
Class discussion:   24 April 2019 
 

StokeS’ Theorem  

 
Odysseus caught between Scylla and Charybdis 

1. (a)  Explore Stokes’ Theorem.  

∬ 𝑐𝑢𝑟𝑙 𝑭 ∙ 𝑑𝑺

𝑆

= ∫ 𝑭 ∙ 𝑑𝒓

𝜕𝑆

 

 

(b)  Show that Green’s Theorem is a special case of Stokes’ Theorem.  

(c)   Explain why the integration of the circulation density over a surface depends 

only upon the boundary of the surface.  

  

2.     Let W be a solid region in space and let S = W. Assume that F(x, y, z) is a 

vector field. Using Stokes’ Theorem, explain why 

 ∬ 𝑐𝑢𝑟𝑙 𝑭 ∙ 𝑑𝑺
𝑆

= 0 

Show that this is an intuitive way of understanding why div(curl F) = 0. 

3. Let F(x, y, z) = -3x i + 3x j.  Use Stokes’ Theorem to find ∮ 𝑭 ∙
𝐶

𝑑𝒓  where C is: 

(a) a circle parallel to the yz-plane of radius r, centered at a point on the x-axis, with either orientation. 



(b)  a circle parallel to the xy-plane of radius r, centered at a point on the z-axis, oriented counterclockwise as 

viewed from a point on the z-axis above the circle. 

 

4.     Let the vector field F(x, y, z) = z3y i + (2x + z3x) j + (x2 + 3z2xy) k.  

(a)   Show that curl F = -2x i + 2 k. 

(b)   Using your result from (a), evaluate the line integral of F over the curve C, the circle in the xy-plane of radius 2 

centered at the origin, oriented in a counter-clockwise direction when viewed from above.  

(c)   Without any computation, explain why the answer in part (b) is also equal to the flux integral of  curl F  over the 

lower hemisphere of radius 2 centered at the origin, oriented inward.  

   

5.   True or False?  If curl F = 0 everywhere in 3-space, then by Stokes' Theorem, the line integral of F over C is equal to 

0, where C is the curve y = x2, for 0  x  2.  

 

6.     Let F be a vector field.  We say that a vector field G is a vector potential for F if F = curl G.  We also call such an F 

a curl field. 

(a)  True/False?   By Stokes’ Theorem, the flux of a curl field through a surface depends only upon the boundary of 

the surface. 

(b)   Let F(x, y, z) = (8yz – z) j + (3 – 4z2) k. Show that G(x, y, z) = = 4yz2 i + 3x j + xz k is a vector potential for F.   

(c)  Using the vector field defined in part (b), evaluate    ∬ 𝑭 ∙ 𝒏 𝑑𝑆
𝑆

 where S is the upper hemisphere (x2 + y2 

+ z2 = 25, z  0), oriented upward.   

 

7.   (Hughes-Hallett)   Water in a bathtub has a velocity vector field near the drain given, for x, y, z in cm, by 
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(a)  The drain in the bathtub is a disk in the xy-plane with center at the origin and radius 1 cm.   Find the rate at which 

the water is leaving the bathtub (i.e., the rate at which water is flowing through the disk).   

Include units in your answer. 

(b)  Find div V. 



(c)   Find the flux of the water through the hemisphere of radius 1, centered at the origin, lying below the xy-plane 

and oriented downward. 

(d)   Let the vector field G(x, y, z) be defined by: 
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Calculate  ∫ 𝑮 ∙ 𝑑𝒓  
𝐶

where C is the edge of the drain, oriented clockwise when viewed from above. 

(e)    Calculate curl G. 

(f)   Explain why your answer to parts (c) and (d) are equal. 

8.  (Hughes-Hallett)    Let F(x, y, z) = -z j + y k and let C be the circle of radius r in the yz-plane oriented clockwise as 

viewed from the positive x-axis, and let S be the disk in the yz-plane enclosed by C, oriented in the positive x-

direction.    

(a)  Evaluate directly  ∫ 𝑭 ∙ 𝑑𝒓
𝐶

 

(b)  Evaluate directly:  ∬ 𝑐𝑢𝑟𝑙 𝑭 ∙ 𝑑𝑺.
𝑆

 

(c)  The answers to parts (a) and (b) are not equal.  Explain why this does not contradict Stokes’ Theorem.   

 

9.    Assume that curl F = (xyz) i + (ay2 z + 2byz) j + z2 k, where a and b are constants.  Is it possible to determine the 

values of a and b without knowing the expression F?  

 

10.    (Thomas) Let F(x, y, z) = x2 i + 2x j + z2 k and let C be the ellipse 4x2 + y2 = 4 in the xy-plane, counterclockwise 

when viewed from above.  Use the surface integral in Stokes’ Theorem to calculate the circulation of F around C. 

 

11.   Let F(x, y, z) = 2y i + 3x j – z2 k and let C be the circle x2 + y2 = 9 in the xy-plane, counterclockwise when viewed 

from above.  Use the surface integral in Stokes’ Theorem to calculate the circulation of F around C. 
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12.   Let F(x, y, z) = y i + xz j + x2 k and let C be the boundary of the triangle cut from the plane x + y + z = 1 by the first 

octant, counterclockwise when viewed from above.  Use the surface integral in Stokes’ Theorem to calculate the 

circulation of F around C. 

 

13.  Let F(x, y, z) = (y2 + z2) i + (x2 + z2)  j + (x2 + y2)  k and let C be the boundary of the triangle cut from the plane x + y 

+ z = 1 by the first octant, counterclockwise when viewed from above.  Use the surface integral in Stokes’ 

Theorem to calculate the circulation of F around C. 

 

14.  (Marsden)   Use Stokes’ Theorem to evaluate the line integral 

dzzdyxdxy
C

333 
 

where C is the intersection of the cylinder x2 + y2 = 1, z ≥ 0, and the plane x + y + z = 1 and the orientation of C 

corresponds to counterclockwise motion in the xy-plane. 

 

15. (Marsden)  Let S be any smooth surface with boundary x2 + y2 = 1 in the z = 5 plane, where the induced orientation on 

the boundary is in the clockwise direction when viewed from above.  

 Let F(x, y, z) = y i – x j + exz  k.   Evaluate   ∬ (𝛁 × 𝑭) ∙ 𝑑𝑺.  
𝑆

  : 

 
 

 

I am almost inclined to coin a word and call the appearance fluorescence, from fluor-spar, as the analogous 

term opalescence is derived from the name of a mineral. 

 

- Sir George Gabriel Stokes 

Exercises (Stewart) 



 

 

 



 



 



 

 

 

 

 


