QUIVER VARIETIES AND ROOT MULTIPLICITIES IN RANK 3

PATRICK CHAN AND PETER TINGLEY

ABSTRACT. Building on our recent work in rank two, we use quiver varieties
to give a combinatorial upper bound on dimensions of certain imaginary root
spaces for symmetric rank 3 Kac-Moody algebras. We describe an explicit
method for extracting combinatorics when the Dynkin diagram is bipartite, so
two of the nodes are not connected. As in rank two we believe these bounds
are quite tight, and we give computational evidence to this effect, although
there is more error in rank 3 than in rank 2.

1. INTRODUCTION

In [Tin21], we developed a general method for studying root multiplicities of
symmetrizable Kac-Moody algebras using quiver varieties. This gives a framework
for finding combinatorial upper bounds on the multiplicities, and we conjectured
that the resulting bounds, at least in some cases, are quite tight. While the con-
struction is general, we only translated it to combinatorics in rank two. There the
upper bound consisted of the number of Dyck paths satisfying various conditions.

Here we develop explicit combinatorics using the same method in certain rank
three cases. Specifically, we consider a Kac-Moody algebra g with Dynkin diagram

o—0 —©

2 1 3

meaning there are s edges on the left and ¢ edges on the right. Our main result is
the following;:

Theorem 1.1. For any imaginary root = aay + bag + cag with ged(a, b, c) = 1,
the root multiplicity mg is bounded above by the number of words of the form

(1.2) 1agbigerjazgbages ...
where the total number of 1s is a, the number of 2s is b, the number of 3s is ¢, and,

(1) For each i, a; # 0 and b; or ¢; is also non-zero.

(2) Draw a path in the plane by drawing each 1 as a vertical line of length
1, each 2 as a horizontal line of length s, and each 3 as a horizontal line
of length t. The result is a rational Dyck path. That is, a straight line
connecting the beginning and end of the path stays weakly below the path.

(8) If a prefiz 19120131 ... 19:25% 3% corresponds to a point where the Dyck path
touches the diagonal, then bit-tbe > é Equivalently, if you deform

1+ +cg c
the path to have each 2 correspond to an edge of length s — €, the resulting

path still stays above its diagonal.
b; i
(4) For eachi>1, — <s and & <t.

% Q;
1
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For each i > 1, let ny; = min{b;, sa;+1 —biv1} and ne; = min{c;, ta; 11 —

Ci+1}-
(5) a1 < sny; + tne —max{s ‘ny, t  ng}.
, 2 1 72V2 _ A(<2 1 12
(5) 1 L1 VEHE2 A6 1)
SNy +tne — 2 2(s2+t2)

Similar methods should work for any symmetric Kac-Moody algebra whose
Dynkin diagram is bipartite, with the combinatorics being most similar when the
Dynkin diagram is a star. The method from [Tin21] is even more general, but as
the diagram gets more complex it is harder to describe things combinatorially.

Unlike in the rank two case from [Tin21], we don’t believe that Theorem 1.1
gives the complete list of “local” conditions on the path, so the upper bound will
diverge exponentially from the correct answer. Nonetheless, we give evidence that
the bounds are meaningful. We also discuss ways to tighten the bounds, although
we don’t believe that giving the full list of conditions is feasible.

Root multiplicities have been studied quite extensively, see [CFL14] for a sur-
vey. They can be calculated exactly, see [BM79, Pet83], although the formulae are
complicated. Special cases have been further investigated and combinatorialized in
[FF83, KLL17, KM95]. But open questions remain. See e.g. [CFL14, Open Prob-
lems 2 and 3] and Frenkel’s conjectural upper bound for hyperbolic cases [Fre85].
‘We hope our work sheds some light on the situation, particularly on asymptotics.

2. BACKGROUND

2.1. Kac-Moody algebras and B(—oc). We consider the Kac-Moody algebra g
associated to a symmetric Cartan matrix A = (a;;) with index set I, see [Kac90].
The Lie algebra g is graded by the root lattice @), which is the Z-span of the simple
roots a; for i € I. By definition a non-zero 8 € @ is a root if dim gg # 0, in which
case mg := dimgg is called the root multiplicity. All roots are either positive,
meaning they are Zx( linear combinations of the oy, or negative, meaning the
negatives of these. Let A denote the set of roots and A the positive roots.

There is an inner product on @ defined by, for simple roots «;, o, (a4, ;) = asj.
All roots B have the property that either (§,5) = 2, in which case f is called a
real root, or (8, 5) <0, in which case 3 is called an imaginary root. The refection
corresponding to each «; acts on weight space by

si(v) =v — (o, V)ay.

This has various important properties, including:

e [t preserves the inner product.

e It preserves root multiplicities.

e It preserves the set of positive imaginary roots, meaning it acts as a per-
mutation on this set.

