
and compositions. Unless expressly told to view a sequence A = (ai,...,a,) as a

composition, understand A as a “tuple”, with |A| =, not ). a;.

By tup(/) we mean the sequence (i1, ...,i4) associated to I; similarly, we let set(J)
denote the set built from J by deleting repetitions and putting the remaining elements in
ascending order. Let rect(J) denote the new tuple built from J by putting its elements

in weakly increasing order
Ezample. set(tup(l)) = I; if J has no repeated elements, then rect(.J) = tup(set(.J)).

For k & I, we often write I U k for the set I U {k}. To avoid an abundance of U’s
we occasionally write kI or Ik for this same set. For k € I, we may write I \ k, or I*
for I\ {k}.

Write k € J, if k € set(J) and k ¢ J otherwise. Analogous to sets, if k = j, for
exactly one 1 < r < d, we write J \ k or J* for the (d— 1)-tuple built from J by deleting
jr. Conversely, for K in [n]? or ([Z}), we write K|J for the tuple (k1,...,kr 71, -, Jd)-

J|K is similarly defined. If k € [n] we abuse notation and write, e.g., k|J for (k)|J.



If A,B are two sets or two tuples (]A| not necessarily equal to |B]), we say A
precedes B (written A < B), if Va € A, Vb € B, a < b. In the case A is a set with

subsets A’, A” C A satisfying A = A’/UA", we write A = A’UA” in the case A’NA" = (.

Permutations

Denote the group of permutations of [n] by &,,. If X is another set with n elements, we
will sometimes use ©x and sometimes use &,, for the permutations of this set. For o €
Sy, let ¢(o) denote the length of o (the minimum number of adjacent swaps necessary
to put the d-tuple (01,02, ...,0d) in increasing order). If a tuple J = (ji, ..., jq) hasno
repeated indices, we may view J as a permutation in one-line notation and understand

¢(J) as the minimal number of adjacent swaps necessary to put J in increasing order.

Ezample. If I = {1,3,5,6,8,9} and i = 8, then £(i|I*) = £((8,1,3,5,6,9)) = 4, while
0(iI%) = £(I) = 0.

Ring Constructions

All rings considered in this note are associative and unital. Throughout this thesis,
fields F' and skew fields D will always contain Q. For a fixed n, most of our calculations
may be carried out fields with characteristic not dividing n!, but we make no effort to
do so here.

Given a ring A, we denote the ring of n x n matrices over A by M, (A) and the set
of n x m matrices over A by My xm(A). We denote the identity matrix here by I or
I, and the matrix units by E;;: (Eij)ap = 0aidp;. When we are simultaneously working
with a ring A—with unit 1—and endomorphisms over A, we also write I for the identity
morphism (e.g. I € End A" @ A" =1, ® I, I, € M,,(A)).

Finally, we often conflate expressions F in a ring R with their associated identities
in R/(F). For example, we give the expression

S () NN £ fag € F(y)
jel



and the relation

D (=D ENN £1 oy =0, defining F(v)
jJjeL

the same name, ()r,7). It should be clear from context to which construct the name is

attached.

Determinants

In the course of this note, we will be considering numerous (noncommutative) deter-
minants and minors of square matrices A = Arc. For K C R and L C C with
|K| = |L| = m, we write [Ag 1] or [K;L| for the (particular, evident by context)
determinant of the matrix Ag r. If it is furthermore evident from context that we are
focusing on the rows (respectively, columns) of A, we may suppress the L (K) in this

notation—typically taking the first m columns (rows) of A in this case.

2.2 Skew fields

2.2.1 Noncommutative localization

In this thesis, the ability to invert an element = of a ring R is of critical importance. To
that end, one would like to work in a field of fractions for R or at least in a localization

of R containing x~!.

In the case R is commutative, then the questions of existence,
uniqueness, and construction of these objects are all elementary. Unfortunately, things
get a great deal more complicated in the noncommutative case. For instance, Malcev
[34] constructed a domain which cannot be embedded into any skew field—a not neces-
sarily commutative ring in which every nonzero element has a two-sided inverse. Worse,
even when R can be so embedded, a “minimal” such embedding may not be unique.
One case where things work smoothly is the case R = F(X), the free F-algebra on a set
X of noncommuting variables. When F is an infinite field of characteristic zero, there
is a unique universal field of fractions, called the free skew field and denoted F{ X >,
associated to R [8].

To ensure our ability to invert that which we wish, the quasideterminant calculations

indicated in the next section are all carried out in F€ A} where A is a collection of n?



noncommuting indeterminants arranged in a matrix A = (a;;).

2.2.2 Skew-field identities

In the present context, the quasideterminantal calculus may be simply stated as the
study of free skew-field identities. As mentioned in the introduction, it may be the case
that there are no genuinely new skew-field identities involving quasi-Pliicker coordinates
waiting to be discovered. The next result suggests that finding such an identity would
not be an easy task, as skew-field identities involving quasideterminants are far from

simple.

Theorem 1 (Reutenauer, [42]). Say an element f € FL A} has inversion-height m
if there is an expression for f in terms of A involving m nested inversions, and there is
no such expression involving fewer nested inversions. Then the quasideterminants |A|;;

of A have inversion height n — 1

Compare this with determinants (and all of the noncommutative determinants ap-

pearing in this thesis), which have inversion height zero.

2.3 Quasideterminants

2.3.1 Historical origins

The quasideterminant is a replacement for the determinant for matrices over noncom-
mutative rings R. It was introduced in 1991 by Gelfand and Retakh [15], and extends
the ideas of Heyting [24] from 1928. The quasideterminant—actually quasidetermi-
nants, there are n? of them, one for each position (i,7) in a matrix A € M, (R)—is
a recursively constructed rational function that requires invertibility of certain sub-

1

matrices.” Hence, it is not always defined; moreover, when it is defined it typically

takes values in a localization of R, not R itself.

!This is a main factor explaining the 60 year gap in their study. Shortly after Heyting’s paper, Ore
[39] strongly criticized any candidate noncommutative determinant which was not a polynomial in the
entries of the matrix.
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Still, with all of these “faults,” the quasideterminant is a nice replacement for the
determinant: there is a Cramer’s rule for solving linear systems; it is invariant under
elementary row (column) operations; one can build A~! using the quasideterminant,
analogous to the adjoint/inverse construction in the commutative case. Finally, there is
the heredity property which allows one to take the quasideterminant of a block matrix in
stages. This property—which has no counterpart for the commutative determinant—
is well-suited for induction and is essential for establishing many of the important

quasideterminantal identities.

2.3.2 Current trends

Gelfand and Retakh argue that the quasideterminant should be a main organizing tool
in noncommutative mathematics [17]. Support for this argument is steadily appearing
in the literature [3, 5, 11, 19, 36, 37, 38, 43]. The results of this thesis provide further
strong support for their argument.

The results cited above rely on one or both of the fundamental successes of the
quasideterminantal calculus: an ability to easily and explicitly (i) factor noncommuta-
tive polynomials, and (ii) perform Gaussian elimination on matrices with noncommu-

tative entries. This thesis is concerned with an application of item (ii).

2.3.3 Definition & first properties

As mentioned earlier, the computations in this section will be done in the free skew
field D = F<a;;) built on a matrix A with distinct noncommuting indeterminant
entries. As the definition will make clear, if we instead work with A over an arbitrary
noncommutative ring R some quasideterminants may not be defined. The reader will
find a more thorough treatment of the quasideterminant and its properties, including
all of the statements below and more, in [18] and [30]. We include two proofs from the

literature as they anticipate some of the new results appearing in this thesis.
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Definition 1 (Quasideterminant, I). Annxn matrix 4 has in general n? quasideterminants—

one for each position in A. The (ij)-quasideterminant is defined as follows:

|Alij = ai; — Z Qiq (’Al] ’pq) Apj -
p#L,qF#]

The quasideterminant is not a generalization of the determinant. Over a commuta-

tive field, the quasideterminant specializes to the ratio of two determinants:
|A];j = (—=1)"" (det A)/(det A¥).

Notation. It will be convenient to denote the (ij)-quasideterminant in another form:

]
There is an alternate definition which we will also have occasion to use. Let £ be
the i-th row of A with the j-th coordinate deleted; and let ¢ be the j-th column of A

with the 7-th coordinate deleted.

Definition 2 (Quasideterminant, II). For A, ¢ ¢ as above, the (ij)-quasideter-

minant is defined as follows:
|Alij = aij — £(A7) ¢
In attempting to make these two definitions agree, one stumbles upon the first
fundamental fact about quasideterminants,

Theorem 2 (Matrix Inverses). If A~ is defined over D and (A™1);; is not equal to
zero, then

(JAl;) " = (A7, (2.1)

The quasideterminant is extremely well-behaved for being a noncommutative deter-
minant (or rather ratio of two). Consider its behavior under elementary transformations

of columns.

Theorem 3 (Elementary Column Relations). Let A = (a;j) be a square matriz.



12

o (Column Permutations) Suppose 7 € &, and P; is the associated (column) per-

mutation matriz. Then |AP:|prq = |Alpq-

e (Rescaling Columns) Let B be the matriz obtained from A by multiplying its qth

column by p on the right. Then

|Alij p ifj=q
|Blij =

| Al if 7 # q and p is invertible.
e (Adding to Columns) Let B be the matriz obtained from A by adding column 1

(multiplied on the right by a scalar p) to column q. Then |B|ij = |Alij if j # q.
With these properties, we may easily deduce

Proposition 4. If A is a square matriz and column q of A is a right-linear combination

of the other columns, then |Alp; =0 (whenever it is defined).

Proof. Through a sequence of steps A = A(0),...,A(t) = B, column-reduce A to a
matrix B: coly(B) = 0; col;(B) = colj(A) (j # ¢). The previous theorem indicates that
at each stage

[Alpg = [A(D)],, (VI <i <)

)

Finally, use the second definition of quasideterminant to conclude that |B|,, is indeed

Zero. O

Theorem 5 (Column Homological Relations). Let A = (a;j) be a square matriz.
Then
—[ ARt ALy =AY Al (# ). (2.2)

We will also find a use for the following identity of Krob and LeClerc, which gives

a one-column Laplace expansion of the quasideterminant.

Proposition 6. For A = (a;;), the (pq)-quasideterminant has the following expansion:

|Alpg = apg — Y |A |y - [APU - aiy (VD # q). (2.3)
i#p



13

Proof. Using (2.1) and (2.2) we have

n

L= ) 1AL - ai

=1
[Alpg = apg + Z | Alpg - |A‘fql * Qg
i#p
Alpg = apg— D |49 - |AP5" - 4y
i#p

O]

Theorem 7 (Muir’s Law). Let A = Arc be a square matriz with row set R and
column set C. Fiz Ry € R and Cy C C. Say an algebraic, rational expression T =
Z(A, Ry, Co) involving the quasi-minors {|Ag cr|re : |R'| = |C'|,R' C Ro,C" C Cy} is
an identity if the equation T = 0 is valid. Then for any L C R\ Ry and M C C'\ Cy
with |L| = |M|, the expression I' built from I by extending all minors |Ag: clre to

|ALuR MUC? |re i also an identity.

The following quasideterminantal version of Sylvester’s Identity will also prove use-
ful. It expresses the quasideterminant of an n X n matrix in terms of quasideterminants

of (n —1) x (n — 1) matrices.

Theorem 8 (Sylvester’s Identity). Let A = Ag ¢ be a square matriz. Fixrg,m € R
and co,c1 € C. Then the following identity holds (when all components are defined)

among the quasi-minors of A:

7”1,Cl| | 7”1,Co|
A |A 70,0 A r0,C1
| 370’7“0700 -
7"0761’ | T0700|
|A T1,C0 A T1,C1
_ T17C1’ _’ T17co| ‘ 7”0,00‘—1 ’ 7“07C1|
= ‘A 70,C0 A T0,C1 A r1,c1 A T1,C0

In [17], the reader will find row versions of all the properties listed above, some of

which are used in this thesis without further comment.
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Chapter 3

Noncommutative Flags & Coordinates

3.1 Review of Classical Setting

In this section we work over a field C (cf. [49] for a treatment over any commutative

ring of characteristic p not dividing n!).

3.1.1 Flags

We recall the classical notion of flags, whose generalization will be the main focus of

this thesis. Fix a vector space V ~ C" and a composition v = (v1,...,7,) of n.

Definition 3. A flag ® of shape « is an increasing chain of subspaces of V,
:(0)=Wo WL C---CW, =V,

satisfying dim¢ (W;/W;_1) = ;. For fixed V and -y, we let F/¢(y) denote the collection

of all flags in V' of shape ~.

Notation. Two important special cases are when v = (1") and v = (d,n — d). The
former is the collection of full flags, dim W; =i, 1 <1i < n. We write F/¢(y) as F¢(n) in
this case. The latter is the Grassmannian, i.e. the collection of d-dimensional subspaces

of V- We write F(y) as Gr(d,n) in this case.

If we fix a basis B* = (f1,...,fn) for V* we may represent a flag ® as a ma-
trix as follows. (i) Choose a basis (wi,...,w,,) for Wi. (ii) Extend this to a basis
(W1 vy Wy, Way 41, - - - s Wryy 4 ) fOr Wo. (iii) Repeat until you have completed the se-
quence to a basis w = (w1, ..., w},) of V. (iv) define the matrix A = A(®, w) = (a;;)
by putting a;; = fi(w;). Then A is the collection of column vectors [wi|wa| - |wy]

with coordinatization provided by B.
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Y1 g1 * * *

Y2 | 0] g2 | *x =

vl 0 0 0]g

Figure 3.1: An upper block-triangular matrix, with g; € GL.,(C) and “«” arbitrary.

The choice of basis for ® was not unique, so neither is the matrix A. However, we

do know exactly when two matrices A, B represent the same ® € F{(7).

Lemma. Given ®,w, and A(w). w’ is another basis for ® if and only if A(w') = A(w)-g

for some g € GL,,(C) of the form

For fixed ~, the collection of such g € GL,, is called a parabolic subgroup. We will
denote this subgroup of GL,, by P$ , the “4+” standing for “upper block-triangular”

matrices. We may now replace the above definition with a new one.

Definition 4. Given a composition v = n, we have F¢(y) = GL,(C)/ ~, where A ~ A’
if 3g € PT s.t. A’ = Ag.

Next, we outline how to view F4(y) as a subvariety of some projective variety.

3.1.2 Determinants & Coordinates

The determinant of a square matrix X will be a main organizing tool in what follows. In
addition to the well-known alternating property, the determinant has another property

the reader should be familiar with:

Proposition 9 (Laplace’s Expansion). Let X = (z;;) Suppose that p,p’ are

1<ij<m”
fized positive integers with p+p' = m, and that J = (j1, ..., jm) s a fived derangement

of the columns of X. Then

| X| = (-1 Z(_l)—e(i1~~m’1~~i;,,)

X eiph ot 1K Y et i}

where the sum is over all partitions of [m] into two increasing sets iy < --- < i, and

i< <l
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Below we will take (ji,...,7m) = (1,...,m), so what’s written above is the expan-
sion of the determinant down the first p columns of X. Alternatively, one may expand
along the first p rows of X.

Recall the definition of [|v|| given in Chapter 2: letting 7(; denote the truncated
composition (y1,...,7:), we had [|v]l; = [y|- Now consider the map n; : Fl(y) —
]P’((C(‘”T[;]')) which sends A(®) to the (WZ_] ‘)—tuple of all minors one can possibly make from

the first qu «; columns of A. This tuple is rightly viewed as projective coordinates

because (i) it misses 0, and (ii) it’s only defined up to nonzero scalars:

(i) As A has full rank, there must exist one minor of size ) j<i 7 which is nonzero.

(if) We need 7;(Ag) = ni(A) for g € PT, but the former equals 7;(A) - (I1;<; det g;)

(cf. the depiction of g in Figure 3.1).

We put all of these maps together to build a map n : Fé(vy) — P(vy) := P("Z)_l X
- X ]P’(”[Tn—ll‘)il. This map is called the Plicker embedding.! Note that we stop at
r — 1. This is because there is nothing to gain by including the final factor (P°).
Represent a point m € P(v) by its coordinates m = (pI)IE(H[:]”)' When 7 belongs to
the image of  —i.e. when 3A € GL,(C) with (writing |I| = d) p; = det Aj g for all
Ie (”[:]”)—We say the {pr} are the Plicker coordinates of A.

The image of n is particularly nice, it is given by quadratic relations among the

coordinates py.

Proposition 10. Suppose v |=n, and A(®) € Fe(~y). For all subsets I = {i1,...,is4u}
and J ={j1,...,Ji—u} of [n] and for all 1 < u satisfying s >t and s,t € |||, we have

the Young symmetry relations (V1,1)w):

0= Z (—1) AN pr apa - (3.1)

Remark. Here, we have extended the definition of p; from I € ([g]) to I € [n]? at the

'For a geometric proof of this statement, see [21]; for an algebraic proof, see [14].
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expense of adding the obvious alternating relations (Ag):

d 0 if K has repeated indices
VK € [n]* px =
(sgn 0)pser(k) otherwise, when o “straightens” K

In its straightened form, we denote the right-hand side of (3.1) by (¥ ;). A similar
formula holds among quantum- and quasi-minors as well. In all cases, the proof uses

Laplace’s expansion.

Proof. Consider the determinant presented below.

Qig, 1 0 Qigs Qiy, 1 Qiggt
a‘ieru,l e ais+u75 a’ieru,l T ais+u7t
0 T 0 @jp1 o gyt
0 T 0 Ajpy,1 77 Gyt

On the one hand, it’s zero: clear the top-right block using the top-left block and discover
a “hollow matrix” (one with a block of zeros which meets the diagonal). On the other

hand, using Laplace’s expansion, we that the determinant is exactly ()r,7). ]

Equation (3.1) actually characterizes the image of n in P(v): if 7 € P(y) satisfies
(3.1%) for all allowable choices I, J, then m € n(F¢(v)) (cf. [14]). This is stated in terms

of coordinate functions fr (with f7(7) = pr) in Hodge’s “Basis Theorem” [26]:

[n]

ji)]> @ homo-

Theorem 11. In the homogeneous coordinate ring Op(y := C[f | I € (
geneous polynomial F is zero on the image of n if only if F' belongs to the ideal of Op)

generated by (Vr,y*) for all allowable choices I,.J C [n].

3.1.3 Coordinate Algebra

Informed of the previous theorem, we may make the following definition.

Definition 5 (Flag Algebra). The flag algebra F(v), i.e., the homogeneous coor-
dinate ring of the flag variety F/(7y), is the commutative C-algebra with generators

{fi11c¢ [n]H'Y”} and relations (A ) and (Yr,s) for allowable choices I, J, K.
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3.2 Noncommutative Flags

Much of the preceding section may be generalized from C to division rings D with
center F' O Q. We spell out this generalization in the present and the two subsequent

sections.

Definition 6. A ring R is said to have (right) invariant basis number if R" ~ R™ (as

right R-modules) implies n = m.

In particular, any two minimal spanning sets of a finitely generated free module Mg
have the same cardinality rk M, which we call the (right, R-)rank of M. There is a
characterization (cf. [31]) of IBN that is not left-right specific. In particular, a ring R
has left IBN iff it has right IBN. So we may drop the modifier and speak of whether or
not R has IBN.

The following key properties are easy to show.
Lemma. For any division ring D (not necessarily containing QQ), and the right D-module

V =Vp = D", we have:

e D has IBN, and the traditional basis elements {e; = 01 +...+1;+...+0,} form
a basis for V = D".

e Elements v =}, ejv; in V may be represented as column vectors [vy, ..., v,]"

)

with D acting by multiplication from the right.

e Suppose T € EndVp, ie. Vv,v' € V,Vd € D, T(v+ v'd) = T(v) + T(v')d.
Then the action of T" may be given by matrix multiplication from the left. If

T(ej) = > i, eitij, then

t11 - tin V1

tnl to tnn Un,

We return to the case where the center F' of D contains Q. Analogous results are

obviously true for the left D-module V = pV = D™. We will develop notions of left
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and right flags simultaneously. As will soon be evident, the essential difference between
the two theories is whether we consider rows or columns of a matrix.

Fix Vp = D™ and a composition v = (y1,...,7) of n.

Definition 7. A (right) flag ® of shape v is an increasing chain of (right) D-submodules
of V,
O (0)=WoCWiC---CW, =V,

=

satisfying rk (W;/W;_1) = ;. For fixed ~, we let F¢(v) = F¢(Vp,~) denote the collec-

tion of all flags in Vp of shape ~.

Notation. As in the commutative case, we write F¢(n) and Gr(d,n) for F¢((1™)) and

F{(d,n — d) respectively.

If we fix the standard basis B = (ey,...,e,) for D", we may represent a flag ®
as a matrix as follows. (i) Choose a basis (w1, ...,w,,) for Wi. (ii) Extend this to a
basis (W1, ..., Wy, Wy 41, - - s Wy, 4, ) for Wa. (iii) Repeat until you have completed the
sequence to a basis w = (w1,...,wp) of V. (iv) Write w; = >, e;a;; for 1 <4, <n,
a;j € D. (v) Build the matrix A = A(®,w) = (a;;). Then A is the collection of column
vectors [wq|ws|- -+ |wy,] with coordinatization provided by B.

The choice of basis for & was not unique, so neither is the matrix A. However, we

do know exactly when two matrices A, B represent the same ® € F{(v).

Lemma. w and w' represent the same flag ® iff their associated matrices A, A’ satisfy

A'= A - g for some g € GL,(D) taking the form in Figure 3.1.

For fixed «, we also call the collection of such g € GL, (D) a (right-) parabolic
subgroup, and denote it by Pj. Lower block-triangular matrices of analogous shape
will play the role of parabolic subgroup for left D-modules; we denote this set by P~ .

After this lemma, we may replace the previous flag definition with a new one.

Definition 8. Given a composition 7 = n, we have F¢(Vp,v) = GL,,(D)/(~), where
A~ Aiff 3g € PT st A= Ag.

Repeating the above discussion for pV = D™, we arrive at the analogous important
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Definition 9. Given a composition v = n, F¢(pV,v) = (~)\GL, (D), where A ~ A’
iff 3g € P s.t. A" = gA.

3.3 Quasi-Pliicker Coordinates

Following the classic model, we would like to coordinatize our noncommutative F¢(7).
Obviously, the determinant is no longer available to us. In [17], Gelfand and Retakh
give evidence that certain ratios of quasideterminants are the proper substitute.

As we have already mentioned, one difficulty encountered while working with quaside-
terminants is that they are not always defined. Another is that even when they are, they
give seemingly undue weight to a specific row-column pair. The following proposition

and definitions go a long way toward eliminating these problems.

