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PRODUCTS OF SEQUENCE SPACES

Martin Buntinas™
Loyola University of Chicago

1. Introduction. Let E and F be FK-spaces (respectively BK-spaces) of complex sequences x =
(zk)72. The coordinatewise product E - F is the set of all sequences x -y = (2,yx) with € E and y € F.
The set E-F is not generally a vector space. It is shown in [2] that the sequence space spanned by E- F, under
a certain topology, has a completion which can be identified with an FK-space (respectively BK-space). This
space is called the FK-product EQF and it is shown to be important in the characterization of multiplier
spaces. It is also shown there that the FK-product EQF is the intersection of all FK-spaces (respectively
BK-spaces) containing F - F'. In the present paper, we show the same using a more explicit definition of
the FK-product. This then leads to a shorter proof of a key result that the FK-product of FK-spaces is
an FK-space. Multiplier results are given in Section 4 which unify and generalize those in [2]. Examples
of FK-products of [P spaces and mixed norm spaces [P? are given in Section 5. These spaces then lead in
Section 6 to a counterexample of a conjecture of G. Goes.

2. New Definition of EQF. We give here a definition of the FK-product EQF of two FK-spaces
(respectively BK-spaces) E and F different from that in [2]. We show that it is the smallest FK-space
(respectively BK-space) containing E - F' (Theorem 3). Since this is a characterization of the FK-product
given in [2] (Theorem 3.3), the definitions are equivalent.

Let w be the space of all complex sequences z = (xj) with the topology of coordinatewise convergence
generated by the seminorms py : ¢ — |xg| (K = 1,2,...). Let E and F be FK-spaces (respectively BK-
spaces); that is, subspaces of w which are locally convex Fréchet spaces (respectively Banach spaces) on
which the coordinate functionals © — zj (k = 1,2,...) are continuous. The FK-product E®F is the set of
all sequences in w for which there exists a representation

oo
u = E x? -yl
j=1

with 27 € E,y? € F where convergence of the series is coordinatewise (that is, with respect to the topology
of w) and where 377 | p(27)q(y’) < oo for every pair of continuous seminorms p on £ and g on F.

Throughout this paper, for every representation of u € EQF as u = Z;’il 27 - yJ we assume that the
series converges coordinatewise, 7 € E , y/ € F for all j, and Z;’;l p(2?)q(y?) < oo for all continuous
seminorms p on F and ¢ on F.

It is not difficult to show that EQF is a linear space.

We define the topology on EQF to be generated by the seminorms r = p @ ¢ given by

r(u) = infzp(xj)q(yj)

where p and ¢ are continuous seminorms on F and F' respectively and the infimum is taken over all rep-
resentations of u € EQF as u = Y. ; xd -yl Clearly if {pr} and {qx} are increasing generating families
of seminorms on E and F' respectively, then the seminorms 7, = py ® g are increasing and generate the
topology of EQF.

* Presented to the St. Lawrence University Conference on Sequence Spaces, Canton, N.Y., July 1985.
Presented to the American Mathematical Society, Laramie, WY, August 1985.
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Theorem 1. If E and F are FK-spaces (respectively BK- spaces), then E®F is an FK-space (respectively
BK- space).

Proof. Let F and F be FK-spaces. Then for each k, p(z) = |zx| and ¢(y) = |yx| are continuous
seminorms on E and F respectively. Let r = p ® ¢. Then r is a continuous seminorm on F®F and, as
u € EQF ranges over representations u = j z? -y, we have

(o) (o)
g = 1Y wlyil <inf > p(a?)a(y’) = r(u).
j=1 j=1

Thus EQF has continuous coordinate functionals. To show that E®F is complete, let {u"} be a Cauchy
sequence in EQF and let u be the coordinatewise limit of {u™}. Let pm, gm be increasing sequences of
seminorms generating the topologies of £ and F', respectively, and let r,, = py ® ¢. If £ and F are
BK-spaces, we may choose ,,, = r,11. Choose N; < N;y; such that r;(u’i —u™) < 1/27*! for all n > N;
and let w® = uMi+1 — uNi. Then there exist representations of w* € EQF as w' = Zj x¥ -y such that
ri(w®) < > pi(29)q; (y7) < 1/2°. Also let u™Nt = > 2% % be any representation of uN* € EQF. If p and
q are any continuous seminorms on E and F respectively, choose IV such that p < py and ¢ < gn. Then

