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ABSTRACT. In this paper we call an F'K space X containing ¢ Cesaro
semiconservative space if X7 C os holds. Therefore we give some char-
acterizations of these spaces.
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1.Introduction.

Snyder and Wilansky give the definition of semiconservative F'K space
and investigate the properties of this space in [7], [8] . In those papers, an F K
space X containing ¢ is called semiconservative space if X/ C ¢s holds. Here
replacing cs by s, we give a new definition called as Cesaro semiconservative

F K space.

2. Notions and Definitions.

Let w denote the space of all real or complex-valued sequences. It can be
topologized with the seminorms p; (x) = |z;|, (i =1,2,...), and any vector
subspace of w is called a sequence space. A sequence space X, with a
vector space topology 7 is a K space provided that the inclusion mapping
I: (X,7) = w, ;I(z) = x is continuous. If, in addition, 7 is complete,
metrizable and locally convex then (X,7) is called an FK space. So an
F K space is a complete, metrizable local convex topological vector space
of sequences for which the coordinate functionals are continuous. An FK
space whose topology is normable is called a BK space. The basic properties
of such spaces can be found in [8],[9] and [10].

By m,cyg we denote the spaces of all bounded sequences,null sequences,
respectively. These are F'K spaces under ||z|| = sup,, |z,| . By [ and cs we
shall denote the space of all absolutely summable sequences and convergent

series, respectively. The sequences spaces
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respectively, where Az; = z; — xj+1,A2xj = Axj — Az;y1. The space

gNeco is denoted by go. Under the norm |.[|,, go is a BK space, (see [1],
2]). |
Throughout the paper e denotes the sequence of ones, (1,1,...,1,...); ¢/,
(j =1,2,...), the sequence (0,0, ...,0,1,0,...) with the one in the j—th po-
sition. Let ¢ := l.hull{&k ke N} and ¢;1 = ¢ U{e}. The topologi-
cal dual of X is denoted by X'. The space X is said to have AD if ¢
is dense in X and an FK space X is said to have AK or be an AK
space, if X O ¢ and for each z € X, 2™ — z, (n — o), in X, where

n
™ = 3 2368 = (21,29, ...,2,,0,...) . In addition an FK space is said to
k=1

n
have oK space if X D ¢ and for each z € X, % S a2 — 2 (n — o0).

k=1
Every AK space is a 0 K space. For example w, h, cg o¢ are AK spaces

while qo, os are 0K spaces ([1],[2],[8]). In addition, every oK space is an
AD space.
Let X be an F'K space containing ¢. Then

X {15 prrex),
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In addition

oo
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Let E, Eq be sets of sequences. Then for k = f, 3, o, oy
(a) EC E*  (b) E** = Ek  (¢) if E C Fy then Ef C EF

holds.
Theorem 2.1. Let X be an FK space containing ¢. Then
(i) X c X7 c X c X7,
(i) If X is oK space then X1 = X°,
(iii) If X is an AD space then X° = X,

Also f(67) = limp+(n—(p—1))up = up (p < n) sou € X/. Thus
Xoc X/
Now we show that X/ ¢ X?. Let u € X/. Since X is 0K space

n k n k
f(z) zligbn%Zijf(éj) zlizn%Zijuj

k=1 j=1 k=1j=1
for z € X, then u € X?. Hence X/ = X°.
n k
(i) Let u € X°° and define f,,(z) = £ > 3 aju; for 2 € X. Then {f,}
Pt

=1
is pointwise bounded, hence equicontinuous 1bjy (8], 7.0.2 ).

Since lim,, f,(6?) = u, (p < n) then ¢ C {x : lim,, fy(x) exists}. Hence
{z : lim,, f,(z) exists} is closed subspace of X by the Convergence Lemma,
([8], 1.0.5,7.0.3 ). Since X is an AD space then X = {x : lim,, f,(x) exists} =
¢ and then lim,, f,(x) exists for all z € X. Thus u € X°. The opposite
inclusion is trivial.

(i) ¢ C X by the hypothesis. Since ¢ is ¢ K space, then X C (&)Ub =
(@)° = (8) = X/ by (ii), (iii) and (8], 7.2.4 ).
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Let A = (a;j) be an infinite matrix. The matrix A may be considered
as a linear transformation of sequences (zx) by the formula y = Az, where

00 ]
Y; = E Q55 ,(Z = 1,2, ) .
j=1

For an F'K space (E,u) we consider the summability domain
Ejp = {z€w:Ax € E}. Then E4 is an FK space under the semi-

m
> Qi

Jj=1

norms p; = |z;|,(i=1,2,...), h; (x) = sup,, ,(i=1,2,...) and

(uo A) (z) =u(Ax),[8].
Recall that, given a matrix A with [4 D ¢ is called | — replaceable if there
is a matrix B = (b,x) with g =14 and > by, = 1, for all k € N, [6].

n=1
An FK space containing ¢ is called Cesaro conull if

n k )
fle)= limn% >3 f(éj) Jor all | f € X' [5].
k=1j=1
In addition an FK space X is called semiconservative if X/ C ¢s, this

o0 .
means that X D ¢ and Y f (67) is convergent for each f € X', [7].
j=1

3.Cesaro semiconservative FK Spaces

In this section we extend the notation of the semiconservative F'K space
introduced by Snyder and Wilansky [7] to the concept of Cesaro semicon-
servative F'K Space and we investigate the properties of these spaces.

