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MATH 263            solutions: TEST II         15 March 2019

Instructions:   Answer any 8 of the 9 problems.  You may answer all 9 to obtain extra credit.

[image: ]
1. For each function below write the number of the contour diagram to which it corresponds.  (Hint: Begin by finding the critical points.)

(a)          Answers:  II
(b) 			VI
(c) 		V
(d) 			III
(e)     			IV
(f)    			  I




										(II)
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 (III)        									(IV)
[image: ]                                                                                [image: ]
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(V)							(VI)

2. Decide whether each point appears to be a local max, local min, or neither for the function f constrained by the loop in the figure below:
[image: ]
Answers:    P is a local min
Q is a local min
R is neither
S is a local max
3. [MIT]  (a)    Find any and all critical points of f(x, y) = -3x2 – 4xy – y2 – 12y + 16x.
Solution:  

Setting 

Solving this pair of linear equations, we have:  x = - 20 and y = 34. Thus (-20, 34) is the only critical point.
(b)   Classify each (and every) critical point.
Solution:  There is only one critical point:  Q = (-20, 34).
Using the second-derivative test, Q is a saddle point since:

(c)    Is there a global maximum of z = f(x, y) in the first quadrant, 
x ≥ 0, y ≥ 0?   If so, find it; if not explain why.
Solution:  
There is no critical point in the first quadrant, hence the maximum must be at infinity or on the boundary of the first quadrant.
The boundary is composed of two half-lines:
· x = 0 and y ≥ 0 on which w = -y2 – 12y.  (This graph is a concave down parabola.).  It has a maximum (w = 0) at y = 0.
· y = 0 and x ≥ 0, where w = -3x2 + 16x.  (This graph is a concave down parabola.). The function achieves a local maximum at   Hence w has a maximum at  where w = 
Now let us check that the maximum of w is not at infinity:
· 
· .
We conclude that the global maximum of w in the first quadrant is at 
4. The Oz Biochemical Company can manufacture z units of a vaccine by using x units of Chemical Alpha and y units of Chemical Beta, where z = 500 x0.6 y0.4.  Chemical Alpha costs $10 per unit and Chemical Beta costs $25 per unit.  With a daily budget of $2000, what is the maximum number of units of the vaccine that the Oz Biochemical Company can produce in one day?
Solution:  
Let the objective function be:  f(x, y) = 500x0.6y0.4 and the constraint function be: g(x, y) = 10x + 25y.   The constraint function is then g(x, y) = 10x + 25y.   So 10x + 25y = 2000 is the constraint equation.  Equivalently, 2x +5y = 2000
[image: ]
The Lagrange multiplier equation is:   f =   g.
Now  f = 300 x-0.4 y0.4 i + 200 x0.6 y-0.6 j  and  g = 10 i + 25 j.  Hence, 
300 x-0.4 y0.4 i + 200 x0.6 y-0.6j =  10 i + 25 jSo the three equations obtained are:
300 x-0.4 y0.4 = 10 
200 x0.6 y-0.6 = 25
2x + 5y = 400
Solving for  in the first two equations:     30 x-0.4 y0.4 = 8 x0.6 y-0.6 and so:  15 x-0.4 y0.4 = 4 x0.6 y-0.6.  
Simplifying:
15y = 4x.    Thus 400 =  2(15/4)y + 5y = (25/2)y, and so y = 32 and x = (15/4)y = 120
Judging from the level curves above, this must be the point on the constraint curve at which f achieves a global maximum.   Hence the maximum number of units of biofuel is f(120, 32) = 500(120)0.6(32)0.4 = 35,362 units per day.