Proposition 12. Fiz an nxn matriz A over a noncommutative ring, and fix i,j € [n],
M e (Tr[fi]l), and L € ([;LL]) As s ranges over L, those left and righ ratios appearing

below which are defined share a common value.
|Arim |y AL s !Az‘M,L!is!AjM,Lb—sl

Definition 10 (Left/Column Coordinates). Fix two integers 1 < d < m. Let B be
a d x m matrix over D whose rows (columns) are indexed by R (C). Let i,j € C and
K CC. Assume |K| =d—1 and ¢ ¢ K. The left quasi-Pliicker coordinate associated

to (4,7, K) is given by
K _ K -1
pi; = pi; (B) = [Brik|y |Brijkls; -

Definition 11 (Right/Row Coordinates). Fix two integers 1 < d < m. Let B’ be
an m X d matrix over D whose rows (columns) are indexed by R (C). Let i,j € R and
K C R. Assume |K|=d—1and j ¢ K. The right quasi-Pliicker coordinate associated

to (4,7, K) is given by

K K e
Tij = Tij (B) = |B§K,C\is\B§‘KVC|jsl'

The coordinates are called “column” or “row” coordinates for obvious reasons. The

labels “left” and “right” come from their invariance under an action of GL4(D). The

following important result was first formulated in [17]
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Proposition 13. Suppose g € GLg(D). Then, in the notation of the preceding defini-
tions,
pis(g-B)=pj;(B) and rj(B'-g) =1} (B).

The proof amounts to showing that, between the two quasi-minors involved, the
action of g cancels. Compare Theorem 3 for the essential ingredients of the proof.

We apply these constructions to our problem of coordinatizing flags by taking m = n,
d € ||v||, and viewing B (B’) as the first d rows (columns) of A(®). We take left or
right quasi-Pliicker coordinates in accordance with whether we view A as a member of
Fi(pV,~) or FL(Vp,7).

As defined, the functions pf](- and 7‘5 , should receive rectangular-matrix inputs.
When there are more rows (columns) in a given A than pf](- (rf]( ) can naturally handle,
we follow the implicit instruction to take only the first |K| + 1 rows (columns) of A.
This will allow us to drastically simplify exposition in the sequel. For the remainder of
the section, we discuss in detail only one member of the pair.

As a result of Theorem 13, we will have no embedding into a projective space, as
our coordinates are not projective invariants of A, but true invariants. We may view
our set of coordinates as a subset of DV (N = |(”[:]”) |) only loosely: (i) for a given A,
not all of the coordinates will be defined; (ii) the left and right D actions on DV do
not correspond to any well-defined action on the ® which A represents. What remains
true is that, in the following sense, {rg | |[K|+1 € ||v]|} still characterizes F¢(vy): no
greater collection of quasi-Pliicker coordinates is invariant under Pfyr; if f is a function
on A which is P;“ invariant, then f is a rational function in this collection of rg (cf.
Theorem 16).

Working toward a statement analogous to Theorem 11, we start with the following

results:

Proposition 14. Let A = (a;;) be an n x n matriz of formal, noncommauting variables.
In the expressions B = Ay below, interpret I as rows or columns as needed. Then the

following identities hold in FLAY:

o Fiz M € [n]?(d < n) with distinct entries. If i,j € [n] with i ¢ M, then putting
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B = A, we have
pf\]/-[(B) and T‘%(B) do not depend on the ordering of M.

o Fix M € ([Z]) (d<n—2). Ifi,j,k € [n]\ M, then putting B = Ajujukum, we
have

| -
pEM(B) pliM(B) pl M (B) = —1

and

.y ‘
’I”“Z; (B) r,szjM(B) rf-UM(B) = 1.

o Fiz M € ([Z]) (d <n). Ifi,j € [n] withi & M, then putting B = A jum, we
have
0 ifjeM 0 ifjeM

pf»\f(B) = and TJM(B) =

1 ifi=j 1 ifi=j
e Fix M € ([Z]) (d <n-—=1). Ifi,j,k € [n| with i,5 ¢ M, then putting B =

Aiujukunm, we have

pij (B)pji(B) = pji (B)  and 145 (B)ry} (B) = ry; (B)

The fundamental identity holding among the quasi-Pliicker coordinates appears be-
low; it is the analog of (3.1). It was first observed (in the case of Grassmannians) in

[16] under the name “quasi-Pliicker relations.”

Theorem 15 (Quasi-Pliicker Relations). Let A be an n X n matriz of formal,
noncommuting variables. Fix L,M € [n] with s = |L| > |M|+ 1=t and |L|,|M|+1 €
I7]l. Fizi € [n]\ M. The following identities hold in F{A)

> Py (A) -pfi\j(A) =1. (3.2)
jeL
StV A =1. (3.3)
jeL

We abbreviate these relations as (P; r,a7). When it is not clear from context whether
we refer to the left or right version, we add an indicator, e.g. (lPi,LM). As in the

commutative case, they will be proven with a certain Laplace expansion.
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Proof. We prove formula (3.3). If I C [n] with |I| = d, we let A; denote A 4. Also,
we write M = {mag,...,m;} and L = {ly,...,ls} to simplify some coming indices. Fix

q € [t]. We compute the quasideterminant appearing below in two different ways.

|[Aiunlig| @i a2 -+ ais
|Apumling @il an2 o0 ais
A umliyg @il a2 - as

First, let us name the pieces of the matrix above. Let & = [¢,...,&]" be the first
column appearing above, let B denote the remaining columns, and let C' = [¢{|B] denote

the entire matrix.

Method 1 (Using Proposition 4). This quasideterminant is zero, because the first column

of C' is a linear combination of its next ¢t columns. For starters, notice that:

an - e ag
am21 DY aqu DY amQt
§o =
a/mtl DY a/qu PR a/mtt
z _
= § Ay § ’ zUM 1 M * Qmyq-
v#£q k=2

Computing all of the coordinates of £ at once, we have

t
& = coly(B)—coli(B Z‘ ium )’ mkl “Umyg —
k=2

t
— COlt Z | ZUM mkt amkq
k=2

= Zcolj(B)
j=1

for some \; € F{ A}, what we meant to show.

Method 2 (Using Proposition 6). This quasideterminant has a Laplace expansion in
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terms of quasi-Pliicker coordinates:

0 = €O_Z|AiU(L\lj)‘ip"AljU(L\lj)h;;'gj (Vp)
=1

o = Z|Aiu(L\1j)\ip"AljU(L\lj)’l;;'gj

Jj=1

1 = Z [ Aisin i - Ao by - FAyunlie - 1Az

7=1

_ }: L\j M

1 = Tij T’JZ .
jEL

3.4 Toward a Coordinate Algebra

One would like a definition of the following sort: the (right-) flag algebra in the non-

commutative setting is the algebra with generators ri\f and relations those described
above in Propositions 14 and 15). The current state of the noncommutative theory does
not contain an analog of the Basis Theorem. However, there does exist the following

very compelling prelude:

Theorem 16. Let A = (a;;) be an n x n matriz with formal, noncommuting entries
and suppose f = f(ai;j) is a rational function over the free skew-field D = FLAY. If
f(Ag) = f(A) for all g € P;‘(D), then f is a rational function in the quasi-Pliicker

coordinates T?]{I(A), IM|+1 € ||v|.

A Grassmannian version of this theorem appears in [17]. The proof is a consequence
of noncommutative Gaussian Elimination and a simple application of the noncommu-
tative Sylvester’s Identity (Theorem 8) and induction. We illustrate the theorem with

a 3 x 3 example, v = (2,1).
Sketch of Proof. Using only elements of Pj , we may transform A into

1 0 0
anialy  [Apoyaoylee [Apeyayles | o

agiayy [Apsyoylse [Apsy,sylss
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and into
1 0 0
-1
21071 1 0
amary  [Apsn oz lelAneaals  [Apesaeels
Continuing Gaussian Elimination via elements of P, we reach the matrix
1 0 0
0 1 0
Tg1 - 7%27“91 3 1
Consequently, f is a rational function in the Pliicker coordinates Tf\f of A. However,
not all M appearing satisfy the hypotheses of the theorem; e.g. the symbol rgl is not
allowed because in this case, |[M|+ 1 ¢ ||v|| = {2}. We have a little more work to do.

From Proposition 14 and Theorem 15, we see that

0 1.0 _ 20,2 .0 2.,1.0
T3 —T39my1 = 1531(r{3731 — T13732721)
_ 20,2 ,0 3.0
= 731(ri3r31 + ri271)
2

= 731>

so we are left with the reduced form of A looking like

1 0 O
0 1 0
7“:’31 T§2 1

In short, if v = (v1,...,%), columns |y;_yj| + 1 through || of the reduced form of
A will consist of an identity matrix (of size ;) atop a collection of right quasi-Pliicker

coordinates of size v;, 1 <1 < r. O

Bearing in mind the absence of a Basis Theorem, we nevertheless state

Definition 12 (Ring of Quasi-Pliicker Coordinates). The (right-) noncommuta-
tive flag algebra Q(7), the ring of right quasi-Pliicker coordinates, is the F-algebra with
generators {rf\j/[ | M C[n]and i,j € [n]st. j& M,|M|+1¢€ ||'y||} and relations given

in Proposition 14 and Theorem 15.

We return to the study of this interesting algebra in a later chapter.
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Chapter 4

Amenable Determinants

Fix D,n,V = D", v = n, and F{(v) (= F{(Vp,~) or = F¢(pV,~)) as in the previous
chapter. Here we spell out some minimal conditions one may impose on a determinant
Det in order to build Grassmannians and flags via the quasideterminant. In the next
chapter, we discuss where to find amenable determinants “in nature”, e.g. associated
to certain algebras of RTT type.

¢-generic flags. First, consider an algebra A(n) on n? generators t;; over a field F—
ignoring the relations for now. Put all generators together in a matrix 7. We view the
t;; as coordinate functions characterizing some set X inside D™. Let us call X the set
of g-generic matrices over D for A(n). Next, we define the g-generic flags over D for
A(n) as those points ® € F/(v) s.t. the equivalence class [A(®)] has a representative
in X.

g-generic flag algebras. Finally, we view the (row/column) Det minors of 7" in A(n)
as coordinates for (right/left) g-generic flags. Sticking to our analogy with the classic
case, we would like to define the homogeneous coordinate ring, the noncommutative
“flag algebra,” for the g-generic points of F/¢(y) abstractly in terms of generators and

relations. The results of this chapter go a long way toward cataloging those relations.

4.1 Definition & First Properties

Definition 13. Let Det be a map from square sub-matrices of T to A(n). Write
Det Tr ¢ = [Tg,c] for short. We will say Det is an adequate determinant if there are

functions! Jy, Ty, Re, & : P[n] x P[n] — F \ {0} associated to Det satisfying (VR,C €

13 for Jnverse, £ for Rommuting, ¢ for tow, and ¢ for rolumn.
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Plnl, |R| = [C]):
1. VreR,ceC) [Trc]=tr.

2. (V1" €R) Lecotres (F S (Tre) ] = [Trcl - b

or

J.({c},C re
(Ve.d € C)  Trer FigmlTre) e = Trcl - o

3. (W CR)(¥eCO) [TrollTrnond = Bmem Trvovd [Trcl-

Remark. Property 1 together with property 2 or 2’ give a Laplace expansion for Det.
Property 2 gives a way to move between 2 and 2/, so we will make no use of 2’ in the
sequel. With our method, one may get partial results assuming properties 2 and 2’
alone (without properties 1 and 2), but they are somewhat unsatisfactory. The reader
may keep this idea in mind during the coming proofs to see what limited statements

may be made in this case.

Definition 14. Suppose X,Y are two subsets of P[n]|. Let X XY denote those pairs
(A,B) € X xY satisfying AN B = (. Call a function f : ([Tf]) xg Pln] — F\ {0}
measuring if it satisfies: (i) f({a}, BUC) = f({a}, B)f({a},C) for {a}, B, C pairwise
disjoint; (ii) f({a},0) = 1.

Remark. This notion abstracts the function ¢, measuring the length of a permutation.
We abuse notation and write f(a, B) for f({a}, B). We may extend measuring functions
to act on P[n] xy P[n] by demanding f(A, B) = [],c4 f(a, B). Alternatively, we
may extend f to act on ([711]) x P[n] by taking f(a,B) = f(a,B\ a). We put these
two extensions together by letting f(A,B) = [[,ca f(a,B) = [l,ca f(a, B\ a) for
(A, B) € P[n] x P[n].

Definition 15. Let Det be a map from square sub-matrices of T to A(n). Write
Det Trc = [Tr,c] for short. We will say Det is an amenable determinant if there are

measuring functions Jy, Jy, Re, & 1 Pn] X P[n] — F\ {0} associated to Det satisfying:
1. (Vr,een]) [Tre = tre.

2 (91 € B) eeotregirml(Tnc)™ = Lrel - 8.
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3. (YR' C R)(VC' € C)  [Trcl[Tw.cr] = 2P [T o] Tr.c).

Beginning from the generic noncommutative flag F/¢(y), and its quasi-Pliicker co-
ordinates, we build flag algebras F(v) for noncommutative algebras .A(n) possessing
amenable determinants. Taken together, we call (A(n), Det) an amenable pair.

Several remarks are in order.

e We will need to be able to invert Tr ¢ for many different R,C' C [n]. From here
on out, we pass to a larger ring 7 (n), some noncommutative localization of A(n),
if necessary, to assume that (VR,C) (V1 < k,I[,< |R|) ((Trc) )i is defined

in 7' (n) and nonzero.

e We could make do with less; in the next two sections, we work with adequate
determinants. Amenable determinants are adequate, so the results proven there
hold in this more restrictive setting. We will need the amenable property only
in Section 4.4, where a “g-commuting” property is proven (compare Theorems 19

and 21).

e The amenable property isn’t necessary to define homogeneous coordinate rings for
flags and Grassmannians. Noncommutative settings with adequate determinants
also have such coordinate algebras; the coordinate functions there simply won’t
satisfy the strong version of the ¢-Commuting property. Indeed something even
weaker than adequate is necessary. We only need [Tr ] to satisfy the conditions
of Definition 13 for those R,C € ( ["]) in order to build flag coordinates for F/¢(7)

1R]

over 7 (n). In the sequel we spend no further effort in this direction.

e All the examples the authors knows of determinants which are adequate are also

amenable.?

e Measuring or not, it is immediate that the functions K, for amenable determinants

2 Actually, the Yangians don’t fit into this notion of amenable at all. However, an analogous notion,
call it spectral-parameter (SP) amenable works in this setting, and indeed the Yangian determinant is
SP-amenable, not merely “SP-adequate.” We’ll see this in due time.
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must satisfy, for all A, B € (") and for all 1 < d < n,

Re(A,A) = R(B,B). (4.1)
For property 3 of the definition reads [T4,g][Tarp’] = 1 [Ta,p][Ta,] when
A= A B = B.

Proposition 17. If T' has an adequate determinant DetT = [T], then [T] has an

expansion in terms of quasideterminants.

Proof. Indeed, any [T c] has such an expansion for any R,C C [n] (|R| = |C]|). We

employ Theorem 2, which says | X |z_]1 and (X 1);; are equal when both exist. Let Sc g

be the |R| x |R| matrix (s.r) given by s¢r = gzgi% [(Tr,c)"]. Obviously, condition (2)

of Definition 13 implies that

Trclre = (So.r)er[TrC) ™

Consequently, using condition (2), we have

«(

(S
=

=
~—

[Trol(Tre) )"

R(R",R)
R(C¢,0)

|TR7C"I’C —

~
o

[(Tre)™ ] [Trel

o

|
P AN
=
Q| Q
S— | — ~—

t

or

2

[Trc] = iE;: g; I TR,C|rc[Trrcc] (4.2)
i(c, C) £:(C<,C)

- Trr ce||T
«(r, R) Rt(RT,R)[ rrcel| Tro

(SR

(4.3)

(SR

Let R = [n] be all the rows of T', and let I = (iy,12,...,iy,) be a derangement of [n].
Put R® = R\ {iy,...,ix_1}. Define C, J, and C*¥) similarly. Repeatedly applying
the above identity to Trk) o) we may deduce

Ik, CW)
T = ae ACLA R T
. (H Je(ig, RM) <

k=1"°°%

_ . jx(]hc(k)) = ﬁ?(c(k+1)7c(k))
[T] - (H jt(ikuR(k)) kl:Il ﬁt(R(k+1),R(k)) X

2 P A VA

ilvjl |CT“’]1 ‘7;27j2 e |t1n7.7n ’invjn

and

12,52 |T’2'17J'1

and any number of identities in between the two. O
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What we really care about is not a full factorization of Det but rather just (4.2) and
(4.3). These allow us to replace quasi-Pliicker coordinates with ratios of Det minors.
Specifically, (4.2) demonstrates a passage from rf‘f to [Ting, ) [Tarp] "5 while (4.3)
demonstrates a passage from pf\f to [Tiy),i )T ip),jm)- We record these key identities

now for future reference.

Proposition 18. Fiz M € (d[f]l) and i,j € [n]\ M. Then for all L € ([Z])

3(i, i M) Re (M, i M) )

b (Toin) = = e Trind] M[TL, 4.4

pl]( L7.7M) jg(]7]M)ﬁ;(M7]M)[ L, M] [ LJM] ( )
3(i,iM) )

T%(TijM,L) = W[EMLHTJML] ! (4.5)

The row and column situations mirror each other. In the coming sections, when

faced with a proposition containing statements about both, we’ll demonstrate only one.

4.2 Weak ¢-Commuting Relations

We are now ready to prove the first important result concerning adequate determinants.

Theorem 19. Suppose R, C index the rows and columns of T'. The following identities

hold among the indicated Det minors of T.

e Suppose K C R and L C C satisfy |K| = |L|+1=m. Then for all a,b € C'\ L,

NTk,ar)[Tk L] - (4.6)

Remark. In the statement of the theorem, m is not specified. The proof below suggests
that m < n, but if there is an adequate determinant for 7 (n + 1), as well as for 7 (n),
then we recover the case m = n. This possibility should cause no concern. We say
“weak” because we’ll show a more elaborate version later. We say “q” because the
current discussion is an attempt to generalize the quantum determinant setting, where

the g-commuting theorem says certain minors commute up to a power of ¢, cf. (6.5).
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Proof. (column-minors proof) We must work with slightly larger matrices than those
indicated in the statement of the theorem. To this end, we let K+ = K Uk, for
kr € R\ K,and let K~ = K\ k_ for k_ € K.

We use (4.3) and (2.2) to demonstrate (4.6):

‘TKJr,abL’EJi,a . ‘TKJr,abL’k_hb = _‘TK,aL‘;}ﬂ . ’TK,bL’k_,b
Jy(a,abl) B
lhs) = (222" 1 T
( S) <jt(k+’K+) [ KJ?L][ K+7abL] ) X
jt(k+7K+) .
T Tic s
< Je(b,abL) (Tr+ apr) [Tk aL]
Je(a,abl) B
_ T .
3¢(b, abL) [Txpr]lTk aL]
Ji(a,al) Ke(L,alL) B
h = J— I ) x 5 ] T . 1 T )
(rhs) (jt(k,K) A(K—,K) [ K, o Tk 7L] X
jt(k—aK)ﬁt(K77K) .
. T _ T
<3x(b, bL) R(L,DL) [Tr-]" [Tr Ll
Ji(a,aL)Re(L,aL) -1
- “Tka T .
J(b,bL) R (L, bL) [Ticar] ™ [Ticpr]
Equating the two sides and clearing denominators completes the proof. =

In the case of amenable determinants, the coeflicients in the statement of the the-

orem take on a simpler form. For example, ji(&’zb]f)) = J(a,b). When we extend this

weak g-commuting property in Section 4.4, the measuring property of J, and K, will

be essential.

4.3 Young Symmetry Relations

Our next result is equally important toward the goal of building flags and Grassman-
nians for A(n). Before we reach the statement, another word about the alternating

property of Det. When {i}, {j}, M are pairwise disjoint subsets of [n], the statement

[

s e

[

and the corresponding statement involving left flag coordinates are true statements.

That is both sides are defined and (by what has come before) equal. However, when
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J € M, the left-hand side above is zero, while the right-hand side may not be. This will
not present a problem in this section, because (by the alternating property for quaside-
terminants) we may simply drop the zero terms before making the translation from
quasi-Pliicker coordinates to quantum Pliicker coordinates. We pick up the alternating

thread again in Chapter 6.

Theorem 20. Fiz two integers 1 < s < r < n. The following relations hold among the

indicated Det minors of T'.

e (Row Relations) For all K, M C [n] with |K|=r+1, |[M|=s—1 we have:

- 3ok, kM)
0= Z 52 K)A(K \ o ) [Tr\ke ) [(Thens ] - (4.8)
keK\M

o (Column Relations) For all K, M C [n] with |K| =r+1, |[M|=s—1 we have:

= jx(k‘ia K)
0= Z Je(k, kM)Re(M, kM) (Tis) ke [T, 5\ K] - (4.9)
keK\M

Proof. (row-minors proof) We begin with (3.3). From our data (K, M), we build data
(¢,L, M) to use ("P; r,m)—ie. (3.3). Let i = min K, L = K\ 4, and let M be the same
across the two instances.

_ L\k M
L = Zrik Tki
kel

_ L\k_M
= Z Tik Tk
keL\M

= Z mLk,[r}|ic|TL,[r]\;§cl : |TkM,[s}’kC’|TiM,[s]’i_c/1'
keL\M

Applying (4.5), we may rewrite this last equality as

J.(i,iL*) Te(k, kM)
1= ) 5 [

-1 —1
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Using (4.7), this becomes

Je(ky KLF)I (i, ik LF) Re(kLF, ik LF)
2 <_ 30, iLF) 3o (k, ikLF) & (sz,szk)) %

kEL\M
3e(i,iL¥) Jt(k: KM)

-1 -1
J

- - ¥ ( t(k: kM) 3t(i,szk) ﬁt(kLk,ik:Lk)>
wepoar \ Je(i: M) Jelk, ikLF) Re(iLF, ikLF)

[Tz () [Tk o) [ Tiat, 1)) [Ting, )]~

Now move to the left-hand side all things independent of k and get

3e(i, iM) 3ok, kM)
T - _ T 1;
SRR LR eeelfaal == 2 S Ry eslTanl
ke K\i\M
or
To(k, kM
0= Z = ol ) NTre\je, ) [T, ] -

Je(k, K)R( K\ k, K)

4.4 ¢-Commuting Relations

Here we make our first use of the measuring properties of the functions J, and R,

associated to Det.

Definition 16. Given i, j € [n], consider the expressions

A = A(i) = _jx(igf()f;gj,i)'
- (i 5)
Pj = Pj (4) _m

As indicated in the notation, we consider these as functions of one variable (namely, 7)
with one parameter (j). Given J,I C [n] with J NI =0 and |J| < |I|, we say J can’t
distinguish I as columns (as rows) if A\j (p;) is constant on I for each j € J. We extend
this definition to pairs (I,J) with I N J # ) by saying J can’t distinguish I if A\; (p;)

is constant for all j € J \ I as a function on I \ J.
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Remark. This definition becomes much more transparent when applied to the specific
determinants introduced in the next chapter. It will amount to the existence of a certain
partition J'UJ” of J so that J' < I < J” (cf. Chapter 2 for notation). For now, write

Aj for the product [[;c; A; evaluated at some i € I (defining p; similarly).

