MATH 201 CLASS DISCUSSION: 8 - 11 FEBRUARY 2020

COUNTING WITH PERMUTATIONS & COMBINATIONS (REVISED)
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In the 100 prisoners problem each prisoner has to find his number in one
of 100 drawers but may open only 50 of the drawers.

1. Define: P(n, k) and (Z)
2. Derive a formula for P(n, k).
3. Using the result from (2), derive a formula for (Z)

< Highly recommended: https://ocw.mit.edu/courses/electrical-engineering-and-computer-science/6-041-probabilistic-systems-
analysis-and-applied-probability-fall-2010/video-lectures/lecture-4-counting/
Watch at least the first half of video lecture 4 on counting. You may ignore references to probability.

4. Give a story proof (as opposed to a computational proof) for each of the two identities:

Lo = ()-())

The latter identity is known as “Pascal’s identity” even though many mathematicians had “discovered” it before Pascal
was born. (Hint: For Pascal’s identity, consider selecting an unordered set of r people from a collection of n people,
where one of the n is “Albertine.”)

5. Give astory proof of Vandemonde’s identity, viz.

SRt

(Hint: Consider choosing a set of r animals from a collection of m zebras and n sloths.)

6. Consider the word POISSON.

(i) Find the number of arrangements of this word.
(if)  Find the number of arrangements if the two Ss must be together.
(iii) Find the number of arrangements if the two Os must be apart.
(iv) Find the number of arrangements if the two Ss must be together and the two Os not together.
7. Given agroup of 13 married couples. In how many ways can one choose a subset of 5 individuals from this group
which contains no married couple?
8. In how many ways can A, B, C, D, E, F line up if


https://ocw.mit.edu/courses/electrical-engineering-and-computer-science/6-041-probabilistic-systems-analysis-and-applied-probability-fall-2010/video-lectures/lecture-4-counting/
https://ocw.mit.edu/courses/electrical-engineering-and-computer-science/6-041-probabilistic-systems-analysis-and-applied-probability-fall-2010/video-lectures/lecture-4-counting/

(i) A must be in front of B?
(i) A must be in front of B and B must be in front of C?
9. Philanthropist Charles Coke wishes to distribute 7 golden eggs, 6 silver spheres, and 5 platinum cubes to 4 lucky
children. In how many different ways can he distribute these precious objects to the four children? (Hint: First
consider only the golden eggs.)

10. In how many ways can 8 cats be lined up in a row if

(i) there are exactly 5 male and they must stand next to one another?
(ii) there are 4 married couples, and each couple must stand together?

11. Three distinguishable dice are thrown. In how many ways can
the maximum of the 3 numbers occurring equal 5?

12.  Twenty-five students show up at the OZ Fitness & YOGA Center looking for open classes. Only
3 classes are still open: one has 8 spots, one has 11 spots, and one has 6 spots. In how many different
ways can the students be arranged in the 3 classes?

13.  Albertine lives in a city with a square grid of numbered streets which run east-west and numbered
avenues that run north-south. Her house is located on the corner of Oth Street and Oth Avenue. Odette,
her aunt, lives at the corner of 5th St. and 3rd Ave.
(i) How long is the shortest route (along streets or avenues) to her aunt’s house?
(i)  How many direct routes can Sally take to her aunt’s house?
(iii) There is an ATM machine at the corner of 2™ St. and 2" Ave. If Albertine needs to stop at the store on her way
to her Aunt’s, how many direct routes to her Aunt’s house take her through the intersection of 2™ St. and 2" Ave?
(iv) At her Aunt’s house Albertine hears on the radio that there has been an accident at the corner of 1st St.
and 2nd Ave. Assuming that she avoids this intersection, how many direct routes can Albertine take
home? \
14.  Consider a standard well-shuffled deck of 52 cards. Swann is dealt (an unordered) hand of 5 cards. In how many
ways can he have:
(i)  Ace of diamonds, Jack of spades, 9 of clubs, 9 of spades, and 3 of clubs
(ii) Exactly two Kings.

’ (iii) A flush (that is, all cards of the same suit).
% % y ;4 ;4 (iv) A full-house (containing three cards of one rank and two cards of
A A‘ [ another rank, such as 3% 34 34 6& 6¥ )
“\ 41 ’ (V) Four of a kind.
" (vi) Exactly two pairs.
(vii) No two of the same rank.
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"Six rounds. Nine lives. You do the math.”
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