ZZ 27)q(y") > pn(at) +ZZM ai(y
i=0 j=1

N-1

=0 j=1 i=N j=1
N—-1 oo [e9) 1
S )+ 3 L <o
=0 j=1 =N
In particular, since >, >~ \x Hy | <oofork=1,2,. i x% .y% converges coordinatewise to u. This

shows that u=3_,> ", 2% - is a representation of u in EQF and hence u € EQF. It remains to be shown
that {u"} converges to u in E®F. For r = p@q and € > 0, let 7,,, > 7, 1/2°"2 < ¢, i > m and n > N;. Since

o o0
u—ulVi = E E xkj-ykj

k=i j=1

N

is a representation of u — u"'¢, we have

1
n k
r(u—u™) < ri(u—u™) 4+ ry(ul ZZmJ ki) 21+1

k=i j=1
< S kj kj 1 . o
,Zzpk(x Jar(y™) + 9i+1 <227k+2i+1 < 9i—2 <E
k=i j=1 k=i

The vector space spanned by F - F under the topology induced by EQF we denote by E ® F.
Theorem 2. If E and F are FK-spaces, then E ® F' is a dense subspace of EQF.
Proof. Let u = Zj z7 - 37 be a representation of u € EQF. Then clearly u™ = E;-lzl oy eE®F

defines a Cauchy sequence which converges coordinatewise to u. Since F®F is an FK-space, u” — u as
n — oo. 1

The proof of the following theorem is similar to that of Theorem 3.3 in [2].

Theorem 3. If E and F are FK-spaces (respectively BK- spaces), then E®F is the smallest FK-space
(respectively BK-space) containing E - F.

Proof. EQF is an FK-space (respectively BK- space) containing E - F.. Suppose H is an FK-space
(respectively BK-space) containing E - F. We show that EQF C H. Define the map f from E x F to
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H by f(z,y) = z-y. The linear maps © — z -y and y — x - y are continuous from F to H and F to H,
respectively, since they are multiplier maps which are special cases of matrix maps [6]. Since every separately
continuous bilinear map on E x F' to H is continuous ([5], p. 88), f is continuous. Then for each continuous
seminorm p on H, there exist continuous seminorms p on E and ¢ on F such that for all x € F, y € F,
we have p(z - y) = p(f(2,y)) < p(x)q(y), ([5], p. 7). Let u= 73", 27 -7 be a representation of u € EQF.
Clearly the truncations u™ = »~7_, 27 - y/ belong to H since it is a linear space containing E - F. We have
plum —um) = p(X7 L y) 0 plady?) < S0 plad)a(y?) which tends to 0 as m,n — oo.
Thus u™ is a Cauchy sequence in H which converges coordinatewise to u. Since H is an FK-space, u” — u
and u € H. 1

3. Zero-neighborhood base of E®F. To further examine the topology of the FK-product, we
consider two theorems that reveal the structure of the neighborhoods of zero. The closed convex hull W of
a subset of an FK-space F is denoted by W.

Theorem 4. Let p and q be continuous seminorms on FK- spaces E and F, respectively. If U = {x € |
plx)<1}yandV ={y € F|q(y) <1}, then {w € EQF | p® q(w) < 1} is the closed convex hull of U - V.

Proof. Let w be in the closed convex hull of U - V. Then for each n = 1,2,..., there exists a w™ in
the convex hull of U - V' such that w™ — w (as n — o0). For each n, w™ is a convex linear combination

of U - V. That is, we can find 0 < \,; < 1 and u™ € U, v™ € V such that, Z;VZ(?) Anj = 1 and w" =

Z;VZ(?) Apju™ ™. Then p@g(w™) < > Anjp(u™)g(v™) < > Anj = 1. Thus pRg(w) = lim,, pRg(w") < 1.
L .