The following theorem is the main result of this section. For a cleaner statement,
we collect all the notation here before we begin. Fix J € ([Z]) and I, K € ([7:]) with
s < r. Let K be the first s elements of K, and let K = K \ K. Fix M,L € ([Z]).

Suppose additionally that I,.J, M are pairwise disjoint, and that L N K = ().

Theorem 21 (¢-Commuting Relations). Let Det be an amenable determinant with
associated measuring functions J, and K. For all I,J,K,L, M € P[n| as above with

1<s<r<nand0<t<n-—r we have

o If J can’t distinguish I as columns, then

T, omlTrr,im] = )\Jé?(f}f() : ﬁ;(ﬂé;(f]);:g’ff) Tk m[Tgpgnl (4.10)

o If J can’t distinguish I as rows, then

] R ) Ad(M, 1) ]
Ty gl Trv kL] = RK.K)  Ru(M, (LK) Trv,xcl[Tyar ] (4.11)

We begin by investigating a property of K, that will prove essential. Next, we
introduce two key propositions that will serve as the base case for an induction proof.

Finally, we prove the g-commuting property for amenable determinants.

Proposition 22 (Key Properties of £,). If Det is an amenable determinant then

there exists a constant 0 € F \ {0} such that for alli,j € [n], i # j
R, )R i) = 0 and  Reli, §)Re(j, i) = 0. (4.12)
In particular, for all A € Pln],
&4, 4) =002)  and g(A,A) =003, (4.13)

Proof. We recall the observation that, if Det is an amenable determinant, then—
measuring or no—the functions R, satisfy R:(4,A) = KR(B,B) for all A,B € ([Z])

and for all 1 < d <n.
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Consider the case when A = {i,j}. The measuring property implies &:(A, A) =
Re(1,17)Re(J,1j) = Re(i,7)Re(4,7); and that this last expression is independent of ¢ and
j. Call this constant ¢. One similarly concludes that R(i,j)R.(j,7) = 0.

Finally, for A = {aj,as,...,aq}, we have

R(AA) = R(A4,4)

d d

= Hﬁt(ai,A) :Hﬁt(a’hAi)
i=1 =1

= Hﬁt(ai,aj)ﬁt(aj,ai)

i#]
= 9(3), as needed.

O]

Proposition 23. Let Det be an amenable determinant. Suppose I C [n] and j € [n]\ 1
are such that {j} can’t distinguish I. Then—uwriting |I| = r—for all K € ([:f]) and for
all k € K we have:

« (7,1
o [TAlTrk] = ;- i TrkllTinl

o [T )Ti] = X - G T[T

Proof. (row-minors proof) Writing the quasi-Pliicker relation "P; j g for Tj; i in terms

of Det minors, we have

Je(4,71%) Te(d, i
- S

5ei il 3 (j:j)[Tjﬁ,K][TI,K}il[Ti,k][T]}k]il7

L5

i€l

or

~—

J3e(4, I*
=2 50T

[T ) Tr k) [ Tik)]

[

using the measuring property of J..

Remark. If K = {k1,...,k,} then as stated (and proven, cf. Theorem 15) the identity
"Pj.rp above involves coordinates r]IZ (T k) and r?i(J}-Lkl), while we have used an
arbitrary k£ in the second factor. This modified identity is also true, with the same

proof.
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We have already established that [Tup\; k] and [T] k] g-commute (Theorem 19).

Clearing the denominator to the left, we get

- Je(i, I Te(4, 1) Re(I, §1)
[TI,KHCT]‘J‘?] - Z( t(] ) t(Z,]IZ)Rt(]IZ7]I)> .

il
3e(5, 1)
T:ori k)T
3 ( I)[ ]UI\Z,KH Jf]
34, 1)
— Re(i, I7) - =5 i 1T . 4.14
T {Eﬂj o Dkl ,k]} (4.14)
If instead we use property (2) of Det to clear denominators to the right, we get
Reli, 1)\ 3e(5, 1)

T || T = g : =T 7 5|15
[ ]7k][ IvK] oy <ﬁx(k,K) jt(l,lz)[ gl ,K][ 7k]

= {Z Re(i, I') %eld .- r i[Tﬂz K][Ti,k]}- (4.15)

el Jt
Comparing (4.14) and (4.15), we conclude that [T} ;] and [T7 k| g-commute as desired.
O

Proposition 24. Let Det be an amenable determinant. Suppose J € ([Z]) and I € ([Z])
satisfy INJ # 0 and s <r. Then for all K = {ky,...,ks} and K = K U{kqy1,...,k},
and for all M € [n]\ (IUJ) and L € [n]\ K with 1 < |L|=|M|=t<n—r, we have:

o If [Ty ][I0 = X - [T1.][T) 5] for some X = X[ in F\ {0}, then

Re(M, 1)
Re(M, ))R(L, K\ K)

Ty gl Tiv kL] = X T[Ty gr) - (4.16)

o If [T Tk =Y - [Tr1)[T. ;] for some Y =Y, in F\ {0}, then

fe(M, J)R(L, K \ K)
Re(M, )

Tg ) Tk,1]) = Y [Tr [Tk 4] - (4.17)

Proof. (row-minor proof) The statement is a consequence of Muir’s Law (Theorem 7).

It will be convenient to begin from the modified equation
[Tr ] Ty g) = X - [Ty |Tre] (4.18)

To ease notation, let K = K \ K. Also, for any A = {a1,...,a,} C [n] let A®) =
{ag,...,ap} and A() denote {a1,...,a, 1} (i-e. delete the first k — 1 or last k — 1

elements of A respectively). When k > p understand A®) and A(¥) to be empty.
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We use Proposition 17 to write [T ] and [T] k] in terms of quasideterminants. We
peel off row-indices from the head of the list, and column-indices from the tail of the
list. Now, (4.18) becomes:

( { [Timy Je(krga—e, KO) (KD, KO) } )

lhs) =
) TT/—, Je(ie, IO) R (1D, 1)

—1
Tt v Tys 1ot i TI,Krn,kl) x

( {Hi 1 Jelksga—o, KON g (KD, f(((fz»)} )

[To—1 3:(Ge, JO)R(JEHD), J(O)

Ty ks lgoks = 1T gin g o b !TJ,K\jl,m) :

HK 1 (]5’ ))

T & ljs ko | Tyin gewa ljakes = | ]S,ks!js,k5> X

({H? 1jx<kr+1 évK((g)))} X
Hé 1 (247 6))

|TI,K|i1J€1 |TIi1 JK k1

(rhs) = X- ({Hj 1 Je(Fst1e, f_(«é))} x

i2,ko |Tl

—1
i,k r) :

Take M = {my,...,m:}, and apply Muir’s Law to get

By 1
(ths) = K (!TIMKL|zl ey ’ETM,kTL‘;kT) X
T
<|T‘ Mk ljoks ITJM,RLIjl,kl)
/3
(rhs) = ﬁJ (|TJMKL|j1J€1' "T'SM,k5L|js,ks) X
T

-1 -1
(Torasall, - Francslil,)

Here 3, B just replace the products detailed above. Focusing on the left-hand side for
a moment, we may multiply and divide by quasi-minors of T 1, to get

ﬁf(

5K (ITIMKL\M1 ARV {|TML|mll1 ITmtlt!mtlt})X
1

({|Tmt71t’mt,lt T

Now, multiplying and dividing by the 3 corresponding to (J U M, K U L) and (I U

11} NTjoMges Ll s~ ’TJM,f(L’jl,kl> .




M, K U L) we may reinterpret the left-hand side as Det minors:

_ 55( ﬂﬁﬁé/ —1 T _
= ﬁTﬁRUL[ L] JM,KL]‘
I FPjuMm

(lhs)

Similarly, the right-hand side becomes

AK RKUL
By B
3K RKUL
Br Bom

(rhs) =X

It is left to consider the expression

gk gKuL -1 G pruL
v — [ 22 Pium Py Prom
ﬁK KUL gK AKUL
I FjuMm I FJuM

and hope that Yy simplifies to the advertised Y.

[Ty i) Tivrrn] ™
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We focus first on the (3, B pieces involving J, call this Y ;, then we move on to

Yo = Yy, sY0,7. Writing out Yy ;7 in terms of J,, K., we have

2K KUL

Y, — BiJ . Broit
0,J gK " BRUL
J JUM

[ Je (ko1 e, KO)
_ H§=1 jr(ijM)) X
- ITo_; T (ksi1—o, KON R (K1) K(0))
H?:l 3\' (jE:J(Z>)~@t (J<é+1) 7*](2))

I, jlc(ks“%,LR'((IJ)));»;IE (LR'((“U),LK'(“))) szl jx(lt+14,L(€))ﬁF(L((é-‘rl))’L((@)))

T15—1 3 (e, MIO) Re (M TEHD MIO) T}y Te (g, MO) R (METD (D)

ITi_ Jc (ko1 o, LK) TTE_ | T (ly1— e, L)

[T5—1 Je(Ge, MTO) 1)y Te(my,MO)

First, note that the factors involving only M, L will also appear in Yj; (and with

opposite numerator-denominator parity!). Also K @) = g(t+r=5) 50 some of the R

factors appearing here also appear in Y{ ; (again with opposite parity). Let us write

5707 g for the quantity Yp ; with these factors suppressed. Next, we use the measuring

property to arrive at a simpler expression:

7o, = iz 9l JORIED, 7O 117y 3cle, MJY)
’ 171 3e(e, JO) To_y Te(je, MJIO)Re(MJED M IO
T &I, 09
[Ti—; fe(MJED M JO)
Re(M, M)~*

17— &e(JEHD, M) R(M, JO) 7
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Repeating these simplifications for Yy ; we arrive at

Yo = You-Yor=Yos Yos
Re(M, M)~* Re(M, M) Ty Ke(IHD M) R(M, T0)
[Toi R(JED, M) R(M, TO) Re(L, L) T[[=5 Re(K D), L) Re(L, K(O)
[Tr—y 81D, M) R(M, ID)
[To—) Re(JED, M) Re(M, JO) [T;2] R(K D), L) R(L, K@)

In the last step, we used the key property of K, noted in (4.1). Finally, we can
radically simplify this expression for Yy by appealing to Proposition 22. Note, e.g.,
that R (1D MR (M, I10)) = R (IHD MR (M, ip)&(M, I¢D). In terms of 6,

this equals O(T_g)tﬁt(M ,i¢). Repeating this calculation for all products above, we see

that
Re(M, 1)
Yo = —.
Rt(M7 J)ﬁF(L7 K)
And so we conclude that Yy =Y, as desired. O

We are now ready for the proof of the main theorem.

Proof of Theorem 21. Proposition 24 allows us to first consider the case M = L = (),
and pass to the general case afterward. We proceed by induction on s, the base case

having been handled in Proposition 23.

(row-minors proof) Given J = {ji,...,75s}, L = {i1,...,ir}, K = {k1,...,k-}, and
K = {ki,...,ks} as in the statement of the theorem, we introduce some convenient
notation. Let J = J\ j; and K = K \ K. Also, we write k = ks and let K=K \ k.
Finally, we introduce an abuse of this “hat” notation: we let I=1 \7 when the particular
1 on which the notation depends is clear from context. Now consider the quasi-Pliicker

coordinate identity "le ;j applied to the matrix Tryus k. In terms of Det minors, it

reads
th(jlyjlli) Je(i, 1) ~1 1
1: A1—"71 T T‘AfT‘Ai 9
iel Je(i, ") jt(jlale)[ el L el
or
Je(, I) Te(i, J) L
T, | = = T - [T T s =|. 4.19
T k] ;el 3e(i 1) jr(jluj)[ ]1171(” zI,K] [ zJ,K] ( )
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By the weak g-commuting property of adequate determinants, we may write
t(jl) i)ﬁt(i7j1[) -1 T

o . 7 ifK] [jlfK]
t(lvjl)ﬁt(]lal‘[) ’ 7

1 R
= —— - R(s,I)[T}; o7 4.90
P Re(j1, 1) (4, 1)] zI,K] [ ]117;(] ( )

Alternatively, induction and Proposition 24 allow us to write

-1
[TjJ,K] [Tif,K] -

(SR

T ) ) = D) T )
Re(J, 1 i1
_ Pj i( 7) Aﬁt(li ) SR [Tij ]’CI:{][TJ EKE]_l
Re(K, KF) Re(i, J)Re(ky KF\ K) ’ ’
Focusing on the coefficient, we have
Re(J, T [
(Coeﬁ) — pJ z( 7) . ﬁtg{;Z) . ﬁt(}?{)
R(K,KF) 0 Bue(k, K)
_ piR( D) 1 Re(i, 1)
R(K, KR 8K R) Rk, K) $alk, K)
_ iR D) Reli D)
R (K,K) RF(]@K)
pjﬁt<j7]—) .7
= _ Reli, I
wk, ) D
or
_ 1Y R (‘]7]) S _
[T k) Ty i) = 7&“;(;—{ ) ety DT R T 17 (4.21)
Using (4.20) and (4.21) to simplify (4.19), we see that
pin Rl DT Trg] = D &eli, DT (T &)
i€l
(K, K) A
———= T, = ||T = .ﬁZ,IT'” T. s =~|.
Pjﬁt(J,I)[ J,K][ I,K] ZGZ[ t( )[ Jlj,K][ »LJ,K]
Equating the left-hand sides above completes the proof. O

4.5 Pre—Flag Algebras

After the preceding sections, we may make the following definition

Definition 17 (Pre—Flag Algebra). Given a composition v = n, and a noncom-

mutative algebra A(n) with amenable determinant Det, the left pre—flag algebra .7}(7)
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associated to A(n) is the F-algebra with generators {fl | I e ([2}), de H”yH} and re-
lations given by (4.9) and (4.10). The right pre—flag algebra is denoted by the same

symbol, given the same generators, and given relations (4.8) and (4.11).

Remark. More should be said. The equations alluded to in the definition involve minors
of the form [Trc]. When we are considering left (column) flags, we write f; for the
“coordinate function” [Ty ;] (assuming |I| = d); when we are considering right (row)

flags, we write f; for the coordinate function [T7 (4]

Remark. Still more should be said. In Theorem 21, we deal with two triples of in-
dices. .. the important sets (J, I, M) and some behind-the-scenes sets (K, K, L). Take
|J| = r, |I| = s, and |[M| = t. The only choice for the behind-the-scenes sets

)

which agrees with the convention “take the first d rows (columns)” is to put L = [t],
KUL =[r+t], and LUK = [s +t]. Unfortunately, it is necessary to make a choice
because the behind-the-scenes coefficients K, really don’t disappear (though they may

be made simpler up to a power of 0):

AWK, D)R(L,K) = R.(K,K)R.(K,K)&.(L,K)
&KL, K)
— -5 a (R, K)RJ(K L, KL)

= ¢ G, + 1), [s + 1))

In any particular (amenable) noncommutative setting, these relations may not ex-
haust the identities that the minors of T satisfy. For instance, most determinants have
some kind of (row or column) “alternating” property which was not quite assumed in
the definition of amenable determinant. Indeed, the existence of such a property is typ-
ically the source of the adjoint property which we do assume for amenable determinants
(Definition 13.(2 & 2)).

If the determinant is alternating, one may make the Young symmetry identity look
much cleaner by: (i) letting the generators be indexed by [n}”'Y” instead of by (”[:]”);
(ii) rewriting J. (i, J) fiug as fi| j- This is a minor change, producing an isomorphic

algebra. However, more significant gaps may exist. As we will see in Chapter 6, the
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quantum flag of Taft and Towber has some relations of a novel character. It is an open
question whether or not there are quasideterminantal identities which explain these
extra relations.

We will pick up this discussion again in a later chapter. For now, we turn our

attention to finding amenable determinants.
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Chapter 5

Sources of Amenable Determinants

The majority of this chapter amounts to a cataloging of amenable determinants which
arise via the R-matrix formalism. The balance, Sections 5.1 and 5.8, comprises an
overview of the R-matrix formalism and a new example of an amenable determinant
that does not come from an R-matrix. The reader will forgive the terse explanations
and lack of motivations in the coming sections, as giving even one of these algebras
a just treatment could double the length of this thesis. Excellent sources for more
information include the books by Chari and Pressley [7] and Kassel [28]. The former

stresses the physics point-of-view alluded to in the introduction.

5.1 R-Matrices and Determinants

5.1.1 The FRT construction

Fix a field F and a finite dimensional vector space V = FN. Let 7 € EndV ® V be
the “twist” map sending e; ® e; to e; ® e; (Vi, j). The following theorem of Faddeev,

Reshetikhin, and Takhtadzhyan is fundamental for the results of this chapter.

Theorem 25 (F-R-T, [41]). Let F,V be as above, and fir C € EndV ® V. There

exists a bialgebra A(C, N) = A together with a linear map Ay : V — ARV such that
(i) the map Ay equips V' with the structure of left-comodule over A,
(ii) the map 7o C becomes a comodule map with respect to this structure,

(iii) if A" is another bialgebra coacting on V' via a linear map A}, such that condition

25 is satisfied, then there exists a unique bialgebra morphism f : A — A’ such
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that
v=(f®ly)oAy.
The bialgebra A(C, N) is unique up to isomorphism.
Let {e; | 1 <1i < N} be the standard basis for V. If C' is defined by
Cle; ®ej) = Z c?}”em R ey,
1<m,n<N
(think multiplication on the right by the matrix (cS9%)), then the bialgebra of the
theorem is as follows.
(Co- Structures) The coalgebra map on A(C, N) and the comodule map on V are the
standard structures placed on the ring of matrix functionals M (n):

Ah= > thet]  and  e(t]) =dy,
1<k<N

while

Aveiz Z tf@ej.

1<k<N

(Algebra Structure) The algebra structure is defined so as to make (Aygy o (7C)) and
((tC) o Aygy) agree on V@ V.

Notation. Suppose X,Y,{Z; | 1 < k < m} are F-modules. Then Z = 7, ® --- ® Z,,
is another one, as is the set Z built by replacing Z; with X and Z; with Y. Given
any f € End X and g € EndY, we may extend f and ¢ to be endomorphisms of Z by

concatenating with the identity map:
fi=lz,®---®1z_ @ fRlz,, ® --®lz,) € EndZ.

Define g; similarly. Also, if h € End X ® Y, we write h;; for the obvious endomorphism
of Z constructed analogously.

Now, consider the free algebra Ay = F(tf | 1 <i,57 < N). We will build A(C, N)
from A by equating two endomorphisms of the F-module V! =V ® V ® Ay. Consider

the matrix
t% R
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over Ap, and define T' € EndrV ® Ay by T'(e; ® a) = ZlngN em @ t'a (think

right-multiplication of e; by T7'). We demand
Cr2T13To3 = To3T13C12 (5.1)
as endomorphisms of V’. In terms of the generators tg , the relations take the form:

(i, 7)(¥Ym,n) Z c’,ﬁ"tfté-: Z cgt?t?.
1<kI<N 1<kI<N

5.1.2 R-matrices

Definition 18. An endomorphism C € EndV ® V is said to be an R-matriz if it is

invertible, and moreover satisfies the quantum Yang-Baxter equation:
Ri2R13R23 = RogRi3 R (5.2)
inEndVe@VeV.

In terms of matrix coefficients (and Einstein summation notation), this identity
reads

klkz ukg VW _ lllz l3w uv
(va7 b, C)(VU,'U,U}) L Tklcrkgkg = The Talg Tlgly -

By now the R-matrix is ubiquitous in the study of noncommutative structures,
especially those coming from physics. Indeed, it would not be controversial to define a
quantum group as a Hopf algebra with an R-matrix. Which brings us to our next point.
By the FRT construction one is given a bialgebra. To get a Hopf algebra, we need to
define the antipode S on T'. If T"may be formally inverted (perhaps after extending the
algebra A(C, N) to a larger algebra 7(N)), then putting S(T') = T~ is a good start.
Aside from these motivational remarks (continued in the next subsection), we’ll have
no further use for the notions of bialgebras and Hopf algebras; so we make no effort to

be more precise.

5.1.3 Determinants from R-matrices

Notation. We change notation slightly. Let F' be as before, and put V = F". When

A(C,n) is the bialgebra of the FRT construction, and C' is an R-matrix, we say that



46

A(n) is an RTT-algebra—dropping the reference to C' in the notation. Also, many of
the established RTT-algebras use generators ;; instead of tg so we will change notation
eventually to be consistent with later sections. One unchanging convention throughout
the rest of the chapter: we write expressions for R with the understanding that it acts

on V ® V by right-multiplication.

Consider the tensor algebra T(V): the F-module with basis {e;, ® --- ®e;, } (for
k €N, (i1,...,ix) € [n]¥). It is graded by length (the k above), with graded piece
denoted T(V);, We may sometimes write e;, €;, - - - €;, Or even e;,,..;, to simplify nota-
tion. We may extend the A-comodule action on V to T(V); by using (’;) twists and
multiplications (i.e. letting all tf commute past all eg):

Apy (e @ @e)= >t tlra(e, 0 0¢,).
VERI I

Obviously, R remains a comodule map on T(V); (k > 2) when its action is restricted
to any two, fixed factors (i.e. R = Ry, 1 < a < b < k). Under certain conditions, one
can build a nice one-dimensional .4-comodule by taking the quotient of T(V') by the
two-sided ideal generated by (c;I1+4 (TR))(ese;) (a graded ideal!) and then focusing on
the highest nonzero graded piece. Here, the «;; are appropriately chosen constants in

F.

Ezample. Let R =1, ® I, =1 € EndV ® V, then the exterior algebra A(n) is the
quotient of T(V) by the relation (1 -1+ (TR))v = 0, (Vv € V®2). On inspection, this

simply reads e;e; = —eje;.

While there are certainly many choices one could make for the coefficients o;;, not
all of them respect the A-comodule structure on T(V). When a coherent choice is
made—for example, when all o;; are the same scalar a—we get a “determinant” by

letting T' coact on the quotient. Call the quotient Ag, and fix a generator v € Ag, then
Det T is the element D € A satisfying Ap,(v) = D ® v.

Determinants for sub-matrices 17 7 (|I| = |J| = d) of T are built by beginning with an
RTT-algebra of lesser dimension (d?). The element D is clearly group-like in A, but

this is not the end of the similarities between det and Det.
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In [22], Gurevich outlines a set of sufficient conditions on R to guarantee the exis-
tence of a nice Ar. For these “closed Hecke symmetries,” he proves that determinants
arising as above will always have a Laplace-type expansion, and moreover, they often
satisfy

Dt} = p;t!D, (5.3)
i.e., the determinant is not only group-like, but “G-central” in A.
His conditions do not quite guarantee that Det is amenable (or even adequate).