5.   Let f(x, y) = ln(2x – y +1).
(a)  Compute the local linearization (that is, the tangent plane), T(x, y)  of  f at (0, 0).
Solution:  

Hence   Also note that f(0, 0) = 0.
Thus, T(x, y) = 2x – y 

(b)   Compute the quadratic Taylor polynomial, Q(x, y), for f at (0, 0).
Solution: 

Hence .
Now 

(c)   Revised:    Compare the values of f(0.1, -0.2) with those of T(0.1, -0.2) and Q(0.1, -0.2)
Solution:  f(0.1, -0.2) = 0.33647
T(0.1, -0.2)) = 0.4
Q(0.1, – 0.2)  = 0.4 – 2(0.01) + 2(-0.02)  – ½ (0.04) = 0.32.

6.  (a)     Find the directional derivative of the function f(x, y, z) = xyz + z2 at the point (1, 0, 1) in the direction of the vector   i –  k .
Solution:  The unit vector in the direction of  i – j  is

 at P = (1, 0, 1).
  

(b)    In which direction from the point (1, 0, 1) should one travel to decrease f(x, y, z) most rapidly?
Solution:   To decrease f(x, y, z) most rapidly, one should travel in the opposite direction as the gradient. 
That direction is   – i  – k.

(c)  [revised]  Find an equation of the tangent plane to the surface  f(x, y, z) = 10 at the point Q = (1, 1, 3).
Solution:    A normal to the tangent plane is the gradient of f at Q:   (3, 3, 7).
Hence the equation of  the tangent plane to the surface at Q is:
3(x – 1) + 3(y – 1) + 7(z – 3) = 0

7.  Suppose that the temperature of the point (x, y, z) in space is given by 
T(x, y, z) = x2 + y2 + z2.
Let a particle follow the right circular helix
r(t) = (cos t, sin t, t)
and let T(t) be its temperature in degrees Celsius at time t (minutes).
(a)  Find 
Solution:    T(t) = T(r(t))= cos2 t + sin2 t + t2 = 1 + t2.
Thus 
(b)   Find an approximate value for the temperature at  
Solution:    By a tangent line approximation, an approximate value is



8. OxFam International must decide how to spend a sum of 4,000 euros they have been allotted for famine relief in a remote area.  They expect to divide the money between buying rice at 5 euros per sack and beans at 10 euros per sack.  A mathematical model predicts that the number of people who would be fed if the region receives x bags of rice and y bags of beans is given by:


Find the maximum number of people who can be nourished and determine how the money should be divided between bags of rice and beans.

 Solution:  
Let g(x,y) = 5 x + 10 y.    Our constraints are:  g = 4000, x   0, y   0.
Note that P = 0 at the two endpoints of the line segment, so P will assume a global minimum on these points.
Now, P must assume a global extremum on the constraint curve.  At such a point:


Hence we obtain:


This of course simplifies to:


Thus:


from which we obtain:


This implies that x = 2y.  Substituting into the constraint equation:
5(2y) + 10y = 4000, yields:   x = 400 and y = 200.
Hence P is maximized when 400 sacks of rice and 200 sacks of beans are purchased.  The number of people who can be fed would then be P(400, 200)= 832.
9. [revised]  In a neighborhood clinic, the number of patient visits, N, per month can be modeled by a function of the number of doctors, x, and the number of nurses, y, according to the formula:
N(x, y) = 1000x0.6y0.3.
With the aid of a generous grant from the Oz Foundation, the clinic will increase the number of doctors at the rate of 3 per month.  Estimate the rate at which the number of nurses must be increased in order to allow an increase in patient visits of 1700 patients per month.  Currently, there are 31 doctors and 60 nurses. (Hint: Use the chain rule.)
Solution: 
 To increase the current service by 1700 patients/month means dN/dt = 1700.
We are given that dx/dt = 3 and must find dy/dt.  Invoking the Chain Rule:

Letting x = 31, y = 60, and dx/dt = 3:  1700 = 1493.19 + 149.319 dy/dt.
Thus 
Thus, the nurses should be hired at a rate of approximately 1.07 per month.
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Decide whether each point appears (0 be a maximum,
minimum, o neither for the function / consirained by
the loop in Figure 15.30.
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“Beware the Ides of March... He bites.”
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