Conversely, suppose p ® q(w) < 1. Let w" = *=w. There exists a representation w" =}, .y
in E®F such that > p(x™)q(y™) < 1. Let {r,} be increasing generating seminorms of E®F. Consider

the truncations t" = Z;V:(?) x™ -y where N(n) are chosen so that r,(t" — w") < 1/n and let o, =

SN p(am)q(y™). If we let u™ = (/o /p(a™))a™, v = (y/an/q(y™))y™ and An; = p(x"?)q(y"™) /o,

then t" = Z;V:(f) Apnju™ - v™ is a convex linear combination of U - V. Also t" converges to w since for each
m and for all n > m we have 7, (t" — w) < rp,(t" — w") + rp(W” —w) < (1/n) + (1/n)rm(w), which tends

to 0 as n tends to co. Hence w is in the closed convex hull of U - V. 1

nj

The following theorem is an easy consequence of the above. The proof is omitted.

Theorem 5. Let E and F be FK-spaces and let {U} and {V'} be 0-neighborhood bases of E and F,
respectively. Then {U - V'} is a 0-neighborhood base of EQF .

4. FK-products and multipliers. Here we consider results that relate multiplier spaces and FK-
products. For FK-spaces E and F', the multiplier space from E to F' is defined by

(E—-F)={ycw|z-yeF forall ze€FE}.

Let T be a row finite infinite matrix with columns converging to 1. If the summability field of T

is e = {z € wl|lim,.e >, tnees exists} and the boundedness domain of T is mp =
{z € w]|sup, |> ) taxrr| < oo}, we define the Br- and yp-duals of E by EFT = (E — cr) and
E"™ = (E — myp). We say that an element x of an FK-space E has the property TK if the sequences
t"r = (tn121,...,thkTk,-..) belong to E and converge to x (as n — oo) in the topology of E. If for some

z € w and all continuous linear functionals f on E, f(t"x) converges, we say that x has the property FTK
in F and if the set {t”x} > 1 is a bounded subset of E, we say that x has the property TB. The sequence
x need not belong to E for FTK and TB. The properties TK, FTK, and TB and their relationship to G-
and yp-duality are considered in [1] and [4].

The set of all x € E with the property TK is denoted by Er, the set of all z € w with the property
FTK is denoted by Frrx and the set of all x € w with the property TB is denoted by Erg. If E = Erg
(respectively, F C Frrg, E C ETp) we say that E is a TK-space (respectively, FTK-space, TB- space).

If T is the matrix with 1 on and below the diagonal and 0 elsewhere, the properties TK, FTK, and TB
correspond to AK, FAK, and AB considered in [2]. If T' is the matrix with ¢, = 1— % for k <mandO0
elsewhere, we get the properties 0 K, Fo K and 0B of [2]. The properties TK, FTK, and TB thus unify and
generalize properties considered in [2].



Theorem 6. (cf 4.1 and 4.2 of [2]). Let E and F be FK- spaces. If E is a TK-, FTK- or TB-space, then
s0 is EQF.

Proof. Suppose E = Erg. For each y € F, define f,(z) = x - y. The multiplier map f, is a special
case of a matrix map from the FK-space F into the FK-space E®F. Matrix maps between FK-spaces are
continuous [5]. Thus f, maps the convergent sequence t"z into a convergent sequence t"z -y = t"(x - y)
in E®F. This shows that £ - F C (E®F)rk. By an argument similar to the proof of Theorem 7 of [1],
(E@F)TK is an FK-space. By Theorem 3 above, E®F C (E@F)TK and hence EQF = (E@F)TK. The
proof is similar for the properties FTK and TB. 1

Remark. An FK-space E is a TK-space if and only if the space of finite sequences ¢ =
{z € w|xr = 0 except for finitely many k} is dense in E (the property AD) and F is a TB-space
[4]. Since the property AD is also inherited by the FK-product, the product E®F is a TK-space whenever
E has the property AD and F' is a TB-space.