2.

ity tf:: appearing in the expression Det T} ; satisfied

However, if every monomial

[T <k<in Birj. = constant, then (5.3) gives Det the adequate property.

5.1.4 What’s coming next

In the coming sections, we present several known determinants fitting into the R-matrix
formalism. The main result each time is just a verification that these determinants are
amenable and a display of the Young symmetry and g-commuting relations. The reader

may feel free to skip to Section 5.8 at any time.

5.2 Commutative Determinant

Let M(n) be the free commutative C-algebra generated by t;;—the ring of polynomials
on the C-space M, (C). If I, J € (["m]), define det Ty ; by
det Ty ;= [T1,4] == Z (—l)e(”)xihﬂjla:i%ﬂﬁ R TR
T€6C

Letting V = C", it is easy to see that M is an RTT-algebra with R =1, ® I,. Also,
det is reproduced by the coaction of M on the n-th graded piece of T(V) modulo the
ideal generated by {(I+ (TR))v | v € V&2}.

By the well-known alternating and Laplace-expansion properties of det, it is easy
to check that det is an amenable determinant. Moreover, it is well-known that M (n)

has a field of fractions 7'(n) in which all 77 ; may be inverted. In short,

Proposition 26. The pair (M(n),det) is an amenable pair (A(n), Det) with associated

measuring functions given by
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o Vac ACn]) Jula,A) =Tyla, A) = (—1)4elA?)

o Vac AC[n]) Rla,A) =HK(a,A) =1

In M(n), the row-minors {det TyqlAe ([Z])} satisfy

e V1<s<r<mn)lIfK,MC|n| are subsets satisfying |K| =1+ 1,|M| =s—1,

then

- k
0= > (=) IM=LEET T, (5.4)

keK\M

o IfI,J Cn|(|J]|=s<r=]|I|) are such that J can’t distinguish I as rows, then

[Ty )1, =1 [T, [Ts]] (5.5)

5.3 Quantum Determinant

Fix a field F' containing Q. For the remainder of the section, fix a distinguished element

g€ F\{-1,0,1}, and fix V = F™.

5.3.1 Definitions & R-matrix

Definition 19. A 2 x 2 matrix

ba =
de =
ca =
db =
ch =

da =

is called g-generic (over F) if

d

qab (5.6)
qged (5.7)
qac (5.8)
gbd (5.9)
be (5.10)
ad+ (g —q Y)be (5.11)

An n x m matrix X is said to be g-generic if every 2 x 2 sub-matrix Xy; ;1 (1} 18

g-generic.

We are ready for our first important, noncommutative example [41, 28, 35].
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Definition 20. Let M,(n) denote the F-algebra with n? generators t;; and relations
given by demanding 7' = (t;;) be a g-generic matrix over F. Let det, by defined by

dethI,J = [TI,J] = Z (_Q)_Z(W)til,ﬂﬁtiz,ﬂ'jz N
TESc

for all 1 <m <nandall I, J e ().

My(n) is without question the most widely studied “quantization” of the algebra
of matrix functionals presented in the previous section. Put D = det,T', and introduce
a formal (central in M,) inverse S of D. The resulting quantum group GL,(n) :=
Mqy(n)[S]/(SD — 1) is the quantum analog of the ring of regular functions K|[G] on
G = GL,(C). Like its classic counterpart, GL4(n) is a Hopf algebra. We will not focus
on this property in the sequel, indeed we will not focus on GL4(n) at all.

Let R € EndV ® V be given by

R=¢"') Ei®Eui+» Ei®E;+ (¢ ' —q) ) E;®E; (5.12)
i

i#] 1<y

again, thought of as acting on the right. For example, when n = 2—and in the basis

(e1 ®ep,e1 ®eg, e ®ep,ea ®eg) of V@ V—we have

¢! 0 0 0

0 1 gt—q ©
R =

0 0 1 0

0 0 0 g !

It is a tedious but straightforward exercise to show that M,(n) is an RTT-algebra for
this R-matrix; and moreover, det, is reproduced by the coaction of My(n) on the n-th
graded piece of T(V) modulo the ideal generated by {(q¢+ (7R))v | v € V®2}. Compare

Takeuchi’s article [48] for more details’.

5.3.2 First properties

An important consequence of the relations (5.6-5.11) is that Mg(n) is a noetherian

domain (cf. Proposition 45), and hence has an Ore field of fractions. Taking 7 (n) to

LA caveat for the reader. In [48], the twist T is incorporated into the definition of R (i.e. into the
Yang-Baxter equation). The resulting formulas are essentially the same, but some care should be taken
in the translation from that setting to the present one.
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be this field of fractions, one finds the existence of all (77, ])i_jl needed in Chapter 4.
Following the standard proof in the commutative setting (cf. [45]), one can show

that det, is “g-alternating” in rows:
Theorem 27. Suppose X = X)) i an n X n g-generic matriz, and I € [n]". Then

0 if I contains repeated indices,
dethI,[n] = (5.13)
(—q)~*Ddet, X otherwise.

Remark. As it turns out, det, is not column-alternating. If I € [n]™ contains distinct
entries, then det X, ; = (—q)*e(l)deth , but repeated columns don’t result in zero.

For example,

T11  T11 _
= 211221 — ¢ 1961131721 # 0.

T21  T21
This column-defect will make it most convenient to talk about right quantum flags in

the sequel.

One may also follow the commutative proofs to give a ¢-Laplace expansion for the
quantum determinant. Combining the alternating and Laplace-expansion properties,
one readily deduces that

(—q)~ 2D
Z tijW[Tl\i’,J\j] = 03 [T7,5] -
jeJ

This result first appeared in [16], see also [30]. Finally, one has:
(VieI,VjieJ) [Trlti=ti[Trs].

One can show this directly, but a more clever argument uses the fact that the adjoint

matrix S(T) — (Sji) with sji = (—q)~¢G'ID)

(—q)‘W[T[W’ 7\jl not only satisfies T'S = [T][,, but

also ST = [T']I,, (cf. [48] for details).
5.3.3 Main result

In summation, det, is an amenable determinant for Mgy(n). For later use we catalog

the key identities.
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Proposition 28. The pair (Mgy(n),det,) is an amenable pair (A(n), Det) with associ-

ated measuring functions given by
o Vac AC|[n]) Jia,A) =T(a,A) = (7q)—f(a|A“)
e Vace AC[n]) Ri(a,A) =K(a,A) =1

In Mgy(n), the row-minors {dethAJd] | A e ([Z])} satisfy

o (V1 <s<r<n)lfK,MCIn| are subsets satisfying |K| =r+1,|M|=s—1,
then

0= Y (—q) DK Ty ] [Tinr o) (5.14)
keK\M

o IfI,J C [n](|J| =s<r=]|I|) are such that J can’t distinguish I as rows, then
foranyiel

[Ty )[T1p) = ¢ [Ty 1T 1) (5.15)

5.4 Multi-Parameter Determinant

In their joint paper [1], Artin, Schelter, and Tate introduce a vast generalization of
the algebra M,(n) from the previous section—replacing one ¢ with (g) q’s and their
reciprocals. Fix a field F' containing Q. Fix a distinguished element A € F'\ {0, -1}

and distinguished elements ¢;; € F'\ {0, 1} satisfying ¢;; = 1, ¢;j¢s = 1. Fix V = F™.

5.4.1 Definitions & R-matrix

Definition 21. Define Mg(n) to be the F-algebra with generators {t;; | 1 <1i,j < n}

and relations as follows:
%tmtdb + (A= Dgjitatja ifj>iAb>a

tivtia = § Agitiatsy ifj>iAnb<a (5.16)

iﬁmgb ifj=iAb>a.
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Notation. Given J € ([;ﬂ), we define the generalized sign of 7 € &7, sgng(), as follows:

seng(m) == [[ (—dmjms)-

i<j'eJ
wi>mj!

Definition 22. Let det;T = [T} || denote the quantum determinant for 7" defined

by
detgT" = [T] := Z sgng(m)t1 riten2  tnan -
TEGS,
For 0 < m < n and row-indices I = {i; < ... < iy} and column-indices J = {j; <

... < jm}, define quantum minors in a similar fashion:
[T7.5] = Z s () tiy mjy Lo o -
€Sy
As we mentioned in the introduction, the Artin-Schelter approach to noncommu-
tative geometry is generally distinct from the quantum groups approach. Perhaps not
surprisingly, there is some overlap between the two. See [1] for more details and mo-
tivation. In [23], M. Hazewinkel shows that the AST quantum algebra Mg(n) is an

RT'T-algebra, with associated R-matrix given by

R = X! ZE” ® E; + Z gl @ Ei +
i

1<j
D (A gi)Ei @ By + (A = DEy; @ Eji) - (5.17)
1<j
For example, when n = 3—and in the basis (e ® e1,e1 ® e2,€1 ® €3,...,€3 @ e3) of
V ® V—we have
-1
A lgio Ah—1
A g3 A1
q21
R = Nt
A g3 A—1
431
q32
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It is not difficult to show that the definition of dety; also comes from this R-matrix, via
the coaction of Mg(n) on the n-th graded piece of T(V') modulo the ideal generated
by {(I, + (TR))v | v € V®2}.

5.4.2 First properties

A-S-T prove all of the properties necessary to conclude that detz is amenable. The next
two theorems appear in [1]. The corollaries are easy consequences of the proofs of the

theorems appearing there.

Notation. Let us extend the usual definition of ¢(-) as follows. If a € A = {a; < ... <
ap}, say a = a;, then let £(a|A) := l(a|A\ a) = l(a;,a1,...,G;,...,ap) =1 — 1.
Theorem 29. Let Q; denote the product N ] _, ¢jm. Then for all j, k € [n], we have

Corollary 30. Given a set A C [n] and an element a € A, let Qq 4 denote the product

[Tt = [T].

N TT 4 Quar- Then for all row-indices I and column indices J with |I| = |J|, and

1e€l,j€J, we have
Qj,J

Qi1

Corollary 31. In the notation of the previous corollary, the quantum minors [TI\i7J\j]

(T7,g]tij = tij[Tr.] -

q-commute with [Ty j| by the formula

Qj.J

i

[Tr ) [(T1,0)7] = [(Tr,)")[Tr.4]-

Theorem 32. Let v; denote the product Hin;ll(—qjm) and (3; denote the product
[To=j+1(=Agjm). The matriz T' of generators has a right- (and left-) inverse S = (s;)

given by the formula

s = Krory = 3

FARAR
Remark. In particular, [T] is not a zero divisor, and hence can be inverted in a suitable
noncommutative localization of Mg(n). The same goes for all [T} ;|; indeed, one can

show, cf. [1], that Mg(n) is an Ore domain. Call the associated field of fractions 7 (n).

This is the setting in which the calculations of Chapter 4 should be performed.
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Corollary 33. Given a € A C [n], define Ya,a = [lweap(aia)y=o(—daar). Then the
following identities hold for any i,i' € I C [n] and J C [n] with |I| = |J|:

zp:tij (W[Tﬁ’,ﬂo = 0ir[Tr.7],

jeJ V5.
where 0 is the Kronecker delta. In particular, the sub-matrix of generators Ty j has an
inverse S(T7 j) = (sji) given by

i _
sji = 1 T ) Tra)

5.4.3 Main result

We summarize the key properties of detz. For a change of pace, we list the column-minor

relations.

Proposition 34. The pair (Mg(n),detg) is an amenable pair (A(n), Det) with associ-

ated measuring functions given by:
o Vaec AC[n]) Ji(a,A) =Ti(a,A) =44
o (Vac AC[n]) R(a,A) =KR(a,A) =Qqa
In Mg(n), the column-minors {[TA] =detTig.4 | A€ ([Z])} satisfy

e V1<s<r<mn)lIfK,MC |n| are subsets satisfying |K| =1+ 1,|M| = s —1,

then

(_1)7€(k|Kk) Hk/GK'k’<k qrk’
0= - ' (Tronm ) [Tre\i] (5.18)
kE;M (_)\) “MIE) Hm’EM:k<m’ dm’k \

o IfI,J M C [n|(|J| =s<r=]|I,|M| =u) are pairwise disjoint, and if J can’t

distinguish I as rows, then for any i € I

s u

/\(2)+(2) Q[s+u],[r+u}\[s+u] [
AT =su Q sun oM

(Trom][Tiom] = Trom)[Trum] (5.19)

5.5 Two-Parameter Determinant

Suppose the constants A, ¢g;; in the field F' of the previous section are transcendental
over a subfield, say F' = F’(\, ¢;j). Suppose moreover that we let ¢;; — (i < j) and

A — Ba. Denote this new field extension of F’ again by F. Again let V = F™.
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5.5.1 Definitions & background

Under the transformation indicated above, the A-S-T algebra Mg(n) becomes a two-
parameter deformation of the commutative setting. This special deformation was inde-
pendently introduced by Takeuchi in [47], and is a more transparent generalization of

the famous quantization of Section 5.3: one parameter for rows, one for columns.

a b
Definition 23. A 2 x 2 matrix is called («, 3)-generic (over F') if

c d
ba = aab (5.20)
de = acd (5.21)
ca = Pac (5.22)
db = [bd (5.23)
b = Ba lbe (5.24)
do = ad+ (68— a Ybe (5.25)

An n x m matrix X is said to be (a, #)-generic if every 2 x 2 sub-matrix Xy; ;1 1z 18

(a, B)-generic.

Definition 24. Let M, g(n) denote the F-algebra with n? generators t;; and relations
given by demanding T" = (t;;) be an («, )-generic matrix over F. Let det,g by defined
by

detasTry = [Trs) = > (=) iy zjitip s - tigmim
TeSc

for all 1 <m <nandall I, J e ().

This algebra and the determinant are again given by an R-matrix:
n
R = (af)™ ZEu ® Eqi + Z o 'Ej; @By +

i=1 i<j

Z (ﬁ_lEii & Ejj + ((Ozﬁ)_l — I)Eij (%9 Eﬁ) . (5.26)

i<j
Not surprisingly, this R-matrix is the result of applying the transformation on constants

indicated above to the R-matrix of A-S-T. Similarly, the determinant of A-S-T becomes
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the present two-parameter determinant. Recall the generalized sign of Section 5.4: given
T € &y, sgng(m) = Hj<j’eJ,7rj>7rj’ qrjxj’- Under the transformation ¢;; — a (i < j),
all of the terms become a~! and the product has total length equal to £().

One might expect all properties of the pair A-S-T' (Mg(n), dety) to pass through
the limit and hold in the Takeuchi pair (Mg, g(n),detag). While this is generally true,
for instance there exists an Ore field of fractions 7 (n) and det,s is again amenable, it
is not universally so. Namely, the Takeuchi determinant is only row alternating, while
the A-S-T determinant is both row and column alternating. The existence of a row
alternating property for each is proven as in the classical case. Below, we show what

happens when we try to take determinants of matrices with repeated columns.?

t11 t11
= Z (_a)ig(ﬂ)tilvjwltiQ:jWQ
to1 to1 TEG,
a7ﬁ
= tite — o gty
while
11 ti1
= Z (Sgnq'ﬂ)th,jmtb,jm
to1 t21 7 TEGy

= t11to1 — q11t11t21

Here we have extended the definition of dets to allow J to be a tuple, not a subset.
The definition agrees with the old one when J = rect(J). These calculations indicate
that the left and right pre—flag algebras are both nice objects for the A-S-T setting,
while the Takeuchi (and one-parameter) deformation of M(n) favors the right pre—flag

algebra.

5.5.2 Main result

One may readily verify the results of this section by appealing to the results of the

previous section or by consulting the survey article [48].

2It should be noted that the Takeuchi determinant (and the usual quantum determinant) are almost
column alternating. If the columns are merely out of order, then one recovers the usual determinant up
to a power of (—a) ™! (respectively, (—g)™'); the alternating property fails only when there are repeated
columns.
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Proposition 35. The pair (M, g(n),detas) is an amenable pair (A(n), Det) with as-

sociated measuring functions given by
e (Vac ACn]) Jela,A) = Fyla, A) = (—a) @)
e (VacACn]) Rila, A) = Rela, A) = FLaAHAW
In Mgy g(n), the row-minors {[TA] =detagTaq | A€ ([Z})} satisfy

o (V1<s<r<n)lfK,MCIn| are subsets satisfying |K| =r+1,|M|=s—1,

then
(_a)—é(k\M)—é(Kk|k)
0= Z (/Bafl)g(Kk‘k) ’ [TK\k} [TkM] (5.27)
ke K\M

o IfI,J,M C [n](|J| =5 <r=|I||M| =u) are pairwise disjoint, and if J can’t
distinguish I as rows, then for any i € I

(Ba)~Hil)=su g (JM,IM)

(Ba)DH(5) Rellstul, [r+ul\[stu)

[Tronm)[Trom] = T [Trunm) [ Trom] (5.28)

5.6 Another Quantum Determinant

Another specialization of the A-S-T algebra A(n) will be useful later. We pass from
F =F'(\ gij) to F =F'(q).

Definition 25. Define Al(n) to be the F-algebra with generators {t;; | 1 <i,j <n}
and relations as follows:
tiatjp + (% — Dtatja ifj>iAb>a
tivtia = 4 ¢*tialjp ifj>inb<a
tiat s if j=iAb>a.
Definition 26. For 0 < m < n and row-indices I = {i; < ... < i, } and column-indices
J={j1 <...<jm}, let det; be the determinant for .A'(n) defined by

detI T = [TLJ] = Z (_1)Z(ﬂ)ti17j7rl T ti’fnajﬂ'"L N
TES,

This algebra and its determinant are again given by an R-matrix:

n
R=q" ZEzz ® E;i + Z (Ej; @ By + ¢ By @B+ (¢ - DE; ® Ej). (5.29)
i=1 i<j
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All of the comments in the previous section hold, except that this determinant
actually retains the column-alternating property that the A-S-T determinant possesses.
We summarize the important identities below. We choose to display the column-minor

identities because they will be useful in Section 7.2.

Proposition 36. The pair (Al(n),det;) is an amenable pair (A(n), Det) with associated

measuring functions given by
e (YacACn]) Fula,A) =Te(a, A) = (—1)4CA)
o (Vac AC[n])) fla,A) = Ri(a, A) = (¢2)@D)
In Al(n), the column-minors {[TA] =det; Tiga | A€ ([Z])} satisfy

o (V1<s<r<n)lIfK,MCIn| are subsets satisfying |K| =r+1,|M|=s—1,
then

ke K\M

o IfI,J,M C [n](|J| =s <r=|I||M| =u) are pairwise disjoint, and if J can’t
distinguish I as columns, then for any i € I

2)~£(Ji) (qz)(;)+€([s+u]|[r+u]\[s+u}>
[Tyom][Trom] = (@)D (@M Troa)[Ton] - (5:31)

5.7 Yangians

Here we summarize a spectral parameter notion of the R-matrix formalism. Things
work essentially the same way. If the reader is already familiar with the Yangians, he

may skip to subsection 5.7.3.

5.7.1 Spectral parameter R-matrices and determinants

Write V = C", and let U = {1, ug, ...} be formal parameters. Write C(i/) for the field
extension C(uy,us,...). For u € U, we consider endomorphisms C(u) € EndcV®™ ®

CU).
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Write the map C(u) € EndV @V @C(u) as 3, ;)  Ex QE; ® cf]l (u) (again, acting
on the right). As in Section 5.1, we may extend C(u) to a map of V™ @ C(u) by

indicating on which factors C'(u) should act:
Cu)ay 1= 120D @ By @ 1200V, @ I=4-D @ i (u),

Definition 27. An endomorphism C(u) € End¢cV @ V @ C(u,v)®™ is called a spec-
tral parameter R-matrixz if it satisfies the quantum Yang Baxter equation with spectral

parameter,

ng(u)ng(u + U)Rgg(v) = R23<’U)R13(U + U)ng(u), (5.32)

as an element of EndV @ V@V ® C(u,v). We drop the modifier “spectral parameter”

when it is clear from context.

Example (Yangian R-matriz). Let T be the twist map e; ® e; — e; ® e;. Then the map
R(u) € EndV ® V ® C(u) given by

R=(1I®1-70u!) (5.33)

is an R-matrix with spectral parameter.

Write Ao(U) for the free noncommutative C-algebra built on the symbols {tf(u) |
1<i,j<n,ueU}. Let T(u) = (t{ (u)) be an n x n matrix of formal noncommuting
variables (with parameter). We may let T'(u) act on V ® Ay(U) by writing

(ViVa) T(u)(e;®a):= Z er @ th(u)a.
1<k<n
As in Section 5.1, we define a quotient of Ay by demanding equality of two maps on

Vi=VeVeA.

Definition 28. An algebra A(R,n) with spectral parameters is an RTT-algebra if,

together with R, its n? generators t} (u) satisfy the relation
ng(u — ’U)T13(u)T23(U) = T23(’U)T13(’U,)R12(u — U), (5.34)

viewed as an equation in EndV @ V ® Ag.
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The construction of determinants for spectral parameter RTT-algebras follows roughly
the steps outlined above, e.g. looking for a one-dimensional object on which to (co-)
act. One difference is worth a few words. In the construction, we again extend the
action of R to V®™. However, we let R;; act with spectral parameter u; — u;—more
natural in light of (5.32) & (5.34). Only in the last step do we apply a reduction to one
parameter, arguing that we may take u; — u;41 = 1. For the Yangian R-matriz in the

example above, the details are available in Molev’s survey article [36].

Definition 29. Say a spectral parameter determinant Det is amenable if there are

measuring functions J., Jy, R, & : P[n] x P[n] — F associated to Det satisfying:

o VieI)(VjelJ) [T;;(uw)]=tiyu).

o (Vid € R) ey tigu) {FEH T s (W]} = [Trs(w)si

o« (VI'C VS C ) [Try)[Tr )] = 5D (o)1, ().

5.7.2 Review of Yangian for gl,

For a Lie group/algebra pair (G, g), we have outlined above several ways to deform the
ring of global regular functions K[G].? The algebra we define below is another example
of a quantum group. It is different from those preceding it, namely it is a deformation of
the universal enveloping algebra U(g). The Yangian Y (gl,,) was introduced by Drinfeld
[10] at roughly the same time as the quantum group GL4(n) of Section 5.3. For more
information on its Lie and representation theoretic background, and for current trends
in the study of Yangians, the reader is urged to consult [36], [27], and [5]. The latter
uses the quasideterminant and noncommutative Gaussian elimination to give several

presentations of Y (gl,,).

