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1 Brief review of basic differential equations

A differential equation is an equation involving a function and one or more of the function’s
derivatives. An initial value problem consists of a differential equation and initial conditions
specifying the value/values of the function and/or of the function’s derivatives at a certain
point.

Example 1.1 The height h, as a function of time ¢, of a body falling due to force of gravity
and without friction is described by the differential equation

d’h

Z 1

dt2 9 ( )
where ¢ is the constant acceleration (in metric system, g = —9.81m/s?). In different
notation, h”(t) = g. Integration yields

1
W(t)=gt+c, h(t)= 59752 +ct +d,

where ¢ and d are real constants. Hence, h(t) = $gt>+ ct +d is a solution to (1). The heigh
h as above, of a body which at time ¢ = 0 is at height 40 and has velocity 5, is described
by the initial value problem

d*h dh

— = h(0) =40, —(0) = 5. 2

=0 h0)=40, 2(0) 2)
Since the general solution to the differential equation in (2) is given by h(t) = % gt? +ct+d,
one just needs to determine the constants ¢ and d that cause the solution to satisfy the
initial conditions h(0) = 40 and 1/(0) = 5:

1
h(0)=5902+c0+d:d:40, W(0) = g0+c=5,

and so d = 40, ¢ = 5, and the unique solution to (2) is h(t) = £gt? + 5t + 40. In more
generality, the unique solution to the initial value problem

R'(t) =g,  h(0) = ho, B'(0) =y 3)

1
h(t) = 59752 + vot + hy. (4)



If the values of h and h’ are predescribed at time ¢y which is not necessarily 0, one can rely
on the general solution h(t) = % gt? 4 ct + d and use the initial conditions h(tg) = hg and

h'(ty) = vg to determine ¢ and d:

1
h(to) = 595 + cto +d = ho, I (to) = gto +c = o

which imply that ¢ = vg — gtg, d = hg — %gt% — (vo — gto)to and so

1 1 1
h(t) = 59752 + (vo — gto)t + ho — 59753 = (vo — gto)to = 59(t — to)? + vo(t — to) + ho,
where the last expression is obtained from the previous one through some algebra. Note
that the last expression can be deduced from (4) by considering ¢ — tg, the amount of time
after ¢g. A

Example 1.2 Consider the differential equation
y" + 3y — 10y = 0. (5)

To confirm that 3 (t) = € is a solution to (5), take the derivatives ] (t) = 2€%', y(t) = 4e?
and plug them into the equation to get 4e% 4 3 - 2e?! — 10e?* = 0, which is true because
446 — 10 = 0. Similarly, one confirms that y5(¢) = e~ is a solution to (5).

The differential equation (5) is a linear differential equation, because it has the form

An()y ™ (#) + Anr ()" () + -+ ALY (1) + Ao(B)y(1) = Q(1), (6)

where y(™ denotes the n-th derivative of y, and A,,, A,_1, ... A1, Ay, Q are some functions
of t. In (5), A2 =1, Ay =3, Ag = —10, while @ and all other A,, are 0. Because A, = 0
for n > 2 and As # 0, (5) is a second order equation. Because Ag, Ay, Ag are constant, (5)
is a second order equation with constant coefficients. Finally, because the right-hand side
is 0, it is a homogeneous second order equation with constant coefficients.

The practical aspect of linearity and homogeneity of (5) is that any linear combination
of solutions to (5) is a solution to (5). Two previously guessed solutions are y;(t) = e,
y2(t) = =%, but the reasoning below works for any other two solutions yi, ¥ to For some

fixed a, B € R, let
y(t) = ayi(t) + Bya(t).
Then

y'+3y =10y = (ay+ Bya)" + 3(ayr + Bya)' — 10(ay1 + By2)
oy + Byy + 3(owy + Bys) — 10(ay1 + By2)

= a(y’+3y —10y) + B (y" + 3y — 10y)

= a-04+p8-0=0.

Hence, y is a solution to (5).
With the two solutions y;1(t) = €2, y2(t) = e to (5), let’s solve the initial value
problem
' +3y —10y =0,  y(0)=4, /(0)=1. (7)

Neither 71(t) = €2 nor yo(t) = e satisfy the initial conditions y(0) = 4, ¢'(0) = 1.
However, the general solution y(t) = ay;(t) + Sy2(t) might, with an appropriate choice of



constants « and 3. The condition y(0) = 4 turns to a + 8 =, the condition y'(0) = 1 turns
to 2a — 50 = 1. Solving the system of two equations for « and § yields a = 3, g = 1.
Hence, y(t) = 3y1(t) 4+ y2(t) is the solution to (7).

Finally, note that the solutions %1 (t) = €% nor y2(t) = e~ to (5) can be found by first
solving the quadratic characteristic equation of to (5): 72 + 3r — 10 = 0, which gives r = 2
or r = —5. Other homogeneous second order linear differential equations, for which the
characteristic equations have a repeated real root or complex roots, are solved similarly.
See [1, Chapter 3] or [3, Chapter 4] for details. A

Example 1.3 Consider the differential equation

dr 4

It is a separable equation: all occurrences of x can be moved to one side of the equation

while all occurrences of ¢ can be moved to the other side. One obtains

d—:E:dta /d_l':/dtv —l:t—FC
2 2 z

1
c—t’

and ultimately,
z(t) =

7
where ¢ is a constant. Consider the function y(t) = 7z(t) = - Note that
c—

dy 7 49 9

W=D (o2 Y

and thus y is not a solution to (8). Consequently, (8) is not a linear differential equation,
which could have been concluded by noticing the z? term anyway. A

Example 1.4 Given sufficient room and feed, the population of bunnies, the size of which
at time ¢ is b(t), grows exponentially according to