Definition 3.1.4An FK space X is called Cesaro semiconservative if
XTI c os, where X! C os if and only if e is weakly Cesaro Cauchy i.e.

{}l l;: f(e(k))} is convergent for each f € X' equivalently lim,, % kzi:l j}i:l f ((5j)
exists.

For example cg, 09 are Cesaro semiconservative F'K spaces. Every semi-
conservative F'K space is an Cesaro semiconservative F'K space.But the
following example shows that every Cesaro semiconservative F'K space is
not a semiconservative space. Before this example we shall give some theo-

rems.

Theorem 3.2. If a matriz A is | — replaceable then la is not Cesaro
semiconservative 'K space.

Proof. If A does [—replaceable then there is f € l:4 such that f (5j) =1
for all j € N, [6].
n k )
Hence lim, 2 3> 3~ f (67) does not exist since -

1
E=1j=1 k
l4 is not Cesaro semiconservative space.

k

M=

F(#) =, 50
1

17

Theorem 3.3. If X4 is Cesaro conull FK space then it is Cesaro
semiconservative space.
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Proof. Suppose that X 4 is Cesaro conull. Then
1 n k
— it — J
fley=lim—3 > f (&),
k=1 j=1
for all f € X',. Hence X£ C os.

Now we present the examples promised in this section.

Example 3.4. Define the sequence Az by (Az); = xj — xj-1 (w0 = 0)
if j is square, and O otherwise. Then l4 is Cesaro semiconservative space
but not semiconservative space.

Proof. 14 is Cesaro conull FK space by ([5] ,Example 3.2), so l4 is
Cesaro semiconservative space by Theorem 3.3.
Now we show that 14 is not semiconservative space.To see this let B := AT

o0 oo o0 oo
. Then > | > byx| = 1 if n is sequare ,otherwise 0. Thus lim,, > |> b
k=1 li=n k=1 li=n

does not exist and B ¢ (I°°;¢s) =(1° : ¢s) by ([8],8.5.8 ) and then l4 is not
semiconservative space by ([8],9.4.4).

Theorem 3.5. (i) A closed subspace, containing ¢, of a Cesaro semi-
conservative space is a Cesaro semiconservative space.

(11) An FK space that contains a Cesaro semiconservative space must be
a Cesaro semiconservative space.

(1ii) A countable intersection of Cesdaro semiconservative spaces is a Cesaro
semiconservative space.

Proof. (i) is true since Y/ = X7 ([8], Theorem 7.2.6) . (ii) holds since
Y/ ¢ X c os . To prove (iii); First the intersection X = (X, is an FK

m
space by ([8], Theorem 4.2.15). Every f € X' can be written f = > gx
k=1
where each g € X/, for some n by ([8], 4.0.3,4.0.8 ).
Theorem 3.6 27 is a Cesaro semiconservative space if and only if z €

gs.

Proof. Let 2z° be a Cesaro semiconservative space. Then 27 C os.
Since 27 is a oK space by [5], we have 2/ = 279, So since {2} C 277 C 0s,
we get z € 0s.

Now let z € 0s. Then ¢ = 0s” C 2 [1] and hence 277 C ¢° = os. Since
2% is a 0K space, then 27 = 297 C ¢s.

Example 3.7. os is not Cesaro semiconservative space. Because o0s = e°

and e ¢ os.

Theorem 3.8. (i) Every Cesaro semiconservative space contains qq.
(ii) The intersection of all Cesaro semiconservative spaces is qo.

(11i) qo is not Cesdaro semiconservative space.

(iv) There is no smallest Cesaro semiconservative space.
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Proof. (i) Let X be a Cesaro semiconservative space. Then X/ C os C
ob = ¢, [1] and since qo is a 0K space then X/ C ¢ = q{;. So,since qq is
an AD space, we obtain go C X by ([8], Theorem 8.6.1) .

(ii) Let the intersection of all Cesaro semiconservative spaces I. We get
I cN{z?:z€0s} =05 = qusing Theorem 3.6. Also I C ¢y since ¢y is
Cesaro semiconservative space so I C ¢ N ¢y = qo. The opposite inclusion is
by (i).

(iii) Since ¢l = q§ = ob ¢ os then qo is not Cesaro semiconservative
space.

(iv) By (ii) and (iii).

Example 3.9. ¢ and ob are not Cesaro semiconservative spaces.

Proof. ¢y and os are closed subspaces of, respectively, ¢ and ob.Then
since qo and os are not Cesaro semiconservative spaces. ¢ and ob are not

Cesaro semiconservative spaces by Theorem 3.5 (i).

X7 C os is not sufficent for X to be Cesaro semiconservative space since

a

q° = os. This is not surprising since this condition holds for every space

containing e.