Definition 30. The Yangian for gl,, is the C-algebra Y (n) with countably many gen-

erators tg_]l )7 tz(?)v ... where 1 <, j < n, and defining relations
r+1 S r s+1 r),(s s) (r
[tgjJr )’tl(cl)] - [tz('j)’tl(cl+ )] = t]E;j)t'gl) - t/(ﬁj)tgl% (535)

3This is not entirely accurate. We have given an overview of several deformations of M(n). It is tra-
ditional to reserve the term “quantum group” for a slightly different object, a certain extension-+quotient
of the deformed M (n), outlined in the discussion following Definition 20
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where ,s =0,1,2,... and tl(?) = 0;5 - 1.
If we collect the generators tl(;) (r=0,1,...) together in the generating series,
t(w) = 8y + t 3w + 1P e Y(n)[[u] (5.36)
i\U) = 0ij T 15 ij ) :

and then collect these generating series together in a matrix 7'(u) = (ti (u)), we may

express the relations more compactly.

Theorem 37. The algebra Y (n) is a spectral parameter RTT-algebra with R matrix

given by the Yangian R-matriz in (5.33).

We conclude this section with a few more important results the reader may find in

[36].

Definition 31. Fix I, J € ([nm]) In Y (n)[[u~1]], the quantum determinant qdetT} j(u)
is defined by
qdetTI,J( u) = [T} J Z tfr]l -m+1)-- 7:7]::11 ' (u— 1)t:im (u).
TeESy

Theorem 38. Fiz I,J € ([”]). The Yangian determinant qdet has a cofactor matriz

S(T7,7(u)) and is central:

St —m 1) { (1 g )]} = ST )] (5.37)
JjeJ
(VI S DWW ST [Ty @)Tr s @) = Ty T (5.38)

5.7.3 Main result

There is one important thing to notice about 7'(u) as defined above. It is invertible in
Y (n)[[u~!]] because it may be viewed as a formal power series T'(u) = >0 a;u~" with
each a; a matrix over Y (n) and ap a unit (indeed equal to 1, or I). The same may be
said for all sub-matrices Ty j(u). In short, 7 (n) := Y (n)[[u™!]] is a suitable setting to
carry out the calculations in Chapter 4. In doing so, one finds a spectral parameter
version of weak g-commuting, Young symmetry, and Muir’s Law identities. However,

the proof of the key Proposition 23 fails to carry over to this setting. There is likely
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a patch to the proof—which would give us a strong g-commuting identity—however, I

have not found one yet.

Proposition 39. The pair (Y (n)[[u~!]],qdet) is a spectral parameter amenable pair

(A(n), Det) with associated measuring functions given by
e Vac AC[n]) Tila,A) =Tp(a, A) = (—1)4aAY)
e (Vac AC[n]) Ri(a,A)=RK(a,A)=1
e In the adjoint property for [T1 j(u)], ' =u—|I|+1, u" = u.
e In the commuting property for [T1 ;(u)], v’ = u and v' = v.
InY (n)[[u~t]], the row-minors {[TA(U)] = qdet Ty g(u) | A € ([Z])} satisfy

o (V1<s<r<mn)lIfK MCIn] are subsets satisfying |K| =r+1,|M|=s—1,

then

0= (~1)E RHEMD T (0t 7 — s+ 1)][Tronr (w)]. (5.39)
ke K\M

o IfMe (") andi,jen]\ M)i+j) then
[Taroi (W] [Throj(w = D] = [Taro (w)][Tarui(ul)]. (5.40)
o If1,J,M € Pn] are pairwise disjoint (|M| =m) and
[T ()][T1(w = p)] = X - [Tr(w)][Ts(u — p)]
for some X € F and some p € Z, then

[Ty0m (w+ m)|[Tronm (w +m — p)] = [Tron(u+ m)][Tron (uw+m —p)]. (5.41)

5.8 A New Example

Clearly, the R-matrix formalism is a rich source of amenable determinants. However,
there are examples of amenable determinants NOT coming from R-matrix construc-
tions. Here is one that we will see again later. As usual, fix a field F' containing a

distinguished element ¢ ¢ {—1,0, 1}, and a vector space V = F".
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Definition 32. Let A(n) be the F-algebra with n? generators t;; and four classes of

relations given by

tiktin = qtiktjk (i <j)
teilthi = tkilks 1< g
e (i <) (5.42)
tikta = qtitjk (i<jik<l)
titiw = ¢ Mt + (¢ — a7 ) tatje (0 <jik <1).

Remark. These relations only involve 2 x 2 square sub-matrices of T = (¢;;), so we may
conclude that the subalgebras of A'(n) generated by (T7,;) will all be isomorphic—and

isomorphic to A (m), for |I| = |J| = m.

Definition 33. Given a square m x m sub-matrix T7 ;y of T (including I = J = [n]),

we define a determinant detyy77 ; by

detuTr,; = [Trs] =Y (=1 ti, mjitiymin -+ tiy - (5.43)
TeSy

This function will prove to be an amenable determinant for A'(n). Before we set
about demonstrating this, we should settle an outstanding claim from the introductory

remarks.

Proposition 40. There exists no endomorphism C € EndV QV which, under the FRT

construction, produces the relations for A'(n) as presented above.

Remark. In particular, A" (n) is not an RTT-algebra—again, with the presentation

given above.

Proof. Focusing on the case n = 2, we may pose the question as a linear algebra

problem:
e Work in the vector space W = span{w;jp | 1 <14,j,k,1 < 2}.
o Let ¢fi" be 16 unknown variables over F'.

e Consider the vectors w}}" = Zkl,kz Chor oy Wik ks — leh cgl“’wlw’llm in W, and

the subspace 20 which they span, cf. (5.1)
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o If, e.g., the vector wag 11 — q_1w11’22 —(q— q_l)wlml belongs to 20, then there

is hope that we can find an endomorphism C.

Alas, this vector, is not in 20. O

5.8.1 First properties

Proposition 41 (¢-Alternating in Rows). Let A, B € [n]™ be tuples of row and
column indices respectively. Suppose moreover that B is “straightened”, with distinct
entries—that is, B = (b1 < by < ... < by,). Finally, write A’ = (a} < ... <al,) for the
straightened form of A (fixing a 0 € &, of minimal length so that A" = (ay1, ..., aom))-
Then

0 if A contains repeated indices.
[Ta,B) =
(—q)~"O) [Ty ] otherwise.

Proof. We first consider the effect of the simple transposition s; = (4,7 + 1) on A (and
on [T4 p]) when a;y1 < a;. We begin by breaking the elements of &,, into two disjoint,
equinumerous sets: ' = {7 € &, | 7(i) < 7w(i + 1)} and §" = &,, \ S’. Without
loss of generality, we may assume B = (1,2,...,m). Also, let us suppress the B in the

notation, writing [T'4,] as [A]. Now we may write

[A] = [ah"~’ai—17az‘7ai+1,ai+2,...,am]
- Z (sgn W)talﬂ_(l) Loy n(m)
T€Gm

= Z (Sgn ﬂ)taﬂr(l) e (taiw(i)tai_,_ﬂr(i—l—l) - taﬂr(i—&-l)tai_,_ﬂr(i)) T tamw(m)
wes’

— Z ({qtai+17r(i+1)tai77(i)} o

mes’

{q_ltai_;,_lw(i)taﬂr(i—i-l) + (q - q_l)tai_‘_lﬂ'(i—l-l)taiﬂ'('i)}) T
- Z (_q)il e (taiﬂﬂ(i)taﬁr(iJrl) - tai+1ﬂ(i+1)tai7r(i)) o

= (—q)_l [al, ey Ai—1, Q415 Q45 Aj42,5 -« ,am] .

Induction on the length of the permutation o straightening A completes the proof when

no two indices of A are alike. When there are two like indices, we may use the above
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procedure to successively straighten A until we come upon a new A and a new i with

a; = a;y+1. Consider the definition of [A] in this final case:

[A] = [al,...,(lifl,ai,ai+17ai+2a"'?am:|
= D (s8nmtan() tapn(m)
TFEGWL

= Z (Sgn 7r)talfr(l) T (taiw(i)taifr(iJrl) - taifr(iJrl)taﬂr(i)) T tamrr(m)
mes’

= Z (Sgn W)taﬂr(l) T (taiw(i)taiﬂ(i—i—l) - [taiw(i)taiw(i—i—l)]) e tamw(m)
wes’
= 0.

O]

Proposition 42 (Alternating in Columns). Let A, B € [n]™ be tuples of row and
column indices respectively. Suppose moreover that A is “straightened”, with distinct
entries—that is, A = (a1 < ag < ... < an). Finally, write B = (by < ...<Wbl)) for the
straightened form of B (fixing a 0 € &y, of minimal length so that B' = (by1, ..., bom))-
Then Then

0 if B contains repeated indices.
(—1)=4@) [Tap] otherwise.

Proof. We first consider the effect of the simple transposition s = s; = (i,7 4+ 1) on B
(and on [T'4,g]) when b1 < b;. Put B’ = s;(B). Without loss of generality, we may
assume A = (1,2,...,m). Again, we simplify notation by putting [T4 g| = [B] Now

we may write

[BJ = Z (Sgnﬂ)h,bﬂ(l) b bt Loy T b
71'66777,

= Z (Sgn o S)tlzbws(l) e tivbﬂ's(i) ti+1’b7rs(i+1) e tm’bﬂs(m)
T€ESm

= — Z (S8R T b, 1)+ Lim 1 sy Bisbn iy Lit by Fit 20012y
71'66777,

= —[B].

Induction on the length of the permutation o straightening B completes the proof when

no two indices of B are alike. When there are two like indices, we may use the above
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procedure to successively straighten B until we come upon a new B and a new ¢ with

b; = bj+1. In this case, the above calculations show that for this B, [B] = — [B] O

Definition 34 (Quantum Cofactor Matrix). From any square sub-matrix 77,y of

the matrix of generators, we define a new matrix S(77 y) = (s;i) by
Sji = (_1)€(J’|Jjj)(_q)f(i\lii) [ijjj] .
Proposition 43. For any I,J € ([;1]) and S(Ty y) as defined above, we have
(Tr,5) - S(T7,5) = [T7,5)L, -

Proof. The proof is the traditional proof in the commutative setting. Below, we show

that the diagonal entries are correct, i.e. (Vk) Zjejtikjsjik = [T7,1].

[TLJ] = Z (sgn W)til,jn-l i i,
ﬂ'eem
= (_Q)k_l Z (SEN T )iy s Liy o /t\lk " i iem
T€EGm

by the row g-alternating property. Now collect together those = with w(1) = p to

complete the proof:

m
Trgl = ("D Y (senmtijtivgm - tix timjem
p=lr(l)=p

m
f— —
= > tig, (o) )P X
p=1

, ~
Z (Sgnﬁ )tihjﬁll e 'tikyj,r/p T tim,jw/m
T E€6[m)\p

= Dt (O T DT [T,
p=1

= E Liy,jSjiy, -

jeJ

O]

Before presenting our next result about A(n), we remind the reader of an important

noncommutative generalization of Hilbert’s Basis Theorem.
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Theorem 44 (Ore Extensions). Fizx a field F. If R is a (not necessarily commu-
tative) noetherian F-algebra without zero divisors, and if « € AutpR and § € EndpR
satisfy 6(ab) = a(a)d(b)+0(a)b for all a,b € R, then the skew-polynomial ring R[t; o, ]

generated by R and t together with
(Va € R) ta=aa)t+d(a)
s again a noetherian F-algebra without zero divisors.

Ore studied these extensions of R when trying to build a large class of rings which
could be embedded in skew-fields. The next result shows that A(n) may be so em-

bedded, giving us some hope that (AY(n), dety;) will be an amenable pair.

Proposition 45. The algebra A(n) is a noetherian domain, and as such has a well-

defined Ore field of fractions T (n) in which every [Ty j| is invertible.

Sketch of Proof. Let F(X) denote the subalgebra of A(n) generated by the set X.
Consider the following tower of subalgebras (adding one generator at a time, in lexico-

graphic order):

F C F(xn) C F(zi,z12) € -+ € F(z11,...,210) ©

=

Flxi1,. .., T1n,001) S - C Fl@11,. .., Tpp) = A(n)

Compare this to the chain of Ore extensions (R;; | 1 <4,j <n) defined as follows

(putting Ry, = F):

R Rij[rij;ai-1,6;5-1] ifl1<i<nand1<j<n
i =

’

Ri_1nlzit; 0i—1n,0i-1n) if1<i<nandj=1
Here the «;; (respectively, d;;) are arbitrary automorphisms (endomorphisms) of R;;.
If we can find «;; and d;; so that F'(z11,...,2) ~ R;;, we will be done.
This is fairly straightforward, and works just as in the standard quantum case
(Mg(n)), cf. [28] for details on that argument. Below, we show how to add z22 to the

chain.
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Observation: If an algebra A si given by generators and relations, one may define a
derivation § by defining its action on generators, demanding it have the appropriate
linear and multiplicative properties, and checking it respects the relations.

That said, we need only look at how x99 moves past linear terms in X:

22 (ao + a1z + E a;T1; + 515621) =
1<i<n

(Go +q tajzn + Z qa;x1; + b1$21>$22 +ai(qg— q71)1’12$21
1<i<n

Evidently we should define @ = ai9; by a|r =1, a(z11) = ¢ 1211, a(z;) = qrii(j >
1), and a(x21) = x91. This is clearly an automorphism of Ra;. Also, we should define
§ = b1 by 6(F) = 0, &(xa1) = 6(z1;) = 0(j > 1), and §(x11) = (¢ — ¢~ ")z12221.

Appealing to the observation above, we need only check that

§(zrjwei — wnwy;) = 0 (1<i<j),

6(z1jr11 —2iz;) = 0 (1<),
6(za1m1j — qrijze1) = 0 (1 <j),
é(z21711 — gzniz21) = 0.

All are routine, we check the last one.

d(ro1w11) = a(r21)6(z11) +0- 211
= 221(q — ¢ ")z12221

= q(qg— q_1)$12$219521,

while

g(x11xo1) = qofz11) -0+ go(z11)z2n
= q(qg— q_1)$1290213321~

O]

The results we have shown thus far are already enough to enable us to write dety;

in terms of quasideterminants.
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Proposition 46. Given subsets R,C € ([nm}) (row and column indices),
IT7,7]i7 = (—1) =0 (—q) 40 [T7,1] - [Tf\i,J\j]_l (5.44)
With this result, we may deduce some commuting relations for matrix minors.
Theorem 47. For all 1,J € ("), and allie I, j € J,
[T7.5]ti; = qf(jlﬂ)—f(ﬂ\j) ti;[T1.] - (5.45)

Proof. By the remark preceding Definition 33, we need only consider the case m = n,
i.e. all possibilities I, J € ([m”]) and i € I,j € J, are equivalent to the case [ = J = [m],
i,J € [m]. We begin in the case n = 2 and proceed by induction. The base case is not
n = 1 because, as we will soon see, we need two rows which are distinct from 7, and
two columns which are distinct from j. Putting I = J = {1,2}, we check that (5.45) is
valid in all possible instances (putting p’ = £(j|.J7) and p” = £(J7|3)):
[T{12},{12}] ti o= [12512] -ty

= (tiite — tiat21)tn

= tu(g "tinter + (g — ¢ "tiatar) — gtiatiitar

= q 't (tiatas — tiotar)

= OM[12;12) = ¢? P4 [12;12].

[12;12] - t92 = (t11to2 — tiatar)tae
= (qtaat1i1 —q(q — qfl)t12t21)t22 — q Mootiatan
= toa(qtintar — (¢ — q_l)t12t21 — q_1t12t21)

= ¢ Cty[12;12] = ¢ P 1y [12;12]

[12;12] - t12 = (t11to2 — tiatar)t12
= ti2(qtiitar — qti2tar)

= @ P1p[12;12].
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[12;12] - t91 = (t11to2 — tiatar)tn
= tor(q Mtiitee — ¢ Mtiatar)

= ¢ Py12;12].

Now suppose (17, t;;) satisfies the theorem VI’ C I = [n], VJ' C J = [n], and
Vi e I',j € J. Fix two rows rg,r1 € I \ i and two columns ¢g,¢; € J \ j. Using

Sylvester’s identity (Theorem 8) and (5.44),

(1)t = (1Tl - (~1) D (=gl [rroee] )y
= (1T g0 = [Ty ey - [Ty T 1y ) X
(=)ol (—g) ol [roco] g,

= (mlra]reas) o] frnan]

(f22 [TTO,CO} [TTorl,COCl] _1> -1 . f21 [TT0761] [Tmm,cwo] _1) %
tiqu(ﬂJ\COJ)*Z(J\CO,J'U) (_1)@(00\J\Co) (_q)f(ro\f\m) [TTOﬁO]

Here f,), are some constants depending on (g, ro, 71, ¢o, ¢1) which we could compute if we
wished (cf. (5.44)), but we’ll be reversing our steps in a moment, so it’s not important.
Put J° = J\ ¢g and define J!, J% and I° similarly. Also, write ((a, A)) as shorthand
for £(a|A\ a) — (A \ ala). Continuing, we have

[T] tyy = <tij . f11q<<j"]1» [Trlzcl]q*«j,fm» [Th?“o,cw()]—l _
tij - 12497 ) [T g = {577 [TT17"0,0001]*1 %
q<(j7J01>> [TT0T1,6061} q—((j,JO» [TT07CO:| *1f2—21 %
JorgG ) [Troe] g~ G0 [romeieo] —1> y

q«jvJO» (_1)5(CO|JO) (_q)f(To\IO) [TTO,CO}
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< Fu [T [Trroeco] L pyy [grieo] [prirocon]
( Jaa [T700] [0 001 —1>*1 - for [T70] [0 e160] —1) "
(= 1)l ) () HrolI®) [o.co]
= ¢t;[T].
Now it is left to compute 6 more carefully.
0= (5,7 = (3. SN + (5, 7%)

We may assume ¢y < c;. There are three cases: (a) j < ¢p; (b) cg < j < ¢1; and (c)
c1 < j. In all three cases, a simple calculation reduces 6 to (j, J) = £(j|J7) — £(J7|5)
as needed. O

Corollary 48. For all a € [n], interpret £(ala) as 0. Define a function ¢ by ¢(A, B) =
qHAIB)—U(BlA) — [lacapen qtalb)=tela) — Syppose R, C! € ([Z]) and R,C € (["m]) with
R' C R,C" CC. The minors [Tgc] and [Tr ] of T are related by the equation
(Tre] - [Tr o] =#(C",0)[T1 4] - [T].
In particular, if Trc = Ty =T and 1 < j <mn, then
[T][T7] = g2 (1] [T].
Proof. The first statement follows directly from the previous theorem and the definition

of detyy in terms of the ¢;;. The second statement comes from some simple arithmetic

which we reproduce below.

S (el = {0} - G\

ten]\j t=1
= {f(t—l)—m—t)}—{o—w—( -9}
— {n(n+1)+2n(n2+1)}+{n+1—2j}
= n+1—2j, as desired.
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5.8.2 Main result
We catalog the key discoveries made above for use in Section 7.2.

Proposition 49. The pair (AY(n), dety;) is an amenable pair (A(n), Det) with associ-

ated measuring functions given by
e J(a,b) = (—q)~4®) and T (a,b) = (—1)"Helb)
o R:(a,b) =1 and K(a,b) = t(a,b) = gtlalb)—L(bla)
In A(n), the column-minors {[TA} =detn Tiga| A€ ([Z])} satisfy

o (V1<s<r<mn)lfK,MCIn| are subsets satisfying |K| =r+1,|M|=s—1,

then

— — ky _
0= Z (—1) ~HMIR)—E(RI ) g —C(MR)+E(KI M) [Toron) [Trei) (5.46)
keK\M

o IfI,J,M C [n](|J| =s <r=|I|,|M| =u) are pairwise disjoint, and if J can’t
distinguish I as columns, then for any i € I

GLOND=EG1) (M1 ~e(T|M)
LrondTron) = o=y gz, * sl Lol (5:47)
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Chapter 6

Quantum Flag Algebra of Taft-Towber

In this chapter, we study the implications of our quasideterminantal calculus on the
important “quantum flags” of Taft and Towber. Throughout, F' is a commutative field

with distinguished element ¢ # 0 and not equal to a root of unity.

6.1 Left & Right Quantum Pliicker Coordinates

One important property of the quantum determinant which we have yet to mention
is its behavior under transpose. From the row/column symmetry in (5.6)—(5.11), it is

easy to see
Proposition 50. If A is a g-generic matriz, then its transpose A™ is q-generic as well.
It is somewhat harder, though still straightforward (cf. [48]), to see

Proposition 51. If A is a g-generic matriz, then
detyA = detgA”".

With these propositions, we make an important reduction. If we are given a “g-
generic point” A(®) in some left noncommutative flag F¢(7), then we may equally
well consider left (column) quantum Pliicker coordinates of A or right (row) quantum
Pliicker coordinates of A”, thought of as a g-generic point in some right noncommutative
flag Fe(~).

As alluded to earlier, there is some advantage to considering row coordinates over
column coordinates for ¢g-generic matrices (cf. (5.13) and the remark following). Here,

we make explicit the connection between left and right coordinates of A and A”.
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Proposition 52. Let A be a d X n g-generic matrix with d < n. The left quasi-Pliicker

coordinates of A are related to the right quasi-Plucker coordinates of AT by the formula

pﬁ(A) — qf(ilj)—f(jli)(_q)%(ilK)—%(le) ~7‘5(AT) .

Proof. Below, we write [Af ] for the quantum determinant det,A; k. Also, for I €
([Z]), we choose the first d rows of A to build column coordinates [A[q ;] and the first
d columns of A" to build row coordinates [(A”); 4]. We may write this last expression
as [(Ajg,7)"] and it will suit us to do so.

Fix an n X n g-generic matrix 7. We summarize important facts which have come
before. Letting R,C € ([Z}) denote the rows and columns of the sub-matrix X = Tg ¢,
we have:

e (transpose) X7 is g-generic, and [X] = [X7].

o (factorization): [X] = (—q)/"IE)—UeIC?) x| X|,. x [X7¢], and the factors commute.

o (rlfj{ definition): For all |K|+1=d' <d, rg(X) = | Xiuk jalic X (1 Xjuk jalie) ™"

° (pﬁ definition): For all |[K|+1=d' <d, pﬁ(X) = (‘X[d'},juK‘rj)A X |X[d/],iuK’m‘-

Now,
PEAT) = 1 Awaom) e X (A o) o) ™
= (=) MR (A s05) T - (A aore) )]
(=) @G (A 1)) [(Agagore) )
= (—q) UK [(A[d],iuK)T] : [(A[d],juK)T]_l
- (_q)f(j\K)ff(i\K) . qf(j\i)ff(i\j)[A[dqu]*l JAg i
while

pE(A) = ([Agurls) ™" % | Aokl

) . -1
= ((—Q)Z(]|K)4(r‘[d]\r) “[Agg juk] - [(A[d],juK)r]]il) X

(—q) O A sok] - (A o)™

= (—q) WO (A k] [Agaor]
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For the rest of the chapter, we concentrate on the quantum Pliicker coordinates

of a right flag. Also, we often suppress the column subscripts, taking [I } to mean

[A7 {12,113

6.2 The Quantum Flag Algebra

Recall the definition of “pre—flag algebra” from Chapter 4.
Given a composition v = n, and a noncommutative algebra A(n) with
amenable determinant, the right pre-flag algebra F(v) associated to A(n) is

the F-algebra with generators {fl | I € ([Z]), de H’yH} and relations given by

equations
jt(ka kM) r 3
0= - Jr\kSrum (6.1)
o Tl K)RK N\ B )
whenever K, M € P[n] with |K| —1,|M|+1 € (”;LH), and
P piRe(J, 1) Re(M, ) ~ ~
= _ . 6.2
Foutfiot = g GCK) RO TR [+ s\ v oo (62)

whenever J can’t distinguish I, JUM, UM € (\ml) (|J| =r|I| =s,| M| =1),
and I,J, M are pairwise disjoint.
In our present situation, we may add g-alternating relations, change the set of gen-

erators, and employ Proposition 28 to get a candidate definition of the homogeneous

coordinate algebra for quantum flags. First, we characterize when J can’t distinguish

I.

