Class discussion:   20 February 2019
Gradient; directional derivative
1. Review:  (Stewart)  [image: ] 
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 [image: ]

2. The second special case of the chain rule:
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3. Using the Chain Rule, find dw/dt where 
w(x,y,z) = x/z + y/z,  x(t) = cos2 t, y(t) = sin2 t, z(t) = 1/t,  t = 3. 


Directional derivatives
[image: ] [image: ]
4. What is the geometric meaning of the gradient for a function f(x, y)?  for a function f(x, y, z)?
5.  Derive a formula for the directional derivative.

6. Using the gradient, find an equation for the tangent to the ellipse x2/4 + y2 = 2 at the point (-2, 1).
7. Let z = arc tan (y/x) + 31/2 arc sin(xy/2).  Find the directional derivative of z at P = (1, 1) in the direction of the vector u = 3i – 2 j.
8. Let z = x2 – xy + y2 – y.   Find the directions u and the values of Duf(1,-1) for which Duf(1,-1):
(a)  is largest      (b)  is smallest             (c)  = 0          (d)  = -3              (e)   = 4
9. Find the gradient of f(x, y, z) = 1/(x2 + y2 + z2).  What does this represent geometrically?
10. Find the tangent plane and normal to the hyperboloid x2 + y2 – z2 = 18 at the point Q = (3, 5, -4)
[image: ] [image: ]
11.  Charlotte the spider finds herself in a toxic environment.  The toxicity level is give by T(x, y) = 5y2 – xy – 3x3.   If she is located at the point (1, -2), in which direction should Charlotte move to lower the toxicity level most quickly? 

12. Prove each of the following identities:
(a)    (f + g) = f + g
(b)   (cf) = cf  where c is a constant
(c)    (fg) = f g + g f


Being admitted at the gate of Purgatory, our Poets ascend a winding path up the rock, till they reach an open and level space that extends each way round the mountain. On the side that rises, and which is of white marble, are seen artfully engraven many stories of humility, which whilst they are contemplating, there approach the souls of those who expiate the sin of pride, and who are bent down beneath the weight of heavy stones.
-   Dante Alighieri (1265–1321), Purgatory, Canto X, The Divine Comedy
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38. The radius of a right circular cone is increasing at a rate of 1.§ in/s while its height is
decreasing at a rate of 2.5 in/s. At what rate is the volume of the cone changing when the
radius is 120 in. and the height is 140 in.

39. The length £, width w, and height h of a box change with time. At a certain instant the
dimensions are £= 1 mandw = h = 2m, and £ and w are increasing at a rate of 2 m/s while
his decreasing at a rate of 3 m/s. At that instant find the rates at which the following
quantities are changing.

2. The volume

[Answer 4]

b. The surface area

[Answer 4]
<. The length of a diagonal

[Answer 4]

40. The voltage V in a simple electrical circuit is slowly decreasing as the battery wears out.
‘The resistance R is slowly increasing as the resistor heats up. Use Ohm’s Law, V = IR, to
find how the current I is changing at the moment when R = 400 2, I = 0.08 A,
aV/dt = ~0.01V/s, and dR/dt = 0.03 0/s.

41. The pressure of 1 mole of an ideal gas is increasing at a rate of 0.05kPa/s and the
temperature is increasing at a rate of 0.15 K/. Use the equation PV = 8.31T in Example 2 to
find the rate of change of the volume when the pressure is 20 kPa and the temperature is
320K,
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Suppose that z = f (=, ) is a differentiable function of z and y, where z = g (s, ¢) and
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7,8, 9,10, 11and 12 Use the Chain Rule to find 0z/ds and dz/dt.

(= +17), z=slnt,y = te*
o z=In(3+2),z=ssint,y=tcoss

[Answer 4]

10. 2= /Ee™, 2 =1+4st,y =52 88
e cosb,r=st,6=VaTF T

[Answer 4]

n

12. 2= tan (u/v), u=2s+3t, v =38 - 2t
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13. Let p(t) = £ (9(t), h(t), where f is differentiable, 9(2) =4, ¢' (2) = -3, h(2) =5, ¥ (2) =6,
f2 (4,5) =2, f; (4,5) =8.Find ¢/ (2).
(nswer®)

14. Let R (s, ) = G (u (s, ), v (s, 1)), where G, , and v are differentiable, u (1,2) = 5, us (1,2) = 4,
e (1,2) = =3,0(1,2) =7, v, (1,2) = 2, v (1,2) = 6, Gu (5,7) =9, G, (5,7) = —2. Find R, (1,2)
and R (1,2).

15. Suppose f is a differentiable function of # and y, and g (x, v) = f (e* + sin v, e* + cosv). Use
the table of values to calculate g, (0, 0) and g, (0, 0).

f 9 fx fy
00 | 3 HIERE

,2) 6 3 2 5

[inswor 3]
16. Suppose f is a differentiable function of z and y, and g(r, s) = f (2r — 3, s? - 4r). Use the
table of values in Exercise IS to calculate g, (1, 2) and g, (1, 2).
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Directional derivative on a mountain
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The pressure P (in kilopascals), volume V (in liters), and temperature T (in kelvins) of a mole of
an ideal gas are related by the equation PV = 8.31T. Find the rate at which the pressure is
changing when the temperature is 300 K and increasing at a rate of 0.1 K/s and the volume is
100 L and increasing at a rate of 0.2 L/s.
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35. The temperature at a point (z, y) is T (z, ), measured in degrees Celsius. A bug crawls so
that its position after ¢ seconds s given by & = vIF £,y =2+ %:, where z and y are
‘measured in centimeters. The temperature function satisfies Ty (2,3) = 4and T, (2,3) =
How fast is the temperature rising on the bug’s path after 3 seconds?

(nswer 4)
36. Wheat production W in a given year depends on the average temperature T and the annual
rainfall R. Scientists estimate that the average temperature is rising at a rate of 0.15°C/year
and rainfall is decreasing at a rate of 0.1 cm/year. They also estimate that at current
‘production levels, W /0T = 2 and 6W/0R =

2 What is the significance of the signs of these partial derivatives?

b. Estimate the current rate of change of wheat production, dW /dt.
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