Theorem 7. Let E and F be FK-spaces. If EQF is a TK-space, then the topological dual of EQF can be
identified with (E — FﬁT) in the sense that every continuous linear functional f on EQF can be represented

by

oo

f(z) = hmztnk fizw for some unique (fy) € (E — FﬂT).
k=1

In this case (E — FﬁT) = (E — F”T).

Proof. For an FK-space which is a TK-space, the 0p- and yp-duals are equal and can be identified with
the topological dual (Theorem 3.2 of [4]). If EQF is a TK-space, then (E®QF) = (EQF)’r = (EQF)T,
By 5.6 of [2], (E®F) — G) = (E — (F — @G)) for any FK space G. Thus (E®F) = (E — Ffr) =
(E—F). '

Theorem 8. (cf 5.4 and 5.6 of [2]). Let E and F be FK- spaces. If F C Fprk, then
(E — F*)’" = (E&F) pri.

If in addition FP7 is an FK-space, then
(E — Fprg) = (E&F°T)T.

The statement remains true if FTK is replaced by TB and Pr is replaced by ~r.

Proof. As in the above proof, by 5.6 of [2], we have (E — FA7) = (EQF)Pr. Thus (E — FBT)BT =
(E®F)Pr8r . By Theorem 6, EQF is an FTK- space. Thus by Theorem 4 of [1], we have (E®F)?r5r
(E®F)prk. Similarly, if FA7 is an FK-space, we have by Theorem 4 of 1], (E — Frrk) = (E — FPrhr

and by 5.6 of [2], (E — F#8r) = (E&F)’". The proof of TB and vz is similar.

-m|m —

5. FK-products of mixed norm spaces [”9. For 1 < p,q < oo the mized norm spaces P9 are
defined by

oo

Pi={zewllel, =0 ( D |7 <o),

n=0 271.Sk<2n+1
for ¢ = oo they are defined by

1
P ={zewl|zpe=sup( Y |zx")7 <oo},
" ongp<ontl

and for p = oo they are defined by

1
120 = {z € w| [lzlq = (3 sup |a)?)s <oo}.
n—0 2n§k<2n+1
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These spaces were introduced by Kellogg [3]. The spaces 79, under the norms || - |,,4, are BK-spaces that
lie between [P and 9. Since (PP = [P, mixed norm spaces include the [P spaces.

A sequence space F is said to be solid if x € E and |y| < |xg| for all k, implies y € E. Clearly the
mixed norm spaces (P>? are solid. Also it follows from our definition of the FK-product that the FK-product
of solid FK-space and any other FK-space is again solid.

For each sequence z € w, we define s"x = (x1, z2,...,2,,0,0,...). For each FK-space E, we define, as

in section 4,

Eap ={x €w|{s"z} is a bounded subset of F }

and we say that F is an AB-space if E C Fap. F is AB-perfect if E = Eap. Clearly the mixed norm
spaces [P7 are AB-perfect for all 1 < p,q < co. By Theorem 4.1 of [2] or Theorem 6, the FK-product of
AB-spaces is an AB-space. In the next section we show that the FK-product of AB- perfect spaces need not
be AB-perfect.

We define Exx = {x € E | lim, s"x = = with respect to the topology of E }.We say that E is an
AK-space if E = E,i. Clearly the mixed norm spaces [P are AK-spaces for 1 < g < oo but (IP*®)ax =
{7 €w | limy oo D gncpegnt [zk|P =0}

Theorem 9. (IP®1"%) g = I*“", where u = max(1, ) and v = max(1, 1) with the convention aa—fb =a

whenever b = co.