Definition 35. Given two subsets I, .J C [n], we say J surrounds I, written J I, if

(i) |J| < ||, and (ii) there exist disjoint subsets @ C J', J” C J such that:!
a J\NT=J'UJ",

b. JJ<I\Jand I\ J =< J".

'In the literature, sets J and I sharing this relationship are called “weakly separated.” I do not
like this terminology because it does not indicate who separates whom. It should be pointed out that,
working from the definition of det, within Mg(n), Leclerc and [33] showed that quantum minors [J]
and [I] g-commute if and only if they are weakly separated.
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We may extend this notion to tuples instead of sets by letting J always surround [
provided two indices of J or I are identical; otherwise, J surrounds I iff set(J) surrounds

set(I).

Let us extend our notion of “can’t distinguish” from sets to tuples in a manner

analogous to the preceding definition. Then we have the following easy result.

Proposition 53. Fix two tuples J,I € [n]HVH. In the case of quantum determinants,

we have J can’t distinguish I (as rows) if and only if J ~ 1.

Proof. We need Wgﬁj) to be constant across all ¢ € I for each fixed j € J. In the
present setting, this expression becomes —(—q)/U1)—4li)  Now place J and I on the
number line between 1 and n, and consider a fixed j. If there are elements i to the left
and to the right of j, then £(j]i) — £(i|7) is sometimes 1 and sometimes —1. If there are
only elements i on the left (or on the right) of j, then £(j|i) — £(i|7) is constantly 1 (or

—1). O

Remark. The same statement and proof hold for the two-parameter and multi-parameter

deformations of M, (C).

Definition 36 (Quantum Flag Algebra). Given a composition v = n, the quantum
pre-flag algebra F(7) associated to M,(n) is the F-algebra with generators {fl | Ten)? de nyH}

and relations given below.

e The g-alternating relations (A;j): For all I € [n]l with I’ = rect(I),

- 0 if I contains repeated indices
Jr= 3 (6.3)
(—q) D f otherwise
e The weak-Young symmetry relations (Y; s)1): For all I,J € Pln] with [I| —
LII+1e (gy),

0= Z(—Q)_Z(I\klk)ff\kfku (6.4)

kel

e The g-commuting relations (C;r): For all J, I € (”[:]”) with J ~ I,

frfr=d"""Yfify. (6.5)
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Let us compare this algebra to the quantum flag algebra introduced by Taft and
Towber in [45].

Definition 37. Given a composition v = n, the quantum flag algebra F,(v) is the

F-algebra with generators { frllen) de ||WH} and relations given below.
e The g-alternating relations (Aj): For all I € [n]l"l with I’ = rect(I),

0 if I contains repeated indices
f P (6.6)
I= )
(—q) D otherwise

e The Young symmetry relations (Vr,s): For all I, J € P[n] and all u € N with
] = u, [J]+ue ],

0= (= "DV fag (6.7)
ACI|A|l=u

e The g-straightening relations (S;;): For all J, I € (H[?;}H) with |J| < |I],

frfr = Z (—q) NN £ A fa (6.8)

ACL|Al=]J]|

Remark. Several comments are in order.

e The definition as it appears in [45] pertains only to full flags F'¢((1™)). However,
the definition and the theorem appearing below are readily extended to more

general flags (cf. the papers of Hodge, Towber, and Taft [25, 49, 45, 46]).

e Technically, we should have taken I,.J to be tuples instead of sets in (6.7) and

(6.8). To repair, simply replace all instances of I with tup([), etc.

e Notice that relation (6.8) is trivial when |J| = |I|, reading f;f;r = fsfr. This
leaves the coordinate algebra of the quantum Grassmannian with only two sets

of relations (namely, (6.6) and (6.7) with ||v|| = {d}).

e This algebra is the “correct one” as the following quantum version of the Basis

Theorem indicates.
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Theorem 54 (Taft-Towber, [45]). The algebra F4(v) is isomorphic to the subalgebra
of My(n) generated by the quantum minors {[I} =dety Trq | I € ([Z]),d € ||7||} of the

matriz of generators T'.

The quantum flag algebra has been well studied—mostly in its M,(y) incarnation—
since its introduction (cf. [6, 12, 20, 29, 32]). In this chapter we focus on the discrepancy
between (6.3)—(6.5) and (6.6)—(6.8).

6.3 Young Symmetry Relations

In the commutative setting for flag algebras it is known that all relations analogous to
(Vr,7) () with u > 1 (see (3.1)), are direct consequences of those with u = 1 (cf. [26]
and [49]). The proofs published there rely heavily on the commutativity of the Pliicker
coordinates {pr} (and hence of the coordinate functions {fr}). What follows is a proof
of the same fact for quantum Pliicker coordinates. In addition to giving a new proof

for the classical case (set ¢ = 1), it stands as an important result on its own.

Proposition 55. Let I,J be ordered subsets of [n] with respective sizes s+u and r —u
(1 <u<r<s). Then (Vr.g)w) can be written in terms of relations of type (V. mr) (w—1)-

Specifically, writing Y7 j.(,) for the right-hand side of relation (¥1,1) ), we have

s+u o . u—1
Z ((_q)Z(u—l)—K(Izk lir) (_q)_g(lklj)}/]ik,ikuJ;(u—l)) — <Z(_q)2k> Yv],J;(u) )

k=1 k=0
Proof. In terms of quantum minors, this reads

s+u

S (mg)2u =Wl § (L gyt ENABIAD) [\ AR [AK)|3, 7]
k=1 AR) c1(k)
[AR) |=u—1
u—1
= (Z(—qﬁ’f) Y (=) AN AJ[ALJ].
k=0 \llt\C:Iu

Here, we have abused our standard set-operations notation as follows: if A = {a; <
as < --- < ap}, then we write A®) for A% to increase legibility.
To demonstrate the equality, we simply take an arbitrary A and compare the coef-

ficients on the left- and right-hand sides of the monomial [I\ A][A|J].
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left-hand side:

3 (—q)Pe D) (g~ IO Ty AT Ay 7]

iLEA

— Z(_q)2(u—1)—f(l(’“>\ik)—f(l(k>\/\(k>|A(k))_g(A(k)|ik) [I\A] [A]J]
iLEA

right-hand side:
u—1
(Z 2k—£(I\A|A)> [[ \ A] [A‘J] ]

Multiplying both sides by (—q) T*\AN and using £(T\A|A) = £(T\AJA®))+£(I®) |iy) —
((APM)]i}), we are left with showing

u

Z(_q)Q(u—l)—%(A(k) lig) Z(_q>2(k‘—1) ]

k=1 k=1

But (u — 1) — ¢(A®|i}) is exactly k — 1. O

Remark. Note that this proof fails to work if ¢? is a u-th root of unity. In the case ¢ = 1
it additionally fails if the characteristic of the field is u. Thus there is no improvement

to the situation addressed in [49] in the commutative case.

Repeated application of this reduction proves the following important modification

to the definition of the quantum flag algebra.

Corollary 56. Equation (6.7) in the definition of F4(v) may be replaced with an ab-

breviated version—taking only u = 1.

In particular, this settles the discrepancy between (6.4) and (6.7). As (6.8) is vacuous

in the case of quantum Grassmannians, we have the following important theorem

Theorem 57. For fized 0 < d < n, all identities holding among the quantum minors

{[I] I € ([Z})} of T are consequences of quasi-Pliicker coordinate identities.

This begs the question, what about relations (C ), which appear in the definition of
G(d,n) but not in the definition of G,(d,n)? We will address these “missing relations”

at the end of the next section.
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6.4 ¢-Straightening and ¢-Commuting Relations

We have seen that the “Young symmetry” relations of Taft and Towber are consequences
of relations known to hold among generic quasi-Pliicker coordinates. As we will see
below, this is not the case for the so-called “Commuting” relations of Taft and Towber
(which we have labeled g-straightening relations here). However, a large subset of
these relations may be so described. The question of whether and to what extent the
remaining discrepancy may be fixed by finding new quasi-Pliicker coordinate identities
is an interesting one. Before presenting the main result of this section, it will be helpful

to introduce some combinatorics.

6.4.1 POset paths

The elements of the power set PX have a partial ordering: for A, B € PX, we say
A < B if A C B. In this section, we think of this POset as an edge-weighted, directed

graph, and denote it by I'(X).

Definition 38. The graph I'(X) = I'(X; ) = ({V,£}; a) has vertex set V = PX and
edge set &€ = {(A,B) | A,B € V, A C B}. The function a : £ — F assigns a weight o
to each edge (A, B) € £.

Ezample. If |X| = m, then I'(X) has 2™ vertices and Y ;L () (2™ — 1) edges. In
Figure 6.1, we give an illustration of I'({1, 5,6} ), omitting some edges and edge weights

for legibility.

Figure 6.1: The graph I'({1,5,6}) (partially rendered).

For the remainder of the subsection, we will be interested in graphs arising from

subsets I,J € [n] with J ~ I. To simplify notation, let us write J = J'UJ" = {j; <
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e <G UG < ovr < Jprggn )y also, put |J| =1+ 0" =71, |I| =s,and s — 1 = t.
It will only be necessary to consider the case J NI = (), though the balance of this
subsection may be repeated in greater generality with minimal effort. Write I'(.J; I) for

the graph built on the POset PJ with edge-weight function given by

(V(A,B) € €) aff = (—q) W\BIB\O—LB\ALA)+ (217\BI-111) (AN (6.9)
Definition 39. In the graph I'(J; ), we consider paths Py and B defined as follows:
PBo={(A1,42,...,4,) | AiCTst. 0 C A CAC---CA,CJ},

and B = Po U0 U 1, where 0 = (0), and

i = ({jr’+1}7 {j'r”+17j7"+2}7 ey Jllv {jT’a cee 7j7‘}7 DRI {jQ? .. 7j7’}7 J)

The weight o(m) of a path m = (A4,...,A,) € Po is the product of edge weights of the
augmented path (0,7, J):

Al. A2... AP . J
QO A

We extend the definition of « to all of P as follows. Notice that if B = A in
(6.9), we get aﬁ = 1. With this broader definition of the weight function «, we may
define a(r) = a(B,n,J) for 7 = 0,1 as well. Writing 1 = (A1,..., A, y)), the path

(Ay,...,Ar—1) € Po will also be important, we label this special path 7l

Definition 40. Given a subset K C J, define mM(K) as follows. If K N J' # (), put
mM(K) = min(K N J'). Otherwise, put mM(K) = max(K N J").

For any path m = (A1,...,4,), put Ag = 0 and A, = J. Notice that 1 has the
property that Ap \ Ax_1 # mM(Agy1 \ Ag—q) for all 1 < k < r, but A, = mM(A,41\
Ar_q).

Definition 41. Fix a length 1 <p <7 —1. A path (Ay,...,4,) € PBo shall be called
reqular (or regular at position ig), if (Fig)(1 < ip < p) satisfying: (a) [4;| = (V1 <
i <ip); (b) Aiy \ Aig—1 = mM(A; 11\ Aip—1) (again, taking Ag = 0 and A, = J if
necessary). A sequence is called irregular if it is nowhere regular. Extend the notion of

regularity to P by calling 0 irregular and 1 regular.
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Remark. The set 3 is the disjoint union of its regular and irregular paths. We point
out this tautology only to emphasize its importance in the coming proposition. Write

P’ for the irregular paths, and B” for the regular paths.
Proposition 58. The subsets P’ and B of P are equinumerous.

Naturally, we will build a bijective map between the two sets. Given an irregular

path m = (A1,..., Ap) € Po, we insert a new set B so that ¢(m) is regular at B:
1. Find the unique ig satisfying: (|4;| =1 Vi <io) A (JAig+1| > i0 + 1).
2. Compute b = mM(A; 41 \ Aiy)
3. Put B = A;, U{b}.
4. Define p(7) := (A1, ..., Aiy, B, Aig+1, ..., Ap).

For the remaining irregular path 0, we put ¢(0) = ({41}), which agrees with the general
definition of ¢ if we think of 0 as the empty path () instead of the path consisting of

the empty set.

Ezample. Table 6.1 illustrates the action of ¢ on P when J = {1,5,6}.

T | o)

0 (1)
(5) | (5,15)
(6) | (6,16)
(15) | (1,15)
(16) | (1,16)
(56) | (6,56)

(5,56) 1

Table 6.1: The pairing of P’ and B” via ¢.

Proof. We reach a proof in three steps.
Claim 1: o(B') C P".

Take a path 7 € P’ (i.e. a path with no regular points). The effect of ¢ is to insert
a regular point at position ig + 1 (the spot where B sits), so the claim is proven if we

can show ¢(7) € B.
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As @(0) clearly belongs to 3, we may focus on those m € Py. Also, it is plain to see
that 7! is irregular, and 90(771) = 1. If ¢ is to be a bijection, we are left with the task
of showing that (P NPy \ 7Ti> C Po

When |A,| < r—1, any B that is inserted will result in another path in Py (because
| B| must be less than r). When |A4,| = r — 1, there is some concern that we will have
to insert a B at the end of the path, resulting in J being the new terminal vertex—
disallowed in PBg. This cannot happen:

Case p < r —1: At some point 1 < ig < p, there is a jump in set-size greater than
one when moving from A;, to A;,+1. Hence, the B to be inserted will not come at the
end, but rather immediately after A;, to A;,+1

Case p =1 —1: The only path (A, Ag,..., A,—1) € Po which is nowhere regular is

the path 7l

Claim 2: ¢ is 1-1.

Suppose ¢(A1,..., Ap) = p(4],..., A)), and suppose we insert B and B’ respec-
tively. By the nature of ¢, we have p = p’ and ig # i;. Take ip < 7. Also notice
that (A],... ,A;},) = (A1,..., A, B, Aig+1, - - A%, . A;,) In particular, B is a regu-

lar point of (47,..., A7), and consequently, (A},...,4,,) ¢ F'.

Claim 3: ¢ is onto.

Consider a path m = (Ay,...,4,) € P”. If p = 1, then it is plain to see that the only
irregular path is 7 = ({j1}), which is the image of () under ¢. So we consider = € B”
with p > 1. Note that |A;| = 1, for otherwise 7 cannot have any regular points. Now,
locate the first 1 < iy < p with (a) |A4;,| = i0; and (b) A;, \ Aig—1 = MM (441 \ Ajp—1.

The path 7" = (A1, ..., Aijy—1, Aig+1, - - -, Ag) 1s in P’ and moreover, p(1') = 7. dJ

Certainly one could cook up other bijections between the regular and irregular paths

in PB. The map we have used has an additional nice property.

Proposition 59. The bijection ¢ from the proof of Proposition 58 is path-weight pre-

serving.

The result rests on the following
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Lemma. Let ) CAC BCC CJ. WritingézB\AandC':C\B, we have

agag _ [(_q)zé(B’ﬁJ’\C’)—z((C’\B’ﬂJ”)} ag' (6.10)

Proof. From the definition of ag, we have

o — (_q)—e(J\B|B)—z(B\A)+(z\J\B\—m)|BmJ |
0l = (_q)—z(J\0|é)—e(é|B)+(2|J\c|—u|)|émJ'|
of = (_q)—e(J\C|Buc”)—e(Bué|A)+(2\J\C|—|f|)\(Bué)rm

Let us compare the exponents of ag and afag:

exp(ad) = —U(J\C|B)—L(J\C|C)—L(C|A) - £(B|A) +
207\ Al - 2C| — 2B| ~ [I)(IBA I+ T, (611)
while
exp(afa§) = —¢(J\ BIB) - £(J\ C|C) - ((B|A) — ¢(C|B) +

217\ B| - |[I))|BnJ'|+ (2[7\ C| - |I))|Cn.J|

= —{UI\CIB) + UCIB) } — T\ CIC) — (Bl A) -
{eccray+ w1y} + {210\ Al = 2B| - 11 }1B 0T+
{217\ 4l - 218 - 21| - |11}1C 7|

= 2CBNJ| - 20C|B) + { exp(ag)} . (6.12)

Notice that 2|C||B N J'| = 20(C|B N J') + 20(B n J'|C), and that —2/(C|B) =
—20(C|BNJ) —2¢(C|B N J"). The discrepancy between (6.12) and (6.11) becomes
2(BNJ'|C) —20(C|BNJ"), as desired. O

Now the proposition follows by comparing a/(A4;,, Aiy+1) and a(A;,, B, Aig+1)-

Proof of Proposition. Suppose that m = (..., A,C,...), and that ¢(7) inserts B imme-
diately after A. Then B =AUmM(C \ A). Writing b = mM(C'\ A), (6.10) implies

Oé(gO(?T)) _ (_q)%(bﬂJ’\C’)—QZ(C’MOJ”) . Oé(ﬂ) )
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Now, if bN.J’ # (), then b is the smallest element in C'\ A, and in particular, £(b|C) = 0.
In this same case, bNJ” = 0, so (ClbN J") = 0 too. An analogous argument works

for the case bN J' = 0. O

One more interesting fact about I'(J; ) and B is worth mentioning. When calcu-

lating a(7!) using (6.10), the twos introduced in the exponents there all disappear.

Proposition 60. Given, J,J',J", and 7' as above, we have

a(ml) = (—q)WI07 D101 o o (6.13)

Proof. Applying 6.10 repeatedly to the expression a(n!) we see that

A . /e _ . . 7
a(ﬂ—l) — [(_q)Qe(jr/+lmJ |.7'r/+2) 2Z(]r’+2‘]7‘,+1m'] ):| X
jr’+1jr’+2 jr’+1jr’+2j7‘/+3 . J
a@ ajT/+1jr’+2 a]?"']r

— — 72(1) — 2e(]‘r’+2m‘jlIjr/+3)72€(j7-/+3|jr’+20‘]//)
(—q) (—9) X

jr’+ljr/+2jr’+3 J
oy Qja-eejr

= (—q)2020) [(_q)%(jmw'|j,«/+4>—2e<a;/+4|a;/+3m“>] x
jr’+1j7‘/+2j7‘/+3~jr’+4 . J

Ay Qg

)72(1)7--.72(\‘7"%1) [(_ )2£(jrﬁJ’|jr/)72E(jT/|jTﬂJ”)] %

= (—q q
A
Y Yja-jr
l17 1" . A . .
_ (_q)—Qw _q)O—O [(_q)%(jr/ﬁJ’|jT/,1)—2€(]T/71\]T/OJ”):| >
Gt 1 dr 7
Y ey

— (=)D (=g~ {(_q)%(mlmJ/u,-ffz)—%(j,.uQ|j,./7mJ“>} %

Jpt a7 Jr J
2(1)+-+2(]J'|—1 —|J"|(lJ" -1 J
= (—q)XWH-+20T1=1) gy~ 17107 )x%

= (fq)\J [T [=D)=[7[(1J7]=1) a(Z)J’

the desired expression. O
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6.4.2 (Cy;) versus (S;;)

We are now ready to study the final discrepancy between our pre-flag algebra F and

the quantum flag algebra F, of Taft and Towber.

Theorem 61. Suppose I,J € (H[:}H) and moreover J r I. Writing |J| = r, |I| = s,
and s —r =t, we have
fifr= Z (—q) MM Fr A (6.14)
ACI|A|=r

In other words, a weak version of the g-straightening relations hold for strictly
quasideterminantal reasons. As the proof will make clear, the complimentary statement
is stronger: the quantum flag algebra of Taft and Towber, with relations (Aj), (Vr,7),
and (Syr), implicitly satisfies the relations (Cjr).

In the sequel, it will be convenient to abbreviate the right-hand side of (6.4) (and its
u > 1 versions, known to be true after the results of Section 6.3) by Y7 j.(,). Also, we
will abbreviate the difference (lhs —rhs) in (6.5) as Cj 1, and the difference (lhs —rhs)
in (6.14) as Sy.

Using a Muir’s Law argument as in the proof of Proposition 24, any statement we
say about the case J NI = () may be immediately extended to the more general case.
As in the proof there, the extension to the general case will only introduce coefficients
like Re(M, 1), R(L, K), etc. But these all equal 1 by Proposition 28. So we focus on
the case J NI =(.2

The proof will proceed as a linear algebra argument, writing S as a linear combi-
nation of relations of type Cj; and Y7, k,(,). Before we dive in, we define a new quantity
CSy1(0). In the first step below, we replace ¢(A|I\ A) with |1\ A||[A] —¢(1 \ AJA) and
(J|IT\ A) with |J||[I\ Al — ¢(I \ A|J). In the last step below, we factor to make the

quantity inside the parentheses look like a Y7, g (,) expression.

2The reader may also consult [30], where a quantum determinant version of Muir’s Law is stated.
There, it is proven using the quasideterminant version of Muir’s Law, cf. Theorem 7 of this thesis.
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Crr—Syr = —¢7"17VIff+ Z (—Q)Z(A‘I\A)fJu\Aﬂ

i1§>\1<"'<>\r§7;s

= > (=) (=) N Fr oy fa — T
ACT

= Z(—Q)U/‘HU””Jl(—Q)_Z((JUI)\A‘A)f(JuI)\AfA — "= 7y
ACT

CSyi(0) = (=g Z(_Q)_E((JUI)\MA)f(JUI)\AfA_Gflfj
ACI

We prove the theorem in steps:

Proposition 62. Let I and J be two sets satisfying the conditions of Theorem 61.
With SCj1(0) and Yy i) as defined above, there are constants {nx | 0 € K C J}

such that

SCJ,I(O): Z 77KY(IUJ)\K,K;(7~—\K\)
OCKCJ

for some 0 € Z[q,q7'].

Proposition 63. In the previous proposition, 6 = (—q)*“”t*"]”HJ‘q"’”‘*"]/'.

As Cyr and Y(jus)\ K,k are zero for quasideterminantal reasons, i.e. zero in our
pre—flag algebra, these two propositions and the calculation preceding them constitute

a proof of Theorem 61.

Example. An example before the proof:

[1)[234] = (=) PV[134][2] + (=) CPV[124][3] + (=) PP [123][4].

