Loyola University Chicago Midterm 1
Math 161, Fall 2010

Name (print): Signature:

Please do not start working until instructed to do so.
You have 75 minutes.
You must show your work to receive full credit.
No calculators.

You may use one double-sided 8.5 by 11 sheet of handwritten (by you) notes.

Problem1. .~

Problem2. =

Problem 3. -

Problem4.

Problemb5. .~

Total.




Problem 1. (40 points) Find the following limits and derivatives. Put a|box around your final answer |

Tr + 2
21

a.(5 points) hm

Solution: plug in © =4, get
Tr+2  28+2
lim =2
v—d 2 —1 16 -1

10y — 2y
b.(5 points) lim Oy —2y” +5

y=00 /T + % 4+ 9yt

Solution: divide top and bottom by 2, get

. 10y —2y%2+5 . 10/y — 2+ 5/y> —2 2
lim —————— = lim = - _Z

y—=0 /T4 42 + 9yt y— \/7/y4+1/y2+9 V9 3

) ) 2+ 3x+2
c-(5points) - MmN T

Solution: factor, simplify!

_ m2+3m+2 _ (x+1) -2+1 1
lim = lim lim = =4/=
et \ 22t x—2  g-at Tt (@ —1) -2-1 3

2
x°+3x+2

d. (5 point lim ——
(5 points) ool- 22+ — 2

Solution:

2 4+3z+2 i x+1

li = - _
a:g{l* 24+ x—2 g;inla*x—l >
because it is, essentially, —
22 —6
e.(5 points hm
Solution: z — 3~ means z <3 so z—3 <0 so |z—3] =—(2—3), and so
22 —6 2z —6
lim 22 — lim —~ =-2



f. (5 points) di (7x5 — 11+ In(z) — tan(z))
x

Solution:

1 1
xr coslzx

d
o (72° — 11 + In(x) — tan(z)) = 352" +

d
; 4z
g. (5 points) T ( 5+ cos(3 ))

Solution:

4 ( 5+ cos(34x)> =-(5+ cos(345”))_% (—sin(3*")) In3 3% 4

dx

N

a®+b

—I—C) where a, b, and ¢ are constants
sinz 4+ x

h. (5 points) di (
x

Solution:

d ( a®+b )_lnaa”"(sinx—kmc)—(aaj+b)(cosx+cxc_1)

dx \sinz + x° (sinx + x¢)?2

Problem 2. (10 points) Use the definition of the derivative to find the derivative of f(z) = v/5z2 + 1.

Solution:

f(z+h) — f(z) Vo(z +h)2+1— 522 + 1

! _ . o .
fla) = jm= = h
. V(@ +h)2+1 V522 +1 \/5(x+h)2+1+V5x2+1
h—0 h Vo +h)2 =1+ V522 +1

5(x+h)2+1-52%2 -1
1m
h=0 h(\/5(x + h)2 + 1 + V5622 + 1)
522 + 10zh + 5h% — 522

lim
h=0 h(\/5(x + h)2 + 1 + V5622 + 1)
10z + 5h

lim
h=0 \/5(z +h)2 +1+ Vb2 +1
102

2v/5x2 + 1




Problem 3. (15 points) Consider the function

22 if x<1
flz)=<2x—-1 if 1<x<3
5 if x>5H

a. (5 points) Is this function continuous at # = 1?7 Is this function continuous at x = 3. Justify your
answer.

Solution: atx = 1lim, ;- f(z) =lim, - 22 =1, f(1) =1, lim,_,;+ f(z) = lim, ;- 2z—1 =1,
so the function is continuous. Atx = 3 lim,_3- f(z) =lim, ,3- 2e—1 =15, f(3) = 5, so the function
is continuous. (The domain of f(x) does not extend just to the right of 3, so there is no lim,_, 3+ f(x)
to consider.)

b. (5 points) 1Is this function differentiable at x = 17 Is this function differentiable at z = 3. Justify
your answer.

Solution: at x = 1, the function is differentiable because limy_,g w exists:
f SOUER =S QR =1 O = f() 20 11

1
h—0— h h—0— h—0+ h—0+ h

Essentially, the slope to the left and the slope to the right are equal. At x = 3, the function is
differentiable from the left.

NOTE: if you said that f is not continuous at x = 3, then it is correct to conclude f is not
differentiable at x = 3.

c.(5 points) With f(z) as above and g(z) such that ¢g(1) = 2 and ¢'(1) = —4, find A/(1), where
h(z) = f(g(x)).

Solution: W' (x) = f'(g(x))g' (x) by chain rule, so h'(1) = f'(g(1))g' (1) = f'(2)(—4) = 2(—4) = -8

NOTE: I intended for the problem to say that f(x) =5 for x > 3 (not for x > 5). Then, f is
continuous at both 1 and 3, and f is differentiable at 1 but not at 3.



Problem 4. (15 points) Consider the curve

2% —day +yt = 0.

d
a.(5 points) Find the general formula for d—y, the slope of the curve, in terms of z and y.
x

Solution: implicit differentiation:
2 — 4y — day’ + 4%y =0
Solve fory', get

dy 4y —2x
de 43 — 4z

b.(5 points) Find the equation of the line tangent to the curve at the point <1+\/§, 1).

2
Solution: when x = 1+2‘/§, y =1, the slope is
4y —2x  4-1-—+3 3-3
m = = =
qy3 —dx 4-2-23 2-2V3

The tangent line is

3= V3 [ 1+V3
YTy s\t 2

c.(5 points) Find the point (or points) on the curve where the tangent line is horizontal.

Solution: tangent line is horizontal where % =0, so sety =0 in 2z — 4y — 4ay’ + 4y3y' = 0.

Get 2z — 4y =0, so x = 2y. Now, find points on the curve x> — 4xy + y* = 0 where x = 2y:
(29)° —4C2yy+y' =0, 4°-8y° +y' =0, y' -4’ =0, y’(y°-4) =0

and soy =0 ory =2 ory = —2. The points on the curve are (0,0), (4,2), (—4,—2). There is a
problem with (0,0) though — it is not possible to tell what the slope at (0,0) is. So, the answer is
this: the tangent line is horizontal at (4,2) and (—4,—2), and I am not quite sure about (0,0).



Problem 5. (10 points total) When a bactericide was added to a nuntrient broth in which bacteria
were growing, the bacterium population continued to grow for a while, but then stopped growing
and began to decline. The size of the population, measured in thousands, at time ¢ > 0 (hours) is

b(t) = te™ 3.

a.(5 points) How fast is the bacterium population changing at time ¢?

Solution: this is a question about the rate of change of b(t), so about the derivative of b(t)

!/ 1 t
Bty = (te8) =i — etz = <1 _ 3)

b. (5 points) When does the population stop growing?
Solution: set b'(t) =0, get
s0

sot=3.

c.(5 points) What is the maximum size of the population?

Solution: maximum size happens when population stops growing, so

b(3) = 3e!