2.2. The crystal B(—o0). We don’t work directly with g here, but instead with
the crystal B(—oo). This is a combinatorial object related most closely not to g,
but to its universal enveloping algebra U(g). As a vector space,

Ug)=U (g9) @ U°(g) @ U (g),
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where U~,U°, U+ are the subalgebras generated by the negative root spaces, the
Cartan subalgebra, and the positive root spaces, respectively. The graded dimen-

sion of UT is ,
1 m
. + _
dimU™ = H <1—6B) .
BeAy

That is, the dimension of the y-weight space of U™ (g) is the number of ways to
write v as a sum of positive roots, taking into account multiplicities. This is also
called the Kostant partition function of ~.

The crystal B(—o0) is a set along with operators e;, f;: B(—o0) — B(—o0)U{0}
for each i € I, which satisfy various axioms. There is a weight function wt :
B(—) — @, and the number of elements of a given weight v is the dimension of
the v weight space in U*(g). See [Kas95] or [HK02] (which consider B(cc), the
Cartan involution of B(—o0)). Here we use the geometric realization of B(—o0)
from [KS97], which is explained below.

2.3. Quiver varieties. Fix a graph G with vertex set I and edge set E. Let A be
the set of arrows, so there are two arrows for each edge e € E, one pointing in each
direction. For each arrow a, let s(a) be the source and t(a) be the target, meaning
a points from s(a) to t(a).

Definition 2.1. The path algebra C[G] is the C-algebra with basis consisting of
all paths in G (sequences of arrows ay, - - - a1 with t(a;) = s(a;4+1)), along with the
lazy paths e; at each vertex) and with multiplication given by

- {bk--~b1aj-~-a1 t(aj)zs(bl)
al)

br---b —
(br; -~ b1)(a 0 otherwise.

Choose a subset 2 of A where each edge appears in exactly one direction (sometimes
called an orientation of the graph) and define e(a) =1 if a € Q and —1 otherwise.
For a € A, let a denote the reverse arrow.

Definition 2.2. The preprojective algebra A is the quotient of C[G] by the ideal

generated by
€= Z e(a)aa.
acA

Definition 2.3. For any I-graded vector space V = @;V;, let A(V') be the variety
of actions of A on V' where the lazy path at i acts as projection onto V;, and which
are nilpotent in the sense that all paths of length at least dim V' act as 0.

A representation of C[G] is determined by a homomorphism for each arrow, so

can be described as

(ma)aGA € @AHom(Ve(a)v Vvt(a))
A(V) is a sub-variety of this space. Up to isomorphism it depends only on the
dimension vector v = (v;);ecs, where v; = dim V.

Associate to G a symmetric Cartan matrix whose index set is the set of vertices,
the diagonal entries are 2, and other entires are defined by setting —a;; to be
the number of edges connecting 7 and j. We identify a dimension vector v with
v =, via; € P, and sometimes denote A(V') by A(y). Denote the set of irreducible
components of A(y) by IrrA(y). The following is due to Kashiwara and Saito
[KS97], so also [NT18, Proposition 3.14].
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Theorem 2.4. The crystal B(—o0) is naturally indexed by ] IrrA(~y). The oper-
ation "% which applies the crystal operator f; as many times as possible acts on
X € IrrA(v) as follows: FizT € X. Let Soc;(T) be the intersection of the socle of
T with V; and set v = v — dim Soc;(T) ;. Generically T/ Soc;(T) is isomorphic to
a point in a unique Y € IrrA(v'), and f"**X =Y. [

Example 2.5. The case s = 2,t = 1 is particularly important here. That is, the
Dynkin diagram
aq a

———© - o
az

2 1 3

with two edges on the left, and one on the right. Orient all the edges to point away
from the center node, and call the oriented arrows aq,as,as. A representation of
C|G] on Vo ® Vi @ V; consists of 6 maps:

LaysLas ZV1—)V2, $a32V1—>V3, Zays Lao Z‘/Q—)Vl, Tag :Vf3—>V1.

A(v) is the sub-variety cut out by the condition that all paths of length greater
than dim Vg + dim V; + dim V5 act as 0, and the equations

airay + agaz +azaz =0, a1a1 +azaz =0, agag =0,
where these are equations in End(V7), End(V3), End(V3) respectively.

2.4. Stability conditions. We loosely follow [BKT14], drawing on notation from
[TW16] as well. See also [Tin21].

Define a charge c to be a linear function ¢ : P — C such that ¢(«;) is in the
upper half plane for all simple roots «;. For a fixed charge ¢, each representation
V of A has a unique filtration

@ZVOCV1C"-CVk=V

where the sub-quotients @Q; = V;/V;_; satisty
(HN1) Q; has no submodule S with arg(c(dim S)) < arg(c(dim Q;)),
(HN2) arg(e(dim@q)) < arg(e(dim Q2)) < - -+ < arg(c(dim Qy)).
Here arg(z) is the angle formed by 2,0 and 1 in the complex plane. We call this
the HN filtration since it is a special case of a Harder-Narasimhan filtration as in
e.g. [Rud97].

Fix a stability condition ¢ so that, for any root 3, if arge(a) = arge(8) then

B and « are parallel. The following can be extracted from [BKT14], see [Tin21,
Theorem 3.3] for the exact statement.