Proof. Let E be an FK-spaces. By Theorem 4 of [1], E is an AB-space if and only if Eap = (E")7,
where the y-dual is defined by E7 = {y € w | sup, | > p 2xyk| < oo for all x € E}. It can easily be
shown that if F is solid, then E? = E®, where the a-dual is defined by E“ = {y € w | >0 |zpys| < o0
for all z € E}. Thus (IPIQ1™%) ap = ((IP9®17°)7)Y = ((IP1R1*)*)*. By Theorem 5.6 of [2], (ERF)* =
(E — F). Thus (IP®1"%)ap = ("7 — (I"*)*)*. Kellogg ([3], Theorem 1) gave the characterization

({vvt2 — [U1v2) = [WLW2 - where wi = vi - ui if w; > v; and w; = oo if w; < v, (i = 1,2). Thus
(") = (I"% — 1Y) = (I"® — %) = "' where / denotes the conjugate exponent. Hence (1”4 —
(Im5)) = (19 — 7)o = ([v')e = [w where L=4_ % if p>r and v = oo if p <7/, and where
%:S%féifq>s’andv’:ooifq§s’. Itfollowsthatu:Z%ifp>r’andu:lifp§r’. But p’f:r > 1
if and only if p > 7/. Thus v = max(1, plj:r). Similarly v = max(1, q‘fs). I

Theorem 10. If ¢ and s are not both infinite, then [P9®1™* is an AK-space which is AB-perfect and

[PAR™S = ["“V where u and v are defined as in Theorem 9.

Proof. If either ¢ or s is finite, then either I or I"* is an AK-space. Then (IP9®I"*) is an AK-space
by 4.1 of [2] or Theorem 6. Then also, with u and v as in Theorem 9,v is finite and (IP9&1"%) op = I“¥ =
(") ak = ((IP®I™*) ap) ak = (PIRI™) axc = IPIRI™S. 1

An example where both g and s are infinite is considered in the next section.

6. The FK-product of AB-perfect spaces need not be AB-perfect. In 1977, G. Goes
conjectured that the FK-product of AB-perfect spaces is AB-perfect. The various examples of FK-products
given in [2] support this conjecture. If E and F are AB-perfect FK-spaces, then E®F C (E@F )ap. However,

the following shows that the inclusion can be strict, even if E and F' are solid BK-spaces.
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Theorem 11. [M®®M>* S (IM>°&1H>) 4p = 1V,

Proof. The equality follows from Theorem 9. Define the subspace F' = {z € [1°° | lim,, % = 0, where
N, is the number of nonzero zj, for 2" < k < 2"*1} and let G be the closure of F in [1*°. G is a BK-space
under the norm of {*>* and it contains all of the sequences with only a finite number of nonzero entries. We
show that G is a proper subspace of 1> which contains [1>°&[%.

G is a proper subspace of [1:°°: Consider the sequence d = (dj), where dp = 27" whenever 2" < k <
27F1. Clearly d € 11*° since ||d||1,0 = 1. But d ¢ G since for every x € F, we have

ld — 21,00 = sup Z 27" — x| > sup Z 27"

2n<fk<2ntl T gncpeantl
N, N,
=sup2 (2" — N,,) = sup(1l — 2—:) > nlinéo(l — 2—:) =1.

LRI ¢ G: We show [ . [1® © @ and use Theorem 3. Let z,y € [M>® and let € > 0. If y = 0,
then z -y € G. Otherwise construct ' by defining, for all n and 2" < k < 2" *1,

if || > o
zp  if lzg| > ————
), = { 2"|yll1,00
0 otherwise
Clearly N
en en n
00 > |[#][1,00 = [|2”[|1,00 = sUP s =sup(——)(5.)
= SR P DU ekt R
m;#ﬂ

where NV, is the number of nonzero entries of =’ in 2" < k < 2"+, This inequality shows that gT — 0 as

n — oo. Hence 2’ € F. Since F is solid and |z}.yx| < |2}| - |y]l1,00, We have also 2’ - y € F. Further

2y =2 yllioo =sup D> |zkye — iyl =suwp D> |wwykl

2n<k<2n+1 n 2n§k<2n+1
- z! =0
k
en n
gsupW E \yk|§esup2—n<e
n Yll1,00 on<<antl n

Thus, we have found an element z’ - y € F arbitrarily close to z - y. Since G is the closure of F, it follows
that z -y € G. Hence (V> - [ ¢ G. By Theorem 3, [»*°&[H>® C G. 1
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