Cosan — Sagan = —q '[234][1] + [134][2] — ¢'[124][3] + ¢*[123][4]
= ¢ ([123][4] + ¢~ '[124][3] + ¢ >[134][2] — ¢ *[234][1])
= q2Y1234,®;(1) .

Definition 42. Let X = {(A,B) | AUB=1UJ, AN B =), and |B| = r}. Define V'

to be the vector space over F' with basis {e4 5 | (4, B) € X}.
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There is an obvious F-linear map p : V — F, sending e A,B to fA fB. We will pull
back the expressions SC; ;() and Y7\ k, K;(r—|K]) to suitable preimages in V' and work
there. We write

o= (—Q)lJIItHJN”Jl Z(_Q)7€((IUJ)\A|A)€(IUJ)\A,A —Oery |,
ACT
and

oK = Z (—q) ~HLAVINENAIY) () —EAIK)
AC(1UJ),[Al=r—|K]

(IUJ)\(KUA),KUA

for each ) C K C J. Notice that u(v?) = SC; () and p(v®) = Yook K-

Proposition 62 will be proven if we can show that o = v?(—q)~1/"II/I=17It i5 a linear
combination of the v for some #. To this end, we introduce a grading on our vector

space.

Definition 43. For each K € PJ, let Vik) = spanp {eap | BNJ = K}. Clearly, V
is graded by the POset PJ, ie., V = @gcps Vik). For each K € PJ, define the

distinguished element X by

e = Z (—Q)_Z((IU‘])\(KUA”A) (_Q)_Z(A‘K)G(IUJ)\(AUK),AUK'

ACI|A|=r—|K]|

For any v € V, write (v)(x for the component of v in Vi, that is, v = > 1 (v) x)-

Notice that e’/ = er,j, and that
- AJA
¢! = Z (—q) HUTUINA] )e(IUJ)\A,A
AEL|A|=|J]|
In other words, 7’ = e? — fe’. A more remarkable fact is that the v may also be

expressed in terms of the e’.

Lemma. For each K' € PJ\ J, there are constants ag, € F satisfying

i = Z ol el
KePJ
Remark. The notation is intended to be suggestive of the edge-weight function on

I'(J;I). It so happens that of, = 0 if K’ £ K in the POset PJ, and ok, # 0

otherwise. This important feature will become clear in the proof below.
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Proof of Lemma. Fixing a K', if K O K', we write K = K \ K’. Similarly, we will
write A = A \ J. Studying vE' | we see that

UKI _ Z (_q)ff((IUJ\K’)\AM)(_q)fZ(A|K’)

AC(TUJ)\K'
[Al=r—|K|

= Z (UK,)(K)

KePJ

_ Z Z (_q)—z((luJ)\([\uK)Muk)x

KePJ AC(TUI)\K'
ANT=K

€(TUJ)\(AUK"),AUK’

—0(AUK|K’
(—q) "I e o oy Ak

= Z (_q)*f((I\A)U(J\K)IK)(_q)*f(KIK’) ~
KePJ

T (—q){UIUIMNAUK)IA) (_ ) ~CAIK)

ACrI
[Al=r—|K|

(TIUN\(AUK),AUK

Why can we perform this last step? Because J = I, the expression £(I\ A|K) does not
actually depend on A, only on |A| Indeed, it equals |1\ f\| . |K N J'|. Multiplying and
dividing by (—q)*f([\'f{ ), we rewrite this last expression as
o = Z(fq)—f((f\A)U(J\K)IK)(fq)—f(KlK’)Jrf(AlK) %
K
Z (_q)—f((IUJ)\(AuK)|A) (_q)fe([\u()
ACIL|A|=r—|K|

— Z (_q)(QlJ\KI*\II)\KQJ’\*@(J\KIK)*E(K\K’) (eK)

K'<K

= E a§/€K .

K'<K

€(TUN\(AUK),AUK

O]

As the reader may suspect, this is precisely the same value given to a[Ig, in the
previous subsection. In particular, notice that (v& Yy = 1- e, This yields the
important
Corollary 64. For any v& ,v& with K' < K in the POset PJ, and for the same

constants ag, as defined above, we have

(Wi — oz%/vK)(K) = 0.
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Proof of Proposition 62. We will use this key fact to perform a certain Gaussian elim-
ination on the “matrix” of v’s. Table 6.2 on the POset P({1,5,6}) should make our

intentions clear.

H e@ ‘ el 5 b | 15 16 56 ‘ e 156

vl 1 o&gﬁ
v16 1 0&26
v°6 1 a%gﬁ
vl 1 04%5 a%6 0&56
vd 1 aé5 0426 a%%
v 1 aéG 0426 aé‘%
o1 a% ag ag %1)5 0401)6 0486 aé“‘

Table 6.2: Writing the vectors vE" in terms of the e¥.

Performing Gaussian elimination between the rows in the first two layers, we see that
the new rows in the second layer—who began their life with |J|4 1 nonzero entries—now

have exactly two nonzero entries:

(CRACAYE) U EAC A ¢ O‘Aﬁ\jﬂj\jl _ aﬁﬁ\hv"\jz

_ JI\ji\j J IRPNAVE J o J\j2 J J
— e\ 2+<aJ\j1\j2 aJ\jl\jzaJ\jl CYJ\jl\jQOéJ\jz ¢

Marching down the layers of this matrix one-by-one, we see that the new final row

is given by (v?) = €? 4 fe’ = ¥ for some 6. O

Proof of Proposition 63. Careful bookkeeping shows that

J K_J K| Ko J
0 = ap— Z ay ax | + Z apytoglag, | =
OCKCJ 0CK1CK2CJ
J|-1 K K J
o (=DM > aglag?-ag |- (6.15)

0K G GK g1 G
In other words, 6 is a signed sum of path weights «(7), m running over all paths in

B save for 1. As the sign attached to 7 is the same as the length of 7, and as the
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bijection ¢ from subsection 6.4.1 increases length by one but preserves path weight, we

immediately conclude
6 = (~)Ma(r)
J|-1 JN(T =) =" (]J"] -1 J
_ (71)\| (fq)\ (T 1=1) =] (1" )XO‘O)
— (_1)\J|*1(_Q)U I*IJ\(_q)IJ LT[ = [T |77 | = ]|
qlJ”\*IJ’I<_q)IJ’IIJ’I*\J”IIJ”I*\J”IIJ’HIIIJ’I*(IJ’HIJ”\+t)|J’\+|J”|IJ’\

qlJ \—IJI(_q)—IJ\t—\J ||J|7
as needed. O

With Proposition 63 proven, the main theorem is finally demonstrated.

6.4.3 Missing relations

Let us analyze the proof above when v = (d,n —d). Recall that for Grassmannians, the
right-hand side of (S;) is simply f;fr, same as the left-hand side. In this case, SC
above becomes gjgr — q‘JN|*|J/|gng, i.e. the g-commuting relations already known to
hold in the pre-flag algebra. However, what the proof says is that C;; = SCj is
a linear combination of the Young symmetry relations Y7, g k. In particular, the
g-commuting property of quantum Pliicker coordinates, made explicit in the definition

of G(d, n), implicitly holds within the algebras G,(d,n) of Taft and Towber.

Ezample. Two further examples after the fact:
1. [156][234] = ¢>~1[234][156]:

6
Ci562310 = G Yi23456,0
Y % 0y,
+ G Y23456,1 + G Y12346,5 — @ Y12345,6

3 4 4
—q"Y2346,15 + ¢ Y2345,16 + ¢ Y1234,56-

2. [134][156]) = q"~2[156][134]:

2
Ci34,156 = ¢ Y13456,1

0 1
—q Y1456,13 + q Y1356,14-
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The same argument shows that, in F,, (Csr) is a consequence of (Vr,7) and (Syr |
J ~ I). In particular, the quantum flag algebras F,(vy) are quotients of the pre-flag
algebras F(v). It would seem there are not relations missing from Fq after all, rather

there are relations missing from F.
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Chapter 7

Noncommutative Flags Algebras

7.1 The “pre” Prefix

In Chapter 6, we have seen that our pre—flag algebra F (7) needn’t be the true homoge-
neous coordinate algebra for the flags in any particular noncommutative setting. Still,
it is clearly a good starting point in the task of building that algebra in any (amenable)
noncommutative setting of interest; especially in light of Theorem 57. Here, we give
another compelling result: as defined, the pre—flag algebra is good enough to completely

capture the complex flags’ coordinate functions.

Theorem 65. The pre-flag algebra F(v) for the classic flag variety F4(v) over C is
isomorphic to F(7y), the ring of homogeneous coordinate functions introduced in Chapter

3.

Proof. The algebra F(v) is the commutative algebra with generators { fr|le (H[:}H)}

and relations given by

L T =l +ue o) 0= 3 (“DAMD 1A f g
/l\EI\J
Al=u

For those terms fp\)fius appearing above satisfying {A\} N J # 0, we understand fyus

as zZero.

Turning to the pre-flag algebra, first note that in the present setting K. = & =1
while J¢(a, A%) = J¢(a, A%) = (—=1)%@4") . In particular, the left and right pre-flag
algebras are isomorphic, as we expect over C. We focus on the right flags. F () is the

noncommutative algebra with generators { f1 | I € (”[:]”)} and relations given by

VLTI =1L |J+1e ) 0= (- D Fg,
AeI\J
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and by

(When J can’t distinguish I) fJMf[M = f[MfJM.

The first set of relations is identical after the comments preceding Proposition 55.
We only have the problem that F(7) is a commutative algebra while F(v) is a noncom-
mutative algebra. However, as p;(i) = —% = —(=1)*! for all 4,5 € [n], this

last set of relations really reads

VL J || € ) frfr = Fifs,
i.e. all generators are central. O

In the next section, we strengthen our case for the study of the pre-flag algebra by
considering a construction of Frenkel and Jardim. The final section introduces a related
algebra more closely aligned with the noncommutative coordinate algebra introduced

in Section 3.4.

7.2 Two “pre” Examples

Here we summarize how quasideterminants and the pre-Grassmannian algebra can be
used to describe a construction of Frenkel and Jardim [13]. The construction arose from

a new attempt to build quantum instantons.!

7.2.1 A quantum Grassmannian

Definition 44. The quantum compactified complezified Minkowski space M, 4 is the

graded C-algebra generated by 211/, 2197, 2217, 299/, D, D’ satisfying the relations (7.1) to

!The reader will forgive our not defining this term. It is not important to the result presented here.
Worse, including the requisite background from [40, 2, 13] and the citations therein would take us too
far off course. For a little more background (not much!), the reader may consult Chapter 8.
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(7.5) below.
21112120 = 2120211
21112211 = R21'%11/
21212221 = 2221212/
22112221 = 2221221/ (7-1)
21212211 = ZR21'%12/
q71(2’11'2’22f - 312'2’21') = Q(Z22/211' - 212/2’21') (7-2)
Dz = pglzivD D'ziy = plqgizy D
Dziy = pqlz19D D'ziy = plgzaD’
Dzy1 = pgzo1 D D'zoy = p g e D (7.3)
Dzoor = pqzoo D D'z = plqzoyD’
p DD’ =pD'D (7.4)
¢ (211202 — 212201) = p ' DD (7.5)

Relations (7.1)-(7.4) are commutation relations, while (7.5) plays the role of the
quadric that defines Gre(2,4) as a subvariety of P°. In other words, the algebra 9, ,
can be regarded as a quantum Grassmannian.

Remark. In [13], it is stated that the relations (7.1)-(7.5) may be expressed in R-
matrix form. This is not easy to see, and indeed it wouldn’t look like the RTT-algebra
construction above (e.g. because 6, the number of generators here, is not n? for any
integer n). The details will not be important to us, and the interested reader is urged

to consult [13]. Briefly:

e Beginning with the standard one-parameter 2 x 2 quantum matrix T = (t;5),

introduce a formal noncommuting parameter § with the formula:
diag(s, 8) - T - diag(qT, ¢~ 1)* = diag(q1,¢~1)? - T - diag(6, 0).

e Label the diagonal matrices above A and @Q; put X = Q 'ATQ and YV =
QA~TQ 1.
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e The relations on X and Y are given in terms of an R-matrix because the relations
on T are. For example (viewing X and R as acting via left-multiplication), the

R-matrix

and the identity Ro3X12X13 = X13X12Ro3 reproduce the relations for X.

e View the w;;, y;; as coordinates in two “affine patches” (1 : Ty D¢) and
(% : Y 0 1) in a quantum P°. Compactify this picture by introducing variables

z;;» and demanding

Z’ij/ zij/
Tij = and Yijr = D

e Conclude that Z will have R-matrix type relations because X and Y do.

In a moment, we will see a more straightforward way to give 9, , an R-matrix
structure. First, replace the indices (1,2,1’,2") with (1,2, 3,4), and write D = z19, D' =

z34. Taking p = ¢, we may define 9, as follows.

Definition 45. The quantum Grassmannian 9, is the graded C-algebra generated by

zij (1 <1< j <4) with relations:

Z13212 = 212712 z34213 = ¢ 2213234

Z14%212 = 212714 Z34%14 = 214734

Z3212 = ¢ 2212723 Z34723 = ¢ “z23734 (7.6)
212 = ¢ *z12724 234224 = 224234

230212 = q 2212234 (7.7)
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214213 = 213214

223213 = 213223

204214 = Z14%24
73214 = 214723 (7.8)

204223 = 223224
zoa213 = q 2213224 + (1 — ¢~ ) 214203 (7.9)
212234 — 213224 + 214223 = 0 (7.10)

Here relations (7.6)—(7.9) are presented in a form conducive to using Bergman’s
Diamond Lemma, while relation (7.10) is precisely the classical Pliicker relation (Young
symmetry relation) for Gre(2,4).

It is worth mentioning that this is a new quantum Grassmannian in that it is not
isomorphic to the quantum Grassmannian of Taft and Towber. We give a proof of this

and several related facts in Chapter 8.

7.2.2 An R-matrix realization

We want to view all six symbols z;; as being 2 x 2 minors of a 2 x 4 matrix T' = (¢;;). To
that end, let A!(n) be the C(g)-algebra given in Section 5.6 with generators {t;;}1<; j<n
and relations given by the R-matrix
n
R=q? ZEu ® Eqi + Z (Ejj ® Bii + ¢ *Ei @ Ejj + (¢7% — 1)Ey; @ Ejy) -
i=1 i<j
Recall Det Ty ; = Zﬂeed(—l)g(”)tiljﬂ oty for I, J € ([Z]). In this setting, cf.

Proposition 36, we deduce

Theorem 66. The left pre-Grassmannian algebra G(2,4) associated to A'(4) is the
C-algebra with generators {fw | {i,j} € ([g})} and relations given by (7.6)—(7.10) (the
2’s being replaced by f’s). That is, G(2,4) ~ M,(2,4).

Proof. We leave it to the reader to verify the majority of the relations. Below we spell

out two g-commuting relations and two Young symmetry relations.
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(q-Commuting Relations): In the setting A'(n), for all I,.J € ([Z]), J can’t distinguish
I (as columns) iff J ~ I. In this case, writing M = 1N J,J = J\ M, and I= I\ M,
(5.31) becomes

(T, Tia,1] = (QQ)‘jNKl_mH(lg‘)H(Mlj)_g(le) [Tia,11[Tia),1] -
In particular, when n =4,d = 2,1 = {1,2},J = {2, 3}, we have
fashia = q > fiafos
and when I = {3,4},J = {1, 2}, we have
faafra =q > fiafaa.
This accounts for (7.6.c) and (7.7).

(Young Symmetry Relations): Recall from Proposition 36 that in the setting A'(n), the

(column) Young symmetry relations take the form

k _
0= Z (—1) IR () =B T 0y o] [Ty me ] -
KERK\M

In particular, when n =4,d =2, K = {2,3,4}, M = {1}, we have
f12f34 - f13f24 + f14f23 =0.

This accounts for (7.10). Before continuing, let us rewrite (7.9) with (7.10) and (7.7)
to get:

—Z14723 + 224213 — 234212 = 0.
Compare this to the Young symmetry relation with n = 4,d = 2, K = {1,2,3}, M =
{4}:

—q72f14f23 + q72f24f13 — q72f34f12 =0.

7.2.3 A non-R-matrix realization

We have demonstrated the Grassmannian of Frenkel and Jardim as the Grassmannian

associated to an RTT-algebra. Interestingly, it is also the Grassmannian for an algebra
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that cannot be described by an R-matrix, the algebra A (n) of Section 5.8. The proof
is the same as the one outlined above, resting on coincidentally identical g-commuting
and Young symmetry relations in the Gr(2,4) case. In the next section, the two settings

will diverge somewhat.
Proposition 67. Equations (5.30) & (5.31) coincide with (5.46) € (5.47) when n = 4

and v = (2,2). O

7.3 Affine coordinate rings

We begin this section with an elementary result on noncommutative localization.

Definition 46. Fix a ring A and a subset X C A. A ring homomorphism a: A — B

is called X-inverting if a(x) has a two-sided inverse for all z € X.

Proposition 68. For any A and X as above, there is a unique ring Ax and a ring

map € : A — Ax satisfying the following universal property:

EIP

Ax B
ET /
Vo : X-inverting
A

That is, if a : A — B is an X-inverting ring homomorphism, then there is a unique

map A so that « = \e (as ring maps).

The proof may be found in any text discussing noncommutative localization, cf.
[8, 31]. Onme simply starts with A, adjoins formal noncommuting variables 2’ for each

z € X and then adds the relations zz’ = 2’2 = 1 to this new ring.

For us the method of construction of Ax is just as important as its existence. From

it we deduce:
e If X generates A, then X, together with X!, generates Ax.

e If there is an X-inverting map « which is injective on X, that is, (Va, 2’ € X) a(x—

2') =0 =z =2/, then € must be injective.

This is the situation for our pre-flag algebras F(v) below.
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7.3.1 GL; invariance

For the construction of our quantized flags, we explicitly demanded that we be able to
invert Det T7 ; for (at least a very large number) I, J € P[n], |I| = |J|. We discovered in
T (n) some relations among the expressions {Det Ty (4 : [I| = d}, and based on these, we
defined pre-flag algebras associated to 7 (n) (as F-algebras on generators X = { f]}
with the same relations). In short, for each ~, there is an algebra homomorphism
o : F(y) — T(n) that is both X-inverting and X-injective.

We conclude that for noncommutative settings giving rise to amenable determinants,
there is an algebra F associated to F (namely, Fx) with (”:”) distinct, invertible
generators {f_[ | I € (H[:}H)} While ¢ may not be injective, we may still treat F as

a mnice localization of F since the image £(F) generates F. We focus on F for the

remainder of the section.

Proposition 69. The ratios fi/f; with |I| = |J| = d € ||v|| (dividing on the left or
right in accordance with viewing the generators as left or right coordinate functions)

may be viewed as functions on the “q-generic” points of FL(7).

Remark. We have identified f; with the coordinate function [T7] on F¢(v) (taken to
mean [T’ A7[d]] if we are considering right flags and to mean [T [d, 4] if we are considering
left flags). Note that in the commutative case, and for g € Pﬁ;, f(Tr-g)= f(Tr)det ¢
where ¢’ is the |I| x |I| upper-left block of g. Evidently the dependence on g drops out
in the ratio of two such homogeneous coordinate functions, and as a result we have a
legitimate function on F'¢(7) (or at least on the affine patch defined by the non-vanishing
of the coordinate [T';]. For noncommutative determinants, this g-intertwining property

need not hold.

Proof. The idea is to replace [I ] [J ] ! by a product of ratios that look more like quaside-
terminants.

Writing I = {i; < iy < -+ < ig} and J similarly, construct from (I, .J) the longer
sequence of subsets (I = Ay, A1, Aa, ..., Ag—1,Aq = J) by taking A;11 = At \ig—+Uji—¢.

Ezxample. The idea is to move from I to J one index at a time. Here are two examples
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that should be illuminating.
(123,456) ~ (123,126, 156, 456) and (126, 346) ~ (126, 126, 146, 346).

We have assumed in 7 (n) the existence of [T4]~! for all A € (H[:]H)’ in particular for
all A; appearing in the sequence above. Let us stick to right flags for the remainder of
the proof, and abbreviate, e.g., [Ty q] as [A] Now we may view f;/f; as the function

returning [1][J] 71, or

([Ao] [Ar] )([Aa] [A2] D [Ae] -+ [Aama] ™ ([Aamr] [Ad] -

By first properties of adequate determinants, this last expression may be viewed, up to

some coefficients J,, R, € F'\ {0}, as ratios of quasideterminants of the form

—1
Ty jdlia—vsTArer )l s »

each of which are GL,, invariant by Proposition 13. O

7.3.2 Dehomogenization & Function Fields

Fix a composition v = n with ¢(y) = r. We follow the commutative case—also Kelley-
Lenagan-Rigal [29]—and introduce a means for defining affine patches on quantized

flags.

Definition 47. Say a chain of subsets Ay C Ay C --- C A, = [n] has characteristic
if [As] = |lv[li = X2j<; for all 1 < i <r. A sequence of sets (A, Aa, ..., Ar—1) shall
be called an affine patch if the sequence Ay C --- C A,_1 C [n] describes a chain of

characteristic 7.

The previous result suggests that there are more appropriate rings associated to
F{(v) than F(v). Given an affine patch 7 = (Aj, ..., A,_1), we define the dehomoge-
nization of F(7) at 7 to be the subring Dhom(, 7) of the localization F(v) generated
by the ratios {fr/fa, : |I| = |Aq| = d}. This should be viewed as a piece of the function

field k() associated to F/(y)—to whatever extent this object even exists.?

2If 7(\) is a skew-field, a natural place to look for K(v) is as a sub-skew field of 7(n). However,
T (n) needn’t be embeddable in a skew field, even when 7 (n) is a domain. If this is the case, we may
be out of luck when trying to construct (y). For more on this difficult problem of embedding domains
into skew fields, the reader is directed to the discussions in [31] and [8].



102

Remark. An element x in a ring R is called normal if ztR = Rx. A word or two about
the normal elements of F is in order. If J can’t distinguish A for all J € (”[:]”), then
fa is a normal element. For in this case, Theorem 21 implies that f4 “g-commutes”
with X, and hence is g-central in F. In all of the examples we have addressed, the
property J m A is sufficient to guarantee that f4 ¢-commutes with f;. In particular,
{f[llle]’ Tl - - - fovHr—1} is a collection of normal elements in F.

Kelley, Lenagan, and Rigal [29] study the case of quantum Grassmannians and deho-
mogenizations at affine patches m whose associated generators f4, are normal elements.
As observed in the previous paragraph, such patches exist for Grassmannians in all of
the examples considered in Chapter 5. Many of the results in [29] should go through

in these other quantized settings.

Normal or no, we may piece together the numerous dehomogenizations of F¢(7)
and view the result as a substantial piece of the field of functions on F/(y)—again, to

whatever extent the latter even exists.