Theorem 2.6. For any v € Q4+, the number of stable irreducible components of
A(7) is the sum over all ways of writing v = B1++- -+ B as a sum of parallel roots
Br of the product mg, - - -mg, of the corresponding root multiplicities. In particular,
if v is not parallel to any smaller weight, it is exactly m..

2.5. String data. The following was first studied by Kashiwara [Kas95, §8.2] and
was further developed by Littelmann [Lit98]. Choose a sequence 41,2, i3 . .. of nodes
in the Dynkin diagram with each appearing infinitely many times. The string data
(a1,a2,...) of b€ B(—o0) is

a; = max{n : f{'b # 0},

az = max{n : fi fi""b # 0},
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and so on. Record this as a word in the letters I consisting of a; i1’s, followed by

ag 19’s, and so on. Sometimes we write this as
-] A2 Ak
(AR SR

The string data uniquely determines an element b € B(—o0).
Indexing B(—o0) by UIrrA(v), Theorem 2.4 shows that the string data of X €
IrrA(v) gives the dimensions of the graded socle filtration of a generic T' € X:

a; = dimHom(C,;,,T),
as = dim Hom(C,;,, T'/i1socle),

and so on, where C; is the one dimensional simple module in degree .

3. RANK THREE AND PROOF OF THEOREM 1.1
As in the introduction, consider the case where the Dynkin diagram is

S t
® @ o

2 1 3

The corresponding Cartan matrix is

2 —s —t
—5 2 0
—t 0 2

Consider the charge defined by
clag) = —=1+i,c(ag) =s+si,claz) =t —e+ti

where € is infinitesmal. Then arg(c(aja;+bias+ciaz)) < arg(c(aza; +baaa+caag)
exactly if

{Sbl—‘rtcl > sbao+teo or
9

al a
sbi+tcy __ sbattes and bfl < bfg
ai as c1 C2

If 5 = aap + qae + cas and ged(a, b, ¢) = 1, then Theorem 2.6 shows that mg is the
number of stable irreducible components of A(f).

Remark 3.1. We could use any charge. This one is convenient because for technical
reasons it gives slightly simpler conditions. With a different charge, the analogue
of Theorem 1.1 requires some extra special cases.

Fix T € A(aa; + bas + cas). Take string data as in §2.5 using the sequence
1,2,3,1,2,3,---. It is convenient to use specialized notation, where the string data
is a1, b1,c1,az2,b2,co, -, so that, for T generic in X,

a; = dim Hom(Cq,T)
b1 = dim Hom(Cs, T7), where 77 = T'/1 — socle
¢1 = dim Hom(Cg3,T»), where Ty = T7/2 — socle
ay = dim Hom(C4,T3), where T3 = T5/3 — socle,

and so on. For each word, create a path in R? where a 1 corresponds to a step up,
a 2 to s steps to the right, and a 3 to t steps to the right.
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Lemma 3.2. If T € A(aay + bag + cas) is a stable module with string data
ay,b1,c1,as0..., then this is a rational Dyck path. Furthermore, for any k where

the path touches the diagonal, 2t=tbe > b That is Theorem 1.1 parts (2) and

’ citter — c

(3) hold.
Proof. Each left-prefix of the sequence corresponds to a sub-model of T', and if the
conditions do not hold then this gives a submodule that violates stability. ]
Example 3.3.

11223122312

becomes the path

which is not a rational Dyck path because it dips below the diagonal at (10, 3).
Example 3.4. Both 112211233 and 112331122 correspond to the Dyck path

But the submodule of 112331122 corresponding to 11233 still fails stability because
it touches the diagonal and has a lower ratio of 2s to 3s than the whole word.
112211233 does correspond to a stable component.

We now need a little more notation. If a module M has string data a1b;1cia2bs...,
then we can choose a decomposition

(3.5) M=A0B0CI®---© A © Br ®Cy,
which is compatible with the socle filtration in the sense that
e The 1-socle is Ay,
e The 2 socle of M /A, is By, That is, the natural map from Bj to the 2-socle
of the quotient is an isomorphism.

e The 3 socle of M/(A; & By) is C1,
e The 1 socle of M/(A; @ By @ C1) is As,

and so on. Then the representation induces various maps for each i:

1T2 = @ ZToq:Bi = A, ax1= @ T, Aj — BE 4,
s(a)=2,t(a)=1 s(a)=1,t(a)=2

173 = @ T Ci— A} 1, 311 = @ Tq: Ay — Cly,
s(a)=3,t(a)=1 s(a)=1,t(a)=3

1T2 = Z To: B = A1, 2T = Z Zo A} = Bi_q,
s(a)=2,t(a)=1 s(a)=1,t(a)=2

1= Y wxa:Cl = Ay, sTi= Y me: Al Gy

s(a)=1,t(a)=3
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These are actually families of maps depending on ¢, and we put a superscript of ¢
on the maps if we need to specify which we mean, so a superscript of ¢ means that
the domain of the map is A;, B; or C;. But in most contexts that is clear and we
suppress the notation. The preprojective relations imply that

2Z1 0122 =0, 1T2092x1 +1T30371 =0, 3T10123=0,
and this holds with any superscript .

