
Class discussion    27 March 2019 

cylindrical & spherical change of variables 

 
I   Coordinate Systems 

Cylindrical Coordinates    

 
 

Spherical Coordinates 

 

 



1. (a)    Find and plot the cylindrical coordinates of (6, 6, 8). 

(b)   If a point has cylindrical coordinates (8, 2/3, -3), what are its Cartesian 

coordinates? 

 

2. Describe the surfaces r = constant,  = constant, and z = constant in the cylindrical 

coordinate system. 

 

3. The following points are in cylindrical coordinates; express each in terms of 

rectangular coordinates:  (1, 45, 1),  (2, /2, -4), (0, 45, 10), (3, /6, 4), (1/ /6, 0), 

(2, 3/4, -2). 

 

4. (a)  Find the spherical coordinates of the Cartesian point (1, -1, 1). 

(b)  Find the Cartesian coordinates of the spherical coordinate point (3, /6, /4). 

(c)  Find the spherical coordinates of the point having rectangular 

coordinates (2, -3, 6). 

(d)   Find the Cartesian coordinates of the point having spherical coordinates 

(1, -/2, /4). 

5. Describe the surfaces = constant,  = constant, and  = constant in the spherical 

coordinate system. 

 

6. Change each of the following points from rectangular coordinates to spherical 

coordinates and to cylindrical coordinates:     

 (2, 1, -2), (0, 3, 4), ( ,2 1, 1), ( ,32 -2, 3) 

II   triple integrals in cylindrical and spherical coordinates 
 

Cylindrical:   volume element = r dr d dz 

 



Spherical:  volume element = 2 sin ddd

 
1. A wedge of cheese in the first octant is bounded by the cylinder x2 + y2 = 4, the xy-

plane, the plane z = 3, the xz-plane and the plane x = y.  Suppose that the density of 

the cheese is non-uniform and given by (x, y, z) = 2x + 2y + z  ounces/in3.   Find the 

total weight of the cheese. 

 

2. Evaluate the following integral where B is the solid region inside the cylinder 

x2 + y2 = 1 above the xy-plane and below the cone z = (x2 + y2)1/2.  


B

dzdydxz  

3.  Express as a triple integral using cylindrical coordinates the volume of a region R 

that is bounded below by the plane z = 0, on the side by the cylinder r = cos , and on 

top by the paraboloid z = 3r2. 

 

4.  Convert the following integral from Cartesian coordinates to cylindrical coordinates: 

dydxdzyx
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5. Using spherical coordinates, derive the formula for the volume of a ball of radius r 

centered at (0, 0, 0). 

 

6. Suppose that the density of the unit ball at (x, y, z) is given by (x, y, z) = 

exp((x2 + y2 + z2)3/2) gm/cm3.  Using spherical coordinates, express the 

total mass of the ball as a triple integral, and evaluate it.  



7. Evaluate the following triple integral where W is the solid bounded by the two 

spheres x2 + y2 + z2 = 1 and x2 + y2 + z2 = 4. 

 
W
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dzdydx
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8. Suppose that the temperature (in degrees Centigrade) at a point (x, y, z) in the region 

W consisting of a sphere centered at the origin of radius 4.  

T(x, y, z) = (x2 + y2 + z2)1/2 exp(-(x2 + y2 + z2)). 

Find the average temperature of the solid W. 

III  Stewart Problems: 

 

 



 

 



 

 



 

 

 



 

SphericalPlot3D[1 + 0.2Sin[8𝜃]Sin[4𝜙], {𝜃, 0,2Pi}, {𝜙, 0, Pi}] 

This “Bumpy Sphere” has been used to model tumors.   

Cf. Heat therapy for tumors: Applications of calculus to medicine  

(UMAP modules in undergraduate mathematics and its 

applications), Leah Edelstein-Keshet 

 

 

 

He is unworthy of the name of man who is ignorant that the diagonal of a square 

is incommensurate with its side. 

- Plato, quoted in Memorabilia Mathematica, by R. E. Moritz. 

 