Definition 3.10. An FK space is called bounded convexr Cesaro semi-

conservative if it is Cesaro semiconservative space and includes q.

Since qp is an AD space then X O ¢o if and only if X/ C ob by
([8],8.6.1). Thus X D ¢ if and only if X/ C ob and e € X, by ([8],8.3.7).
However X is bounded convex Cesaro semiconservative space if and only if
X7 Cc osand e € X, also if and only if X is Cesaro semiconservative space
and e € X.

The definition of Cesaro conull F'K space X which X D ¢, can be given as
follows by using Cesaro semiconservative; A Cesaro semiconservative space
n k )
X is called Cesaro conull, if f(e) = lim, = > > f (&), for all f € X'. A
k=1j=1
Cesaro semiconservative space need not contain e but must contain e, if it

is Cesaro conull. A Cesaro conull space is automatically bounded convex

Cesaro semiconservative space.

4. A Relationship Between the Distinguished Subsets and Cesaro
Semiconservative 'K spaces.

In this section we give the relation between the distinguished subspaces
which are o F*, oF, 0BT, 0B and Cesaro semiconservative and bounded
convex Cesaro semiconservative F K spaces. Before this we shall give the
definition of the distinguished subsets o', o F, 0BT, 0B.

Let X be an F'K space containing ¢. Then we define
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1 n k '
oFt(X) = x:lim—Zijf(dj) exists for all f € X’
non
k=1 j=1

= {z:{af (")} cosforall fe X'}

1 n
BT (X) = P9 = 2 in X
oB™ (X) {w {n x is bounded in

k=1
= {z: {z,f(6")} €obforall feX'}.

Also oF =ocFT"NX and cB=0B"NX, [4].

Theorem 4.1.Let X be an FK space containing ¢ and z € w. Then
2z € oFT if and only if 271.X = {x: z.x € X} is Cesaro semiconservative
FK space, where, z.x = {z,x,} in particular e € oF" if and only if X is
Cesaro semiconservative FK space.

Proof. Let f € (27'.X)". Then f(z) = az+g(z.x), v € ¢, ge Y,
by ([8], 4.4.10) and f(0™) = apn + g(2.0") = an + g(2n-0n) = apn + 2n9(6").
Hence, since a € ¢ C os then {f(6™)} € os if and only if {z,9(6")} € os,
ie. zeoFt.

Theorem 4.2.Let X be an FK space containing ¢ and z € w. Then
z € oF if and only if z~1.X is bounded convex Cesiro semiconservative
FK space in particular e € oF if and only if X is bounded convex Cesaro
semiconservative.

Proof. Let z € oF. Then z € X so e € z271.X and since z € oF™,
2z71.X is Cesaro semiconservative F K space by Theorem 4.1. Thus z~1.X
is bounded convex Cesaro semiconservative F'K space .

Let 271.X is bounded convex Cesaro semiconservative FK space. Then
2z71.X is Cesaro semiconservative and e € 271.X so z € X. Thus since
2 € oF T by Theorem 4.1. and z € X then z € oF.

Theorems 4.3 and 4.4 have already been obtained by Buntinas [1] but we
present here alternate proofs of them.

Theorem 4.3. Let X be an FK space containing ¢ and z € w. Then
z € oBY if and only if z7'.X D qo, in particular e € o BT if and only if
X D qo.

Proof. Let f € (27 1.X)". Then f(6") = a+2,9(6") by ([8] , 4.4.10) .Thus,
since o € ¢ C os then z € oBT if and only if {2,9(6")} € ob, i.e. z € oB*.

Theorem 4.4. Let X be an FK space containing ¢ and z € w. Then

z € oB if and only if z~'. X D q, in particular e € oB if and only if
X D qo.
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Proof. Let z € 0B. Then z € X so e € 271X and z € oB*. Thus
2z71.X D ¢ by Theorem 4.3.

Let 272X D ¢then 271.X D gy and e € 2~ 1. X. Thus, since z € ¢ B™
by Theorem 4.3 and z € X then z € 0B.

Theorem 4.5. Let X be an FK space containing ¢. Then X is Cesaro

semiconservative space if and only if cFT D q.

Proof. Let X be a Cesaro semiconservative F K space. Then e € o F
by Theorem 4.1. Since e € o F* = X/ [4] then X/ C X/77 C {e}” and so
q={e}?? c Xf* =oF*,

Let cFt D q. Then e € oF" and so X is Cesaro semiconservative F K
space by Theorem 4.1.

Theorem 4.6. Let Y be a Cesaro semiconservative FK space and Z
an AD space. Suppose that for an FK space X, X D Y.Z. Then X D Z,
where Y.Z ={y.z:ye€Y z€ Z}.

Proof. Let z € Z. Then, since X D Y.Z , z=1.X D Y. Thus, since Y is
Cesaro semiconservative space then z~1. X is Cesaro semiconservative space
by Theorem 3.5.(i7) and so z € oF* by Theorem 4.1. Hence Z C oF't =
X7fo [4]. Thus X/ ¢ XF97 ¢ 22 ¢ Z/ and so Z C X by ([8],8.6.1).
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