Below we repeatedly use the following facts that a generic module in a stable
irreducible component is stable and so, if one can show that there are no stable
modules with a given string data, there can be no stable irreducible component
with that data.

fact that any sub-word of a valid string data must be a valid string data.

Lemma 3.6. There is no stable A-module whose string data has b; > sa; or ¢; > ta;
for any i. In particular, Theorem 1.1(4) holds.

Proof of Lemma 3.6. Assume a module M has this string data, and b; > sa;. Then
by dimension count jz5 : B; — A;es must have a kernel. If ¢ > 1 this contradicts
the definition of the socle filtration, and if i = 1 it contradicts stability.

It follows that Theorem 1.1(4) holds for any stable component since it holds for
any stable module. [ ]

Lemma 3.7. Assume a A module has string data a1,b1,cq, - by, cx and is stable.
Fiz i, and let ny; = min{b;, sa;+1 — bit1}, ne; = min{e;, ta41 — ¢;i41}. Then
ait1 < snp + tn. — max{s 'ny, t" n.}.

In particular, Theorem 1.1(5) holds.

Proof. By the definition of the socle filtration, 125 : Bj+1 — A?fl is injective. Also,
by the preprojective relations,
Qi‘g o 1.’Eé+1 : Bi+1 — B;
is the zero map. Hence
dimim,Z; < dim A?jfl — dim Bi+1 = SQ;j+1 — bi+1.
Certainly
Putting this together,
dim im ga_c’i < Ny,

Similarly, dim im gig < N

Let I, = imo%; C B;,I. = im3Z; C C;, Again using the definition of a socle
filtration,

2ot ®3xt i Ay = I[P° @ I

is injective, so the dimension of its image is a;11.

Now, 1x2|s, is injective, so its image has dimension np;. Recalling that

1$2|1b = @ Ta,
a:s(a)=2,t(a)=1

at least one of these @ must have dimimz,|;, > s~ !n;;. This in turn implies that
dimim 7% ;= s~ ny;. Similarly, dimim 1£§|1£ > t7Ing. So,

dimim 24 + 175

-1 1
1§+122max{8 Np; + 17 Ngi b
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Using the preprojective relation again,
(175 4 173) o (227 @ 327) = 0.

Hence

aip1 = dimim(a2i@s2}) < dimker(yZ5+,75) g1t < SNpi+tne—max{s ny+t ng}.

Again, this implies the statement on components. [ |

Lemma 3.8. Fiz v = aay + bag + cag with a,b,c > 0.

/ 2 t2 2_4 2 t2
o Assume 4 < %— (o J;(S)zﬂz()s + ), and that s9838 = aay +b'ag +c'ag
ro a 1 (s2+2)2—4(s%+12)
has b',¢" > 0. Then s > 5 + 25 1)
2 t2 ‘274 2 t2
o Assume Sbitc > % + (e 2(5)2“2()8 %) and that s18 = a’ay + bag + cas

“ V(22 —4(s2417)
has a/ 2 0. Then Sbi+tc! < % - ( —;t(s)z_i_;() A )
Proof. Consider the first case. Then

82830 = acy + (sa — b)ag + (ta — ¢)as.

a a
s(sa—b)Ftlta—c) (2 +2)a— (sb+to)
. 1
T 42 442 _ sbrtc
52 4 12 — sbtte
1
> 3 5 .
SR 1 VE2tR)2 a2 %)
2 2(s2+t2)
1 /EA PP A+ )
- 9 2(82 + t2) )
where the last step requires some simplification. The second case is similar. ]

Lemma 3.9. For any imaginary root aay + bas + cag,

1 JE+EP 42 +12) a 1 VET O A2+ 8)

2 2(s%2 +t2) sb+tec 2 2(s%2 +t2)

Proof. Proceed by induction on a+sb+tc, showing that no 3 violating the condition
is imaginary. The base case is trivial, since if a4 sb+tc = 1, there are no imaginary
roots. So, fix 8 with a + sb + tc > 1. Then sys38 = aaq + b'as + a3 has
b, ¢ > 0, since reflection preserves the set of positive imaginary roots. If =% <

sb+tc
% — (s2+2t(28)22;t42()s2+t2)7 then, by Lemma 3.8, 59538 = acy + b'as + ¢’ az satisfies
a 1 (824 12)2 —4(s2 +2)
sb +tc! 2 2(s%2 +t2)

This certainly also implies a + sb’ + t¢’ < a + sb+ te. So by induction sos34 is not
an imaginary root, and hence neither is 8. The other case is similar. |

Lemma 3.10. Fix a module M, with the decomposition above.
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o Assume that, for somei, A;® B;®C; has a submodule of dimension a’,b', ¢

2 2)2 _ 2
g +2t(s)2+ti()82+t ). Then A; ® Bi—1 ® C;—1 has a sub-
2 2)2 _ 2 2
module of dimension a',b", " with 7= > § + (s -i-2t(s)2+t42()s +*7)
e Assume that, for some i, A; ® B;—1 ® C;—1 has a submodule of dimension

a’ b, c" with sbaﬁ >3+ (52+2t(25)224:t42()52+t2)~ Then Ai—1 ®B;_1®Cj_1 has

. a’ 1
with sy <3~

/

. ) v o 1 (s2412)2—4(s2+12)
a submodule of dimension a”,b', ¢ with m7 < 5 — 3252

Proof. Consider the first case. By the preprojective relation
2T1 0122 = 0.

