CLASS DISCUSSION: 20 MARCH 2019
DOUBLE INTEGRALS IN POLAR COORDINATES
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VERNAL EQUINOX

Review:
1. Using a double integral, find the area of an ellipse with semi-axes of length a and b.
2. Compute the volume of each of the following regions:
(@) Beneath the saddle z = xy and above the unit square [0, 1]x[0, 1]
(b) Beneath the paraboloid z = x? + y2 and above the rectangle [-1, 1]x[0, 1]
3. Compute the average temperature over the given plate:

(@ T(x,y)=xsiny; R =region enclosed by the curvesy =0,y =x? and x =1
(b) T(x,y)=y/(1+x?; R=[0,n]x[0, 2n]
() Ty =ylnx-5 R=[1,e]x[1/e, 1]

4. Find the mass of each of the following metallic sheets given the density function:

(@ 8(x,y) =xe*glem? R =][0,2]x[0, 9]
(b) 8(x,y) =xsin?y Ib/ft?; R =1, 3]x[1, 9]

5. Evaluate each of the following double integrals over the given region. Begin by sketching
the region of integration. Identify whether the region is x-simple, y-simple, or neither.

(a) ﬂxll—xsz, R={(x,y):0<x<10<y<x}
(b) ”(x3+2y)dA, R={(x,y):0<x<2, x*<y<2x}

(c) ”xydA, R={(x,y):-1<x<2, —x*<y<1+x°}



(d) ﬂ(1+2x+2y)dA, R={(x,y):0<y<l y<x<2y}

6. Evaluate each of the following iterated integrals by reversing the order of integration.
(The first step is to identify the region of integration!)
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Challenge Problems [Caltech]

A
(10 Points)Section 5.4, Exercise 2(a). Find
1 1
[ f (x+ y]?drdy.
B -1.Jyl
(10 Points)Section 5.3, Exercise 2(a). Fvaluaie and sketch the region of
integration
L
f f [1'2 + y)dx dy.
-3.J0
C.

(10 Points)Section 5.4, Exercise 8. Compute ithe double infegral

f ff) flr.y)dA

flz,y) =*VE

and IV is the set of (z,y) where z = 0,y = 2, and y < 10 — 22,

where

POLAR COORDINATES:

I Convert each of the following double integrals into a double integral in polar coordinates
and evaluate. In each case, sketch the region of integration in the xy-plane as well as in the r(J-

plane.
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I1 Compute the integral of f(x,y)= - over the region R of the plane defined

I
(x2 + y2)3

by 1 <R <2 and 0 < 6 < n/4. Sketch the region.

111 Alphaville is located on the coast and surrounds a bay as shown below:
y(km)

ocean

x (km)
bay

The population density of Alphaville (in thousands of people per square km) is 5(r, 6) where r and &
are the polar coordinates and distance, measured in km.

(a) Write an iterated integral in polar coordinates that expresses the total population of
Alphaville.

(b) The population density decreases the farther you live from the shoreline of the bay; it also
decreases the farther you live from the ocean. Which of the functions below best describes
this situation:

Q) d(r,0) = (4—r) (2 +cos )
@) o(r,0)=(4-r)(2+sin0)
@iii) d(r,0)= (4+r)(2+cos0)

(c) Using your choice of density from part (b), calculate the population of Alphaville.

IV An ice-cream cone can be modeled by the region bounded by the hemisphere

7=,/8-x—y?
Z=4x*+y?

Distance is measured in inches. Find the volume of the “ice-cream cone”.

and the cone

V Let R be the unit disk, centered at the origin. Calculate ﬂsin(xz + yz)dA

R



VI A disk of radius 7 cm has density 11 gm/cm? at its center, density 0 at its edge, and its density is

a linear function of the distance from the center. Find the mass of the disk.

3 1
VIl Consider the integral j j f(x,y) dydx.
0 x/3

(a) Sketch the region over which the integration is defined.
(b) Rewrite the integral with the order of integration reversed.
(c) Rewrite the integral in polar coordinates.

PolarPlot[Exp[Cos[0]] — 2 Cos[4 0] + Sin[6 /12]°, {0, 0, 2rt}]
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