Definition 48. The ring of functions on F{(v) is the subalgebra K () of F(v) gener-

ated by Dhom(~, 7), 7 running over all affine patches of ~.

The next result shows that this definition fits into the quasideterminant picture very

well.

Proposition 70. There is an F-algebra homomorphism ¢ from the ring Q(vy) of quasi-

Pliicker coordinates to the ring K(7y) of functions on FL(v) in any amenable setting.

Proof. We build the map from Q(v) to F(v), then show the image lies in (). The
proof amounts to a review of Chapters 3 and 4. Recall that by construction, F(v)
satisfies every relation in the generators f that F (7) satisfies in the generators f .

As a reminder, Q(v) (for right-flags) is the F-algebra generated by symbols {rf](

i,je€n], KePnl,j¢K, |KI+1€ (II[:]II)} subject to the relations:

e The idempotent relations (Z; ; r):

0 ifieM
oM (7.11)
1 ifi=ji¢M
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e The cancellation relations (C; jxn):

r%r% = (kg M) (7.12)

o The skew-symmetry relations (S; j k. ar):

rZUMréL,;Mri;JM =-1 (i,j,k¢ M) (7.13)

e The quasi-Plicker relations (P; 1 ar):

SorpVril =1 (M| <L -1, i¢ M) (7.14)
jeL
Below, we will only check the skew-symmetry relation. Equation (4.5) informs us

what the map should be:

T ‘7M r r—
gp(r{‘jj) = t8.]M;fiquleM.

(R

We must check that

JM) = s 2 a1z a1
. ) e ; = —1.
< M) 3¢k, M) (i, ) P Rt Faaa Lt

k

Call the coefficient appearing above (O, j). Then by the weak g-commuting property,

this reduces to showing

(i )Rl iRM)
(7, 1) Re(1, jEM)

(5T Fot Font Ty ot P

J
~1 = (-1
(=1)7

or

X

e(J, 1) Re(i, o M) Te(k, §)Re(j, 1k M) Te(i, k) Re(K, i M)

ENF—1 7 1 F 1 F
Oi'5)f sear fikna Figan figna fijan Finena -

|
—_
I
(SRS

—

Now it is just a matter of checking that the introduced constants cancel (Oikj), which

occurs because J, KR, are measuring functions. ]
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7.4 The ring of quasi-Pliicker coordinates

Proposition 70, coupled with the discussion preceding Proposition 69, indicates that a
closer study of Q(v) is merited. In this section, we begin this study by exhibiting a
basis for Q(vy). We work over Q.

Definition 49. An inadmissible word of length two is a word of the form
Ak with |My| > [Ma| and j > max{M; \ (My Uk)}.

A word in the symbols rf‘]([ is inadmissible if it contains an inadmissible subword of
length two. A word in the symbols rf\f is admissible if it contains no inadmissible

subwords.

Theorem 71. A basis for Q(v) as a vector space over Q is given by all admissible

words.

The proof uses Bergman’s Diamond Lemma. Before diving in, we prove an identity

in Q(v) that we will include in our reduction system in place of (P; 1, ar).

Lemma. Suppose the integers i,j € [n] and sets M, L € Pin| satisfy (i) j ¢ M, (ii)
|M| < |L|—1, and (iii) |[M|+1,|L| € (IIZII)‘ Then the following identity holds in Q(v),
call it (Ps.r,m.5)-

L\k
ST =M (7.15)
kel

Proof. This follows by rewriting (P; 1) using the other relations, especially (S, p.c, r\abe)-

First, suppose ¢ € L; then (7.15) becomes 7;; L\i l]‘f = rf\]{[,

which is simply relation
(Ziio\i)-
In the remaining case, note that L \ M is nonempty. Choose a particular element,

say lp and, excluding r; \OTZMJ, rewrite each summand as

FU(L\KL), iU(L\Klo) A1
il Tlok Tkj



105

I\lo

using relation (Sqpc r\abe)- Next, factor out Tilo

on the left and rl](\fj on the right—

which we may do because j,lp € M—and get

INE M LN\ iU(L\klo) M M
Zrik Tk = Ty - E : Tlok Thio + 1] 75
kel keL\lo
_ DN [ I\, M (ULNIo)\k_ M M
= Ty | Twi Tilo — E TR Thio + 1| 75

keiU(L\lo)

L\lo, I\lo M, .M
- ril() rloi Tilorloj

M

O

Starting the Diamond Lemma calculations with the set of reductions presented in
(7.11)—(7.14) leads to an ambiguity that doesn’t resolve. This is in fact how identity

(Pi,rm ;) first revealed itself to me.

Proof of Theorem. Let X denote the set of all generators for Q(v) and let (X) denote
the set of all words w of finite length ¢(w) in the elements of X. We need a reduction
system R C (X) x Q(X) and a semigroup partial ordering < on (X) that is compatible
with R.

Notation. For a word w = rilell e T%?t in (X), let £(w) denote its length t. Also, take
its lower indices to be the sequence L(w) = (i1, j1, 42, j2, - - - , iz, j¢) and its upper indices

to the the sequence U(w) = (M1, Ma, ..., M;).

(<): Given two words w,w’ € X, say w < w' if £(w) < ¢(w') and, if their lengths are
equal and equal to ¢, 37 ;o; L(w); < 37 <;y L(w');. The relation < is a semigroup

partial order on (X).
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(R): We rewrite the relations in Q(v) as follows:

rtl = 0 (i#j,ieM) (7.16)

el = 1 (i¢g M) (7.17)

rri = T (kg M) (7.18)

MM = =M (i Gk ¢ M) (7.19)

7w%:=%ZﬁWK<WKw_I > (7.20)
leL j=max{L\ (M UEk)}

We take (7.16)—(7.20) to be R. With the exception of the final reduction, it is plain to

see that < is compatible with R. On the right hand side of the last reduction, there

seem to be some words riLl\lrl]\,f with > L (r?%%) >3, L <rfj\jr%> . However, the
P p

restriction j = max{L \ (M Uk)} implies these words are not actually of length two:

oy JOoo iflem
i Tk = DNk eq
Tk ifl=k

Here is an example of one of these degenerate cases that will play a prominent role in

the calculations below:

kUM jUM _ GUM  tUM .
st T =Ta  —Tsk (jvkvsath)-

To spare the reader, we will only verify that three overlap ambiguities resolve,

L\j kUM, jUM N\k_L\j M L\j L\j' M
(A) T T Tk (B) 7y, i T (©) Tis Teil Tty

applying reductions to the first two symbols (12) or the last two symbols (23):

(A)(zs) :

Y . I\
r \JTkUMTiILgJM _ Tsj\J(—Tt‘UM>

sj gt Jk

tUM L\j' UM
= —Tsf —{—E 7”4\/] ijk

sj
J'#i
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(A)qz)
LN ROM UM (L RUM L\j' kUM, JUM
sj Tit Tk - Tst sj’ gt Tk
J'#5
. JUM tUM L\j' kUM, jUM
= <7’Sk — Tsk ) erj/ Tj’t Ttk
i'#i
j L
= rilgM M Zr \’ (rJ,L;CM—Tt,UkM>
J'#7
_ JUM L\j' juM
= (A)ps3) + 7y —erj, g
J'#7
_ L\j jUM .
= (A)(23) + 0, because r; sj Tjk s zero.
(B)a2)
N\k_I\j M _ L\J N\K' L\j
Tsk Tky Tj¢ = Z’“sk' Ty g ]t
k' £k
L\j N\K L
= Tsj\]’)"% - Sk> (rk/t Z T‘k/\j, T%)
k'#k J'#i
L N\K' L
- (=) - X (- )
J'#7 K'#k J'#3
(B)(23):
Nk L\j, M N\k _ L\J M
sk Tkj Tjt = Tsk Tht Trir Tyt
J'#7
_ Nk M L\j' N\K' L\j'
= Tsk: ’r‘kt — Z (’)"sj/ — Z Tsk/ 'rk/ -/ Tj/t
i k'#k
The difference becomes
N\K' M N\k_M
(B)z) — B)azy = = D rp rih — gt (7.21)
k' #£k

Now, either k or one of the k' # k satisfies £ = max{N \ (M Ut)}. Applying reduction

(7.20) to the appropriate term above reduces (7.21) to zero.

(C)(m) :

L\j, L\j’' _ ( rsUL”) M

js Tsj! TJ't 73 Tt
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(C)(23)3
AVIR AV SR AV Vi JuLi”
Tis Te Tie = Tjs (T‘St — Z (87 Tj//t)
J"#5
I M jruLii” surii’N\ M
= Tjs Tet — Z (7“]-8 ’I"Sj,/ )Tj”t
3" #5
Li M urii”"\, M
= Tjs Tet — Z (—Tjj// )Tj”t
A
The reasoning for (B)(12) — (B)(23) finishes the job for (C)19) — (C)(23)- O

We conclude this section with a key step toward the goal of computing the number

of admissible words in Q(v) of any given length.

Proposition 72. The number of inadmissible words of length two is

n—7j ) —1
E E E (n—1-—my) ,‘7 J , ] x
1<j<n ma<mi 0<m),<min{n—jmso} e M2 =My
T matlmy+le|y|| 0 2T 2

{=1mmaemy (T ) (772

mq mq

Proof. We count all of the choices for ¢, j, k, M1, Ms we can make in order for w =
rf\;‘[lr;\? to be an admissible word. To start the count, we fix j, |Ma|, and |M;|—this
explains the first two sums appearing above.

Next, we divide M into two pieces: M4 C {j +1,...,n}, MY C {1,2,...,j —1}.

() G )
| M| ) \|Ma| — | Mj]

choices for My. Depending on whether k < j or k > j, we have a different number of

This gives

choices for k:

Case k < j: (j—1—|Ma|+ |Mj))

Case k < j: (n—j— |Ma|+ |Ms]).

For w to be inadmissible, we need all elements of M; greater than j to also appear in

M, U{k}. Depending on whether k < j or k > j, we have a different number of choices
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for M;:
— 1+ | M}
Case k < j: <‘] |]\}_|| 2|>
1
— 1+ M| +1
Case k < j: (‘] T]\Lf’—k)
1

In all cases for k and Mj, we have (n — 1 — |Mj|) choices for i. Putting these consid-
erations together with my = |Mi|, ma = |Ma|, and m}, = |M}|, we get the advertised

formula. O
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Chapter 8

The Frenkel-Jardim Flag

As we mentioned in the previous chapter, the construction of Frenkel and Jardim arose
from a new attempt to build quantum instantons. Simply put, an instanton is a solution
to the so-called anti-self-dual Yang-Mills (ASDYM) equation. In [2], Atiyah, Drinfeld,
Hitchin, and Manin (ADHM) constructed solutions over Minkowski space-time, R @ R.
Their solutions were parametrized in terms of some linear data. Moreover, they proved
that, up to gauge transformation, all solutions were of this type.

Frenkel and Jardim [13] follow the program of R. Penrose [40] by looking for solutions
in compactified complexified Minkowski space; or rather, a quantized version of this
space. With the construction outlined in Section 7.2 of (the algebra of functions on)
compactified complexified Minkowski space, they are able to build solutions to the
quantum ASDYM which are directly parametrized by the very same classic ADHM
linear data.

In their paper, Frenkel and Jardim also introduce indeterminants z;, z;; and piece
together a quantum flag algebra §, around the quantum Grassmannian 9,,. As in
the commutative case, they are able to view the extension as adding twistors to the
picture. For further background and motivation, cf. loc. cit.

The content of this chapter is a pair of negative results: (i) the quantum Grassman-
nian G, of Taft and Towber is not isomorphic to M,; (ii) the pre-Grassmannian algebras
which were shown to be isomorphic to 91, cannot be naturally extended to capture the
flag §4. One could argue that the first result is a positive one—it verifies that the
Frenkel-Jardim construction truly is a new quantum Grassmannian—but the second
is certainly discouraging. Were an isomorphism of the type (9, — F,) =~ (G — F)

to exist, it would put the Frenkel-Jardim construction squarely under the umbrella of
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straightforward, easy to define quantized flag algebras.

8.1 Two quantum Grassmannians

Here we show that the Taft-Towber quantum Grassmannian G,(2,4) is not isomorphic
to the Frenkel-Jardim quantum Grassmannian 9%,. The table below strongly suggests
this is the case, but we’ll give a rigorous proof just the same.

Let M, have generators z;; : 1 < i < j < 4 and G, = G4(2,4) have generators

fij : 1 <i < j <4. Table 8.1 displays their relations.

214213 = 213214 J1af13 = qf13f14

293213 = 213223 fesf13 = qf13fe3

204214 = 214724 Joaf14a = qf1afou

204293 = %2374 foafo3 = qfesfou

213212 = 212213 f13f12 = qf12f13

214212 = Z12%14 J1af12 = qf12f14

293212 = ¢ 2212293 fo3f12 = qfi2fos3

204212 = ¢ 2212224 Jaaf12 = qf12fo4

234213 = 2213234 J34f13 = qf13/34

234214 = 214734 f34f14 = qf14f34

234223 = q 2223734 J34f23 = qf23[34

234224 = 224734 J34f24 = qfouaf34

Z34212 = ¢ 2212234 faafr2 = ¢ fr2f3

293214 = 214223 fosf1a = fiafos

294713 = z13224 + (72 — 1) 212234 foafiz = @*(fisfoa + (a1 — @) f12f34)
214723 = 213224 — 212734 f1af2s = qf13foa — ¢* fr2f34

Table 8.1: Relations on the Grassmannian coordinates.

Proposition 73. The algebras M, and G, are not isomorphic.

Proof. One striking feature of the relations in the left-hand column of Table 8.1 is that

214 is central in 9,. Exploiting this feature gives the result.
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Suppose ¢ : Mg — Gg is an isomorphism. Writing ¢(z14) = ao + 32, aijfij +
Zi<j,k<l aij ki fij frr + - -, we see what conditions we must impose on a’s in order that
©(z14) is central. We may assume the only nonzero constants a;, J1si2j2,esirje ADDEArING
are attached to those monomials which are part of a C-basis for G,;. Let us write
Qiriroivinfivjs = firje as ar f5 for some K = (K1, Ka,...,K,) € ([3]) X oee X ([;1}) (r
copies). Also, let us denote this set of tuples by B(r).

One striking feature of the relations in the right-hand column of Table 8.1 is that,

for any K € B(r), for any r > 1,

fo12 _ qr_#{Ki:{172}}+#{Ki:{3’4}}f12fK.

Let us demand that [4,0(214), flg] =0

e(z14) 12 = <ao+z > axf )f12

r>1 KeB(r)

= Ji2 (ao - Z Z qT#{Ki:{1,2}}+#{K¢={3,4}}aKfK> ‘

r>1 KeB(r)
Thus, the only nonzero ax which may appear must have all K; = (1,2). For if this is
not the case, we may subtract this last expression from the desired result and get
f12<z Z ag(l—q™ )fK> =0,
r>1 KeB(r

for those particular ax not satisfying K; = (1,2) Vi—here the my are strictly positive
integers. But the monomials appearing in the second factor were assumed to be part
of a basis, so that sum isn’t zero. Also, G, is a domain (cf. [29]) so the product isn’t
Z€ero.

We conclude that the only nonzero ax are those with each K; = (1,2). Now try
to commute fi3 past ¢(z14) and discover that the only choice for these a’s is also zero.

Finally, we see that the center of G, is C, too small for an isomorphism to exist. O

8.2 The quantum flag of Frenkel-Jardim

In their paper, Frenkel and Jardim define a quantum flag with two parameters p, ¢ with

p=4q
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Definition 50. The quantum flag §, 4 associated to M, , is the C-algebra with gen-

erators {2,z | 1 <i<4,1<j <k <4} and relations given by (7.6)—(7.10) together

with
[2i,2j] =0,
[21,213] = [21,214] =0
(22, 223] = [22,224] =0
(23, 213] = [23,223] =0
(24, 214] = [24,204] =0

21212 = Pgzi12%1
o1
22212 = Pq “Z12%2

23212 = 21273

24212 = 212724

R1%234 = 23421

22234 = 23422
-1

23234 = P "qr34z3

_—1,-1
24234 =P Tq TZ34%4

29213 = pq 121322 + (1 — pg~ 1) 22321

—pq ")
—pg ")z
'q)

)

(
zp214 = pqz1az + (1
23214 = p rqzuazs + (1 —plq)z1324
(

z3224 = P Lqraazs + (1 — p1q) 22324
z1293 = pqz2a3z1 + (1 — pq)zi1322
z1204 = pqzaaz1 + (1 — pq)z1422

1

zaz13 = p tq 2z + (1 —ptg ) z1g23

1

24203 = p lq teagzy + (1 — p~lqg ) zngzs

212723 = Q(2132’2 - 2232’1)
21224 = q(21422 — 22421)
23421 = qfl(—21324 + 21423)

_1
23420 = q~ (—22324 + 22423)

(8.1)

(8.2)

(8.3)

(8.4)

(8.5)

In keeping with our discussion in Section 7.2, we will assume p = ¢ in the sequel

and denote the algebra as §,;. Were the results of the next section of a more positive

nature, it might be worth exploring the case p = ¢!

as well. Naively, it should be
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the result of taking row minors instead of column minors; or taking as the definition
of determinant, an object which counts row permutations instead of column permuta-
tions. However, as we will show presently, the Frenkel-Jardim flag construction does
not extend the Grassmannian construction in a manner consistent with the extension

from pre-Grassmannians to pre-flags implicit in Sections 5.6 and 5.8.

8.3 Four quantum flags

Let FY, F1 denote the the pre-flag algebras on v = (1%) introduced in Sections 5.6 and

5.8 respectively.

Proposition 74. There is no algebra map ¢ : FI Sq which prolongs the isomor-

phism G ~ M, exhibited in Section 7.2.

Proof. In Section 7.2 we had ¢( fw) = z;j. It is left to find images for the new variables
fi. In Table 8.2, we display the new relations that must be respected.
One striking feature of the relations in the right-hand column of Table 8.2 is that
fiofi = ilfzfu for all (ij). Let us follow the proof of Proposition 73 and write
o(fi) = ao i ag»i)zj +> a,(jl) 2R+ D52 Do KeB(r) ag?zK. Diverge from the notation
there by setting B(1) := ({1[4}]2}) instead of ([‘21]); keep B(r) equal to B(1)". Again, we
may assume the only a&? appearing are those attached to monomials 2% comprising a
linearly independent set in §,.
One striking feature of the relations in the left-hand column (of Tables 8.1 and 8.2)
is that 212 commutes with everything up to a power of ¢2.
Let us compare ¢(fiaf; — gt fifi12) to zero, bearing in mind that we have fixed
©(fi2) = z12. The calculation reduces to
0= <(1 —q* aO + Z Z i _ 1)@%)2K>212 - (8.7)
r>1 KeB(r
for some integers mg depending on K = (K1, K3,...,K,). Now, the monomials ap-
pearing in the first factor were assumed to be part of a basis, so that sum isn’t zero—

excluding the case ¢ is a root of unity. If §, is a domain, we reach a contradiction and



[2i:25] =0

[fir fi] =0

Z1221 = ¢ “Z1%12
21321 = 21713
21421 = 21214
23421 = 21734

f12f1 =q" f1f12
f13f1 =q" f1f13
f14f1 =q" f1f14
faafr = a  fifaa

21222 = 22712
R23%2 = 22223
22429 = 22224
R34%2 = 22234

f12f2 = qfafi2

f23f2 =q 1fzfz3
f24f2 =q" f2f24
faafo=q  fofsu

%1273 = 23712
Z13%3 = 23713
%2373 = 23723
R34%3 = 23234

f12f3 = Qf3f12

f13f3 =q- f3f13
f23f3 =q f3f23
fsafs = q  fsfaa

21224 = 24212
21424 = 24214
29424 = 24224
23424 = q2242’34

f12f4 = Qf4f12
f14f4 = Qf4f14
f24f4 = Qf4f24
fsafi = afufs

22321 = 21203+ (@ —q7 )
20421 = 21224 + (¢ — ¢~ ) 24212
( )
( )

R13%4 = 24213 —
R23%4 = 24%223 —

q—4q
q—q

1
23212
1

-1
21234
1

22234

f23f1 =q  fifo3
f24f1 = 1f1fz4
fisfa = [4[13
Jo3f1 = qfafos

Z13%2 = Z1%23 + Q23212
21422 = 21224 + Q24212

z21423 = 24213 + q~
-1

29423 = Z4223 + q

1

21234
R2734

f2f13 = f1f23 + f3f12
f2f14 = f1f24 + f4f12
Ji3]i14 = [1[34 + Ji4Ji13
J3foa = fafsa + fafo3

Table 8.2: Relations on the flag coordinates.
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are finished. We can get away with less. First let us rewrite (8.7) as follows
0 = <(1 — qil)aéi)212> +

( D@ =g ez Y (1= q_Qm’“’il)aél))Zl2zkl) +

Jjeld] kle([é])
Z ( Z (¢*m — qil)a(z?ZKZu)
r>2 “KeB(r)

Because the relations in §, are homogeneous, we know each of these graded pieces must
be zero independently. We focus on the first two, and argue that {z12, 21212, .. ., 24212,

212212, 212213, - - -, 212234} is a linearly independent set in .

Claim 1: The set X of monomials z;, 2;, - = - 2i, Zj k1 Zjoks * * * Zjsk, Satisfying
Loi <igq(1<t<r)
2. jr < kyand jp < jpyp and ky < kipr (1<t < s)

span §4 as a C vector space.
The relations in the left-hand column of Tables 8.1 and 8.2 indicate that any word
not belonging to X may be written as a linear combination of words in X. Perhaps the

members of X are not linearly independent, but anyhow they certainly span §,.

Claim 2: The monomials 3 = {212, 21212, - . - , 24212, 212212, 212213, - - - , 212234} are part
of a basis for §,.

The relations in the left-hand column of Tables 8.1 and 8.2 are presented in a form
conducive for applying Bergman’s Diamond Lemma [4]. The candidate basis is precisely
those words included in X. As we mentioned above, there may be relations among some
of these words. However, because the relations in §, are homogeneous of degree two,
any new relations which we must introduce while implementing the Diamond Lemma—
coming from overlap ambiguities that don’t resolve—will be homogeneous of degree
strictly greater than two. So no matter what percentage of X survives as the true basis
of §,, we are guaranteed that 3 will be a part of it.

We conclude that ¢(f;) C €D;52(8q)(j) for all i (letting (Tq)(;) denote the degree
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J graded piece of §,). Finally, as ¢(fij) = z;; and ¢(1) = 1, we are left with a 4-
dimensional piece of (§)(1) which is unaccounted for...not a promising quality for a

purported onto map. O

Proceeding in a manner analogous to that above, one should conclude that F, F I FI

and §, are four pairwise non-isomorphic quantizations of the homogeneous coordinate

algebra for F'¢(4).
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