The map ;x5 is injective, so dimim %1 < sa’ — b'. Similarly, dimim3z; < ta’ — .
This implies the existance of a submodule of A; ® B;_1 ®C;_1 of dimension a’, b”, ¢”
with

a’ a’

> .
st 4+t T s(sal =)+ t(ta’ — ')
This last fraction is the ratio for sgss(a’ay + b'as 4+ ag), so is larger than % +

$21¢2)2 _4(s21¢2
( +2t(s)2+t2() ) by Lemma 3.8.

The other case is similar. [ |

Lemma 3.11. Fiz a stable module. For any i and any submodule A} |, ® B; ® C;
of Aiy1 © B; © Cj, with dim A}, | = aj,,dim B = b, dim C} = ¢},

a; 1 52+ 12)2 — 4(s2 + t2
1) SR N o i G}
SNy +tne — 2 2(s2 +t2)

IN

In particular,

i 1 2 tQ 2 _ 4 2 t2
(313) Aj41 i \/(S + ) (5 + )
Snp; +tne — 2 2(s? +t2)

so Theorem 1.1(6) holds.

IN

)

Proof. Assume there is a sub-module where (3.12) fails for some 4. If ¢ = 1, then, by
Lemma 3.10, A; @ By @ C; has a submodule A} @ B @ C} of dimension (a}, b}, c})
with

ay 1 /(82 +12)2 —4(s2 +1?)
sby +tcy 2 2(s2 + t2) '
Since aay + bas + cag is imaginary, Lemma 3.9 shows that
a 1 \/(32 +2)2 — 4(s2 +t2)
sb+tc ™ 2 2(s2 +t2)

Taking reciprocals we see that A} @ Bf @ C] violates stability.

If i > 1 then applying Lemma 3.10 twice gives a sub-quotient for a lower ¢ which
violates the same condition, and one proceeds by induction.

To see (3.13), notice that the preprojective relation implies that the image of
21 @ 321; Aip1 — B; @ C; has dimension at most (np;, ne;), so if this equation is
violated it immediately gives a sub-quotient violating (3.12) |

This completes the proof of Theorem 1.1.
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4. EXAMPLES

4.1. The case s = 2,t = 1. In this case many root multiplicities can be found in
[Kac90, Chapter 11]. To estimate the multiplicity of 8 = aay + basg + cas, Theorem
1.1 says we should count words in 1,2,3 such that

e The resulting path is a Dyck path.

o If a prefix 1912013¢1 ... 1% 2b%3¢% corresponds to a point where the Dyck

by - -+ b b
path touches the diagonal, then Atk > -,
ci+--+e ¢

a; Q;
Let Np; = min{bi, 2ai+1 — bi+1}, Nei = min{ci, Ai41 — Ci+1},
e aj1 < 2np; 4+ ne — max{%,nci}.
o _Gn 1 V5
2nbi + N 2 10

Example 4.1. For g = 3ag + 4a1 + 2as, six paths satisfy these conditions:

112312123

112123123

111223123

112211233

112311223

111122233
However, the root multiplicity is 5. The word which does not correspond to a valid
stable component is

112311223.
The reason is that the sub-quotient @ corresponding to the sub-string 2311 (shown
in red) has the property that the C, and Cs together have only the freedom to
map to a single copy of C; so it implies the existence of a submodule with socle
filtration 123, which violates stability. This path will be elliminated by the refined
conditions in the next section.

Example 4.2. Consider 8 = 33a; + 203 + 6a3. String data with a; = 33,b; =
20, ¢; = 6 satisfies all of our conditions. But,

8253818283816 = 6061 + 6&2 — Q3,

so this should not be allowed as the dimension of a submodule of B;_1 & C;_1 ® A;.
So, for instance,
1109103101592056133
does not correspond to the socle filtration of any module but appears in our count.
As with all such cases, we could add a condition to rule this out, but one could just
find a more complex example. But, in any case, our ratio condition fails to capture
all cases where
“+82835152835152835103

results in a negative coefficient. This 3 has |3]|?> = —110, but does not correspond
to an imaginary root. So, this issue here is related to the existence of elements of
the positive root lattice of negative norm which are not imaginary roots.

