PRACTICE FINAL EXAM -D

THE MORE COMPLICATED THE MATH,
THE DUMBER YOU SOUND EXPLAINING T

GCTOKES' THEOREM? YEAHW, THAT'S
HOW \F YOU DRAW A LOOP AROUND
SOMETHING, YOU CAN TELL How mucH

SWIRLY \S W \T.

1) Use a line integral to evaluate the area of the region bounded by the x-axis and one arch of the
cycloid with parametric equation:

x=a(t-sint), y=a(—cost) where 0<t<2rx

2) Let C be the curve given by o(t) = 4t i + 3t sin(t3n/2) j — (1 — 4t%?) k, o<t<1.
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3) Evaluate the line integral szyz dx+Xx°z dy+x°y dz
c



4) Evaluate the surface integral II 2 dS \where Ris given by
R

®Uu,v)=(U+Vv)i+uj+U-Vv)K and 0<u<2 O<v<n.

5)  Acone-shaped laminaRis givenby Z=a (a—\/ x* + y2 ), 0<z<a®’. Ateach point on
S, the density is proportional to the distance between the point and the z-axis.
Sketch the cone-shaped lamina and find its mass.

kar

6) Find the flux over the sphere S centered at the origin with radius a, given that F (X’ Y, Z) - HrH3

wherer =X i1+y]J+zKk.

Assume that S is directed outward. (This results in Gauss’s Law, a basic principle of electrostatics.)
(Note: This vector field is not defined at the origin.)

7) LetR be the surface definedby Z =9 — X2 —y?, z>0. LetF(X,y,2)=(z—Yy) i+ (X—2)

J+ (X—Y) K. Verify Stokes’ Theorem.

8) LetV be the volume of a solid bounded by a closed surface R. Let F(x,y,z) =xi+yj+zk.

Why does Ijﬁﬁ dS=3v?
R

9)  Use the Divergence Theorem to evaluate the flux integral j_[ F-ndS given that F(x, vy, z) = xyz
R

j and R is the surface bounded by x? +y?=4,z=0,z=5.

10) Find the global max and min of f(X, y) = X% + 2y? — 2x + 3.
11) Maximize f (X, y) = (6 — X? — y?)¥/2 subject to the constraint X + Y — 2 = 0.
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12) Evaluate the double integral _”5()( +Yy ) dA where R is the region bounded by the square
R

with vertices (0, 0), (1, 1), (5, 0), (4, -1). Use the change of variables theorem:
X=%U+v),y=%(Uu-v)



13)  Using an appropriate change of variables, evaluate II\/(X —Y)(X+4Yy) dS where R is the
R
region bounded by the parallelogram with vertices (0, 1), (0, -1), (1, 0), (-1, 0).
14)

Evaluate the following double integral by first switching the order of integration:

e dx dy

O e

15) Let W be the region in 3-space satisfying X + y+z<1,x >0,y >0,z > 0. Find the
average value of g(x, y, z) =y on the region W.
16) Let G(X, Y, z) = (X?, -yz, Z — X2).
(@) Compute the divergence and curl of G.

(b) Show that G is neither the gradient of a function nor the curl of a vector field.

17) LetR be the region bounded by the square with vertices (0, 1), (1, 2), (2, 1) and (1, 0). We wish

to evaluate the following integral over the region R.

_[[(x +Yy)?sin®(x—y) dA,

(@ Consider the change of variablesU = X + Yy andv=x-— Y. Find the pre-image of R under

this transformation. (Sketch R in the xy-plane and the pre-image of R in the uv-plane.)
(b) Find the Jacobian of this transformation.

(c) Using the Change of Variables Theorem, evaluate the given integral.
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