Relations & partitions

25 march 2019

I  Let R be a relation on a set X.  Write the negation or each of the following:
R is reflexive
R is symmetric
R is transitive
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2.   For a, b ∈ Z define a R b to mean that a divides b. (a) Prove or disprove that R is reflexive. (b) Prove or disprove that R is symmetric. (c) Prove or disprove that R is transitive.

3.  For A, B ∈ P(Z) define A R B to mean that A  B = ∅. (a) Prove or disprove that R is reflexive. (b) Prove or disprove that R is symmetric. R Prove or disprove that R is transitive.

4. For x, y ∈ R define x R y to mean that x − y ∈ Z. Prove that R is an equivalence relation on R

5,  For (a, b), (c, d) ∈ R2 define (a, b) R (c, d) to mean that 2a − b = 2c − d. Prove that R is an equivalence relation on R2.

State and prove the partition theorem.

6. . For a, b ∈ R define a R b to mean that ab = 0. Prove or disprove each of the following: (a) The relation R is reflexive. (b) The relation R is symmetric. (c) The relation R is transitive. 

6.  For a, b ∈ R define a R b to mean that ab  0. Prove or disprove each of the following: (a) The relation R is reflexive. (b) The relation R is symmetric. (c) The relation R is transitive. 

For a, b ∈ R define a R b to mean that | a − b | < 5. Prove or disprove each of the following: (a) The relation R is reflexive. (b) The relation R is symmetric. (c) The relation R is transitive. 

7.   Define a function f : R → R by f(x) = x2 + 1. For a, b ∈ R define a R b to mean that f(a) = f(b). (a) Prove that R is an equivalence relation on R. (b) List all elements in the set { x ∈ R | x R 3 }. 

8.   For points (a, b), (c, d) ∈ R2 define (a, b) R (c, d) to mean that a2 + b2 = c2 + d2. (a) Prove that R is an equivalence relation on R2. (b) List all elements in the set { (x, y) ∈ R2 |(x, y) R (0, 0) }. (c) List five distinct elements in the set { (x, y) ∈ R2 |(x, y) R (1, 0) }. 

9.  Let W be the set of all words in the 2019 edition of the Oxford English dictionary.  Define xRy if x and y begin with the same letter.

10.   Let W be the set of all words in the 2019 edition of the Oxford English dictionary.  Define xRy if x and y have at least one letter in common.

11.  Let W be the set of all words in the 2019 edition of the Oxford English dictionary.  Define xRy to signify that word x comes before the word y alphabetically.

12.  The following purports to prove that the reflexivity condition is unnecessary, that is, it can be derived from symmetry and transitivity: What's wrong with the following argument?
Suppose a∼b is an equivalence relation. By symmetry, b∼a. Since a∼b and b∼a, by transitivity, a∼a. Therefore, ∼ is reflexive



To some extent the beauty of number theory seems to be related to the contradiction between the simplicity of the integers and the complicated structure of the primes, their building blocks. This has always attracted people. 
                             - A. Knauf, Number theory, dynamical systems and statistical mechanics
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