This particular example would be ruled out by Theorem 5.1 below, although
there are others that would not.
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4.2. The case s =t = 2. . To estimate the multiplicity of 8 = ac; + bas + cas,
Theorem 1.1 now says we should count words in 1,2,3 such that

e The resulting path is a Dyck path.
o If a prefix 121213¢1 ... 19203 corresponds to a point where the Dyck

by +---+b b
path touches the diagonal, then Skl > -,
ci+--+c ¢

b; ¢
o — — <2
a; a;
Let np; = min{b;, 2a;41 — biy1}, Nei = min{c;, 2a;41 — ¢iy1},
Nps Tei
o a;1 < 2np; + 2ng; maX{T, =

o @r 1 V2
Qlei + 2Tlci -2 4
Example 4.3. A word of the form
..112211221112...

does not immediately fail any of the conditions. But, the segment colored red
corresponds to the sub-quotient @) with socle data 22111. By the usual dimension
counts, this implies a submodule with data

...1122122.

Now the 1 in the sub-quotient @)’ indicated in red has no freedom to map to 2s
below, so must be part of the socle. This contradicts the fact that this is a socle
filtration, so no words of this form correspond to stable components. Note that if
the word was of the form

. 112311221112,

instead there would have been no problem.

We can of course write down conditions to rule out Example 4.3. But then one
can just find worse examples. For instance:

Example 4.4. Consider now string data of the form

L 172717271727 17271897
Then the 2718 at the right implies a 1527 then a 2°1% and so on down to a 212
subquotient, and then the two has no freedom to map to any 1s, causing a contra-
diction. But

L 172731727172717271827 .
would not have had this problem. So we need to consider many steps in the path
to find the problem.

Example 4.5. Comparing to [Tin21], it seems like the condition on the ratio
should be saying that, for any i, either a;41 is small compared to ny,n., or v =
a;+101 + npae + neag pairs negatively with itself. However, this is not quite right.
For example, take v = 19a; + 11las + a3. Then ||v||? = 27. But, the filtration of
the maximal module with this head is

. 229321 11521391521131119
which does not imply a problem with the socle filtration. What we really need to

capture is when the sequence - - - 595351525351525351 acts on a;4101 + Ny + Nea3
to eventually give a negative coefficient. This will never happen for imaginary
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roots, but may or may not happen for real roots, or for vectors which are not roots.
Theorem 1.1(6) rules out certain a;41a1 + npas + ne.as where the coefficient of ay
must decrease indefinitely each time one applies sos3s1 until one of the coefficients
becomes negative, but there are other cases.

5. REFINED CONDITIONS

In [Tin21], two types of conditions were given: [Tin21, Theorem 4.3] gave local
conditions that must be satisfied anywhere on the Dyck path of a stable component,
and [Tin21, Theorem 4.9] gave extra conditions that must be satisfied near the
beginning of the path, and at places where it is near the diagonal. The previous
sections here gave conditions analogous to [Tin21, Theorem 4.3]. We now give some
conditions analogous to [Tin21, Theorem 4.9].

Theorem 5.1. Fiz 8 = aai + bas + cas and a path 121201301 ... 1925 3% yyith
ap+---4+ag=a,bi+---+b,=bci+ --+cp=c. Foranyx <y<k,let
® Ngl] = Azy1+ Azyo2+ -+ Ay+1
Npr = mln(bz + bz:Jrl + -+ bya SNar — (ba:+1 + bz+2 + 4+ by+1))
Ner = min(cy + Caq1 + - + ¢y, tar — (Co1 + Cog2 + -+ Cyt1))

A=a;+ax+- - +az_1+ 80 +ther — Nar
B=by+by+- 4 by_1+nr
C=c+ecat - +cg1+ne

If this path is the string data of a stable component, then

A
(Z) SBtha 2 sbitc 5 ,
(2) If 5556 = 5355 and C >0, then & > ¢

Proof. Assume there is a A-module M with this string data, And assume the con-
dition is violated. It suffices to show that M is not stable, which we will do by
finding a submodule of M that violates stability.

Decompose M as in (3.5). By the definition of the socle filtration, the map

1221 By @ @ Byp1 — AL & @ A 4
is injective. By the preprojective relation,
2710122 : B @ --- ® Byy1 —+ By,_1®---® By
is the zero map, so
dimimoZy < s(az + -+ ayqp1) — (by + -+ -+ by41).

Since clearly dimim,Z; < by + byy1 + -+ + by, we see that dimim oz, < nyy.
Similarly, dimim 371 < ng.

Let Iy =imoZ1 C B, ® -+ ® By and I3 = im32; C Cp @ --- @ Cy Consider the
submodule S generated by

Mi® - - BEMy_ 1013 Is.

Then it is clear that dim Sy = B,dim S35 = C.
Consider

1Z2 D 123 : (1m 252’1)5 D (imgfl)t — Am—l D---D Ay
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Since im oz @ 321 C (Im2Z1)® ® (im3Z1)® the preprojective relation implies that
this has a kernel of dimension at least n,;. So, the image of this map has dimension
at most

Snpr + tner — Ngr-

Thus dimS7 < ay + -+ + agp—1 + snpr + tner — nar = A.
But then S violates stability, since either
dim S, A a
. : < < ;
sdim Sy +tdimSs — sB+tC  sb+te

or these are equal and
<

Ss3 C

ol

6. MORE EXAMPLES
Example 6.1. Consider s =t = 2 and the path
(6.2) 1323192231125

This passes all the conditions in Theorem 1.1. However, by the pre-projective
relation and the fact that this is a socle filtration, the sub-quotient corresponding
to the sub-path 122231% (shown in red) has the property that im(;zs + 123) has
dimension at most 2. This in turn implies the existence of a submodule

132312223,
and that violates stability. This is caught by Theorem 5.1 with x =y = 2.
Example 6.3. Again take s =t = 2, but now the path
1%2%1%2231%22314261527.
By the preprojective relation, t he sub-quotient corresponding to 223142231% has
the property that dimim(zs 4+ x3) < 4. Thus the vectors corresponding to the

underlined part of the path must general a sub-module violating stability. This is
caught by Theorem 5.1 with z = 2,y = 3.

