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University of Michigan problems
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Area bounded by curves
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1. Find the area of the region enclosed by the parabola y = 2 – x2 and the line y = -x.
2. Find the area of the region in the first quadrant bounded above by y = x1/2 and below by the x-axis and the line y = x – 2.
3. Repeat exercise (2) above, but this time integrate with respect to y.
4. Find the area of the crescent-shaped region in the first quadrant that is bounded by y = x13 and y = x15.
5. Find the area of the region bounded by y = 7 – 2x2 and y = x2 + 4.  
6. Find the area of the region enclosed by y = x4 – 4x2 + 4 and y = x2.
7. Find the area of the region enclosed by y = x4 – 4x2 + 4 and y = x2.
8. Find the area of the region enclosed by y = x(a2 – x2)1/2 , where a > 0, and y = 0.
9.  Find the area of the region enclosed by y = (|x|)1/2 and 5y = x + 6.
10.   Find the area of the region enclosed by x = y3 – y2 and x = 2y.
11.   Find the area of the region bounded by 4x2 + y = 4 and x4 – y = 1.
12.   Find the area of the region enclosed by y = 2 sin x and y = sin (2x), 0 ≤ x ≤ .
13.   Find the area of the region enclosed by y = cos( x/2) and y = 1 – x2.  
14.   Find the area of the region enclosed by y = sin( x/2) and y = x.
15.   Find the area of the “triangular” region in the first quadrant that is bounded above by the curve y = e2x, below by the curve y = ex, and on the right by the line x = ln 3.

Differentiating Integrals

Differentiate with respect to x each of the following integrals using the FTC and Leibniz’s Formula:













Using integrals to approximate Riemann SUms

Evaluate each of the following limits:
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The nicest child I ever knew 
Was Charles Augustus Fortescue.
He never lost his cap, or tore
His stockings or his pinafore:
In eating Bread, he made no Crumbs,
He was extremely fond of sums.

                                        -  Hilaire Belloc, Cautionary Tales (1907)
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9. (8 points) Last year  local entomologist studied the birth and death rate of mosquitos in the
Aun Arbor area during the month of May: His research yielded the ollowing graph.

v

) A to

(a) Whic of the labelled times t, through t s the time when there were the largest mumber of
‘mosquitas in Aun Arbar during May?

(b) Which of the labelled times £, through £ is tho tme when the quantity of mosquitos i Ann
Arbor was increasing most rapidly during May?

(€) Skotch  possible geaph of the number of mosquitos alive during the month of May on the
aces below. Make sure to clearly indicate any micima, minima, o inflection poinis.

v
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2. [15 points] There were 3 trillion trees in the world in the year 2000.

 Since the year 2000, a group of environmentalists have rocorded the mumber of tres lost
in the world due to natural causes or due to human activitcs. Let C(t) be the rate at
which the mumber o trees decteases due o any of these causcs, ¢ years afte the year
2000, in trillons of trees per year.

At the same time, some governments and other organizations plant new trees o incresse
the mumber of trees in the world. The gronp s also measuring the rate P() at which
the trees are being planted, £ yoars afte the year 2000, in trillons of trees per year.

Theonghout this question, you may assume that the Functions C(¢) and P(t) descibe the.
only changes to the muber of rees in the world.

. [7 points] In pass (1) and (i) below, give & mathematical expresson that may invole
C(0). P(t). thei derivatives, and /o definite integeas.

() Find an expression for the total mumber of tres i the workd (in trillions) n the.
year 2005,

Answer:
() Find an expression for the average rate at which tho trees wero being planted (in
rillions of tres per year) between the years 2002 and 2000.

.1 pnt] Wit practical interpretation o the statsnnt. | ()t =005, Your
‘answer maust be a complete semtence.
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312 points] Tho fanction (1) s the volumo of water in tho town water tank, in thousands of
allon,  hours after 8 AN A graph of 5/(), the derivative of (). is shown below. Note
(it 0 i iecewis iear unction.

. 1 points] Weito an integral which represents tho avorage rat of change, in thousands of
gallons per hons, o the volusse of water n the tank between 9 AL and 1 PM. Compute

the exact value o this integrl,

b [2 points] At what time does the tank have the most water in it? At what time docs it
have the least wates?

Answer: The tank has the most wter in it at

The tank hs the least water i it at
. [6 points] Supposo that () = 1. Skotch a detailed graph of g(t) an give both coordinates.
of the point on the graph at £ = 7
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8. {7 points] M. R. DeVark discovers that there s a lond humming sound emanating from &
trce in his backyard. The volumo of the sound at any point in the yard i a function of the
point's distance from the tr.

 Let V(z) be the rate of change (in decibels per meter) of the volume of the sound where
i the distance (in meters) rom the tee.

 Let K(t) be the distance, in meter, of M. DeVark from the tre ¢ seconds after be first
notices the sound.

Assume that K is invertiblo and that V. K. and K~! are difientiable

AT
i the context of this problem. Remember fo use a complete scitence and include wnits.

b [2 points] Which one of the following cxpressions represents the nstantancons rate of
‘chango (in decibels per second) of the volume at which M. DoVark hears tho sound 30
scconds after e fist notices the sound? Circle the one best answer.

Vi) Vi) [
Ve Vi) VK0

::’,::J;, VIKE)KED) V0K (0)
VI ) VKGR 0) VIR (30K (30)
VIK'30) VK'(30)K'(30) VIR (30)K(30)

. [2 points] Which of the following i the best interpretation o the cquation

(K1Y(15) = ~2? Circle the one best answer.

. Between 15 and 15.5 scconds after Mr. DeVark noties the bumming sound, he
moves abont 1 meter closer to the tree.

i Tt takes about 1 second for Mr. DeVark to go from being 15 meters away from the.
tree to 145 meters away from the tree

il The volume o tho humming sound is sbout 1 decibel lower at & point 155 meters.
from the tree than it i at a point 15 meters from the tree.

v, When Mr. DoVark is 15 moters away from the tree, it is about 2 soconds bofore he
notices the lnmming sound

. The volume of the lnumning sound Mr. DeVark hears is about 1 decibel lowes 15
scconds aftes e st noties it than 0.5 seconds later.

i When Mr. DeVark is 15 meters away from the tree, he moves about 2 meters
closer to the tree in the next second.
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