V(t) = ab(t), 9)

where a > 0 is some constant. The equation (9) is a homogeneous first order linear differ-
ential equation, and the solution to it is

b(t) = b(0)eo,

Note that the function above is well-defined for all t € R. Similarly, given sufficient room
and no bunnies to eat, the population of wolves, the size of which at time ¢ is w(t), decays
exponentially according to

w'(t) = —Buw(t),
where 6 > 0 is some constant. When the populations of bunnies and wolves interact,
bunnies get eaten by wolves, which has a negative effect on the former but a positive effect
on the latter. This can be modeled by the system of differential equations

b (t) = ab(t) — yb(t)w(t), w'(t) = —Bw(t) + ob(t)w(t), (10)

where ,0 > 0 are some constants. The terms vb(t)w(t), 0b(t)w(t) appear because the

number of interactions between bunnies and wolves is proportional to the product b(t)w(t).
A



Example 1.5 Given insufficient room and feed, the population of bunnies b(¢) does not
grow exponentially. Rather, it can be modeled by

b (t) = ab(t) (m — b()). (11)

where o, > 0 are some constants. Note that when b(t) > m then b'(t) < 0, when
0 < b(t) < m then V'(t) > 0, and when b(t) < 0 — which has no practical interpretation
in terms of bunnies — () < 0. Furthermore, b(t) = 0 and b(t) = m are two constant
(equilibrium) solutions to (11). The solution to the initial value problem consisting of (11)
and b(0) = by decreases from by to m if by > m and increases from by to m if 0 < by < m.
This can be verified explicitly, because (11) is separable and can be solved. As long as

b(t) # 0, b(t) # m, one obtains

1 /1 1 1 1
D bm—b), — E<_+—> db = adt, (———) db = amdt

dt b(m —b) b —-b b b—m
and thus
In|b| —In|b—m| =amt+c, In = amt + c, = e,
b—m b—m

Because ‘ﬁ‘ = :l:ﬁ, one then obtains, with a constant d which can be positive or
negative,

b

d amt
b—m c
and solving this for b yields
b(t) = _dm
T d— e—amt”

[\][o0]

Consider, for example, an initial condition b(0) = 3m. Then 3m = gm yields d = 3 and
then b(t) = %, which is a decreasing function with lim; o, b(¢) = m. If b(0) = /
which is an increasing function with lim; ., b(t) =

then d = —1 and b(t) = THe amt s

D

2 Examples of simple control problems

Example 2.1 Consider a cart moving along an infinite track (the z-axis) with no friction.
The cart has two rocket engines attached to it; one firing to the right (in the positive
direction), one firing to the left (in the negative direction). Let x(¢) be the position of the
cart along the track at time ¢, so that @(t) is the velocity, and #(¢) is the acceleration. For
simplicity, suppose that the mass of the cart and the force applied to the cart by either of
the rocket engines is 1. The differential equations describing the motion of the cart are as
follows:

Z(t) = 0 if both engines are off;
Z(t) = —1 if the right engine is on;

Z(t) = 1 if the left engine is on.



Suppose that, at time 0, 2(0) = 12 and #(0) = —3; in other words, that the cart is at
x = 12 and is moving to the left with speed 3. How should one switch the engine (or
engines) on and off in order to make the rocket cart stop at the origin at some time 7" > 0
(i.e., z(T) =0, z(T) = 0) ? One idea is to do nothing for a while, let the cart roll to the
left, then, at some time Tj, fire the left engine and let it run until the velocity is 0. Ty must
be picked carefully, so that the cart stops at 0, not elsewhere. The velocity of the cart after
Ty, with the left engine running, solves the initial value problem

z(To) = -3, Z(t)=1
and thus, for ¢t > Ty and as long as the engine is running,
&(t) = =3+t — To.

We want the cart to stop at some (unknown for now) time 7', so we want #(7") = 0, and
thus
0=—3+T—Tp.

Consequently, T' = Ty + 3, in common words, the cart stops after 3 seconds of the left engine
running. The question now is, what should this Ty be for the cart to stop at 0, i.e, with
x(T) = 0. For t € [0, Ty], the position of the cart solves the initial value problem

2(0) =12, &(0) = —3, #(t)=0

and thus, for ¢ € [0, Tp),
x(t) =12 — 3t,

and in particular, z(Tp) = 12 — 3Ty and @(Tp) = —3. For t € [Ty, T, the position of the
cart solves the initial value problem

x(Ty) =12 — 3Ty, ©(Ty) = -3, #(t) =1
and thus, for ¢t € [Ty, T1,

#{t) = 12 = 3Ty — 3(t — To) + 3 (¢ — To)’,
and in particular, z(T) = z(Tp + 3) = 12 — 3Ty — 3% + 332 We need z(T) = 0, so
0=12—-3Ty— 3>+ %32 and consequently, T, = 2.5. Hence, a winning strategy is:

* Do nothing for 2.5 seconds. Then, start the left engine and run it for 3 seconds. Then
switch the engine off and keep both engines off forever.

Some questions arise about the strategy above, they are formulated in the problem below.
A

Problem 2.2 The questions below pertain to Example 2.1. First, two questions regarding
the strategy x.

(a) What is the result of the strategy if the initial condition x(0) = 12 was not accurate?
For example, what if x(0) = 11.8 and the same strategy is used?

(b) What is the result of the strategy if the initial condition x'(0) = —3 was not accurate?
For example, what if '(0) = —3.1 and the same strategy is used?



More interesting questions arise for other initial conditions.

(c) Suppose that x(0) = 10, £(0) = —2. What is a strategy that makes the rocket cart stop
at the origin at some time T > 0.

(d) Suppose that ©(0) = 12, (0) = —8. What is