Example 6.4. Again take s =t = 2, but now the path
142%1423314261%26
Then the submodule corresponding to 2331426 has the property that dimim(s2;) <
2, which forces a submodule of the form
14241%2231%

But now the sub-quotient 142231% has dimim(;22 +123)) < 2, forcing a submodule
with data

142412223,
and now stability has been violated. The cases when ny; = sngr — (bpy1 + beta +
-+ 4 byt1) (or similarly with n.r) catch this sort of two-step problem.
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Example 6.5. For s = 2,t = 1, the smallest root where the number of paths
satisfying both Theorems 1.1 and 5.1 is not the root multiplicity is 6 +5ag +3as.
Somewhat surprisingly, the correct multiplicity in 30 but there are 33 paths in this
case. S0, the first error is off by 3! The three paths that pass all the conditions but
do not correspond to stable irreducible components are

(6.6) 11221123123123
(6.7) 11212123123123
(6.8) 11122211233123

To see why these do not correspond to stable components, consider (6.6). Look at
the red quotient module. The map ;23 has a 2 dimensional image by the definition
of the socle filtration, so the preprojective relation 3x101x3 = 0 implies that the map
321 is the zero map on this quotient. So, there is a quotient module ¢ isomorphic
to C3, and a submodule P with data

11221121212.

Now, the quotient module marked in bold implies the existence of a submodule P’
with data

11221212

Denote the span of these four 1s by W. Then the map 123 : Q — T1/W has a one
dimensional kernel K; by dimension count. Then P’ ¢ K violates stability.

The arguments for the other two cases are very similar: in both cases, there is a
quotient @ isomorphic to C3 by essentially the same argument.

For (6.7), the corresponding submodule is

11212121212,
and the bold sub-quotient implies the existence of a submodule with data
12121212.

Now the argument is the same.
For (6.8), the corresponding submodule is

11122211212,
and the bold sub-quotient implies the existence of a submodule with data
11122212.
Now the argument is the same.

One may ask, why is the first example off by 37 It seems strange, but is just
combinatorially hard to find a place where this sort of example happens. We are
only looking at roots which are minimal in the sense that they can’t be reflected
to smaller roots. So, that means roots acy + bas + cag with b < a,c < 3, and
a < b+ 5. It is just not possible for combinatorial reasons to construct an example
like that in Example 6.5 for a root satisfying these conditions and smaller than
6aq + bas + 3ag, and then suddenly there is quite a bit of freedom. However, it
is worth considered roots which are not minimal. Our method works just fine for
such roots, even if they can be reflected to a simpler case. We are then able to find

a more minimal looking example, where the error is only by 1.
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Example 6.9. Take s = 2,¢t = 1 and the root 4oy + 3as + 3az. This can be
reflected to 4a; + 3as + a3 and then to 31 + 3as + a3, a root which we know
has multiplicity 3. However, let’s do the calculation with our methods directly on
4a; 4+ 3as + 3a. Then a total of 5 paths pass the conditions in Theorem 1.1:

1123312123

1112233123

1111222333

1123123123

1123311223
The path 1123311223 is ruled out by Theorem 5.1 with x = y = 1. Here ngr—o,
which is just ag; mpr = 1, since min{by,as — 2b2} = by = 1; n.y = 1 because
min{cy,as — ¢} = ag — ¢o = 1. The condition says

2nb1+nclfna1 4
2npr + Ner ~2x343

which gives % > %, which is false.
The other path which does not correspond to a stable component is 1123123123.
One can see that this module is not stable by the same argument as in Example

6.5, and in fact the situation is a little simpler here.

7. COMPUTATIONAL DATA

In the cases s =t = 2 and s = 2,t = 1 we computed our estimates in many
examples using Python. The code can be found at [Chan]. The actual multiplicities
for s = 2,t = 1 can be found in [Kac90]. The multiplicities in the case s =t = 2
were calculated by Alex Feingold by modifying mathematica code originally written
by Stephen Miller implementing a version of the Peterson algorithm to calculate
the multiplicities, see [Pet83]. The results are given in Figures 7.2 and 7.1. These
seem to validate our belief that these upper bounds are pretty good.

Note that, for the case s =t = 2, the symmetry of the Dynkin diagram implies
that for any a, k, ¢, the roots aay + kas + fasz and aay + fas + kag have the same
multiplicity. However, our method breaks this symmetry, and does not always
give the same estimates in these cases. See for example the data for the roots
9a; +8as + 7aiz and 9a; + Tae + 8aiz. The symmetry breaking only coms into effect
what a and k4/ are not relatively prime, so that Dyck paths that touch the diagonal
are possible. So, for instance, our estimates are the same for 9 + 9as + 7Taz and
9a1 + Tas + 9asg.
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se: Actual multiplicity | Bound using Theo- | Bound using just
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FicURE 7.1. Root multiplicities and our estimates for s =t = 2.
The table begins by looking at small roots, then jumps to some of
the largest roots we were able to work with.
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Actual multiplicity | Bound using Theo- | Bound using just
rems 1.1 and 5.1 Theorem 1.1

2 2 2

3, 3 3 3

3, 5 5 6

4, 5 5 6

5, 7 7 9

4, 11 11 15

6, 11 11 16

5, 15 15 18

7, 15 15 24

5, 22 22 34

8, 22 22 39

5, 30 33 46

9, 30 30 61

6, 42 42 72
42 42 96
56 56 79
56 56 148
77 83 121
7 7 146
7 7 233
101 101 134
135 137 283
176 187 296
176 176 287
231 253 379
231 233 316
231 235 531
297 317 725
385 410 682
385 399 974
385 410 682
490 499 934
627 674 1062
792 807 1107
792 839 1498
1002 1218 2335
1574 1656 2754
1574 1673 3161
1957 2167 3404
1957 2029 5113
1956 2000 3134
3007 3492 6942
3713 3912 6776

FIGURE 7.2. Root Multiplicity Data: s=2, t=1.



18 PATRICK CHAN AND PETER TINGLEY

[HKO02] Jin Hong and Seok-Jin Kang. Introduction to quantum groups and crystal bases, volume 42
of Graduate Studies in Mathematics. American Mathematical Society, Providence, RI, 2002.

[Kac90] Victor G. Kac. Infinite-dimensional Lie algebras. Cambridge University Press, Cam-
bridge, third edition, 1990.

[KMWS87] V. G. Kac, R. V. Moody and M. Wakimoto, On E10, Differential geometrical methods
in theoretical physics (Como, 1987), NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci., vol. 250,
Kluwer Acad. Publ., Dordrecht, 1988, pp. 109-128.

[KLL17] Seok-Jin Kang, Kyu-Hwan Lee and Kyungyong Lee. A combinatorial approach to root
multiplicities of rank 2 hyperbolic Kac-Moody algebras. Communications in Algebra. 45 Issue
11 (2017) 4785-4800. arXiv:1501.02026.

[KM95] S.-J. Kang and D. J. Melville, Rank 2 symmetric hyperbolic Kac-Moody algebras, Nagoya
Math. J. 140 (1995), 41-75.

[Kas95] M. Kashiwara. On crystal bases. Canadian Math. Soc. Conf. Proc. 16 155-197, 1995.

[KS97] Masaki Kashiwara and Yoshihisa Saito. Geometric construction of crystal bases. Duke
Math. J., 89(1):9-36, 1997. arXiv:q-alg/9606009.

[Lit98] P. Littelmann. Cones, crystals, and patterns. Transform. Groups 3 (1998), no. 2, 145-179.

[NT18] Vinoth Nandakumar and Peter Tingley. Quiver varieties and crystals in symmetrizable
type via modulated graphs. Math. Res. Lett. 25 (2018), no. 1, 159-180. arXiv:1606.01876

[Pet83] D. H. Peterson. Freudenthal-type formulas for root and weight multiplicities, preprint
(unpublished) (1983).

[Rud97] A. Rudakov, Stability for an abelian category, J. Algebra 197 (1997), 231-245.

[Tin21] Peter Tingley. A quiver variety approach to root multiplicities. Preprint, arXiv:1910.
04637.

[TW16] Peter Tingley and Ben Webster Mirkovié-Vilonen polytopes and Khovanov-Lauda-
Rouquier algebras. Compositio Math. 152 (2016) 1648-1696. arXiv:1210.6921

DEPARTMENT OF MATHEMATICS AND STATISTICS, LOYOLA UNIVERSITY, CHICAGO, IL
Email address: pchan2@luc.edu

DEPARTMENT OF MATHEMATICS AND STATISTICS, LOYOLA UNIVERSITY, CHICAGO, IL
Email address: ptingley@luc.edu


http://arxiv.org/abs/1501.02026
http://arxiv.org/abs/q-alg/9606009
http://arxiv.org/abs/1606.01876
http://arxiv.org/abs/1910.04637
http://arxiv.org/abs/1910.04637
http://arxiv.org/abs/1210.6921

	1. Introduction
	2. Background
	2.1. Kac-Moody algebras and B(-)
	2.2. The crystal B(-)
	2.3. Quiver varieties 
	2.4. Stability conditions
	2.5. String data

	3. Rank three and proof of Theorem ??
	4. Examples
	4.1. The case s=2,t=1 
	4.2. The case s=t=2

	5. Refined conditions
	6. More examples
	7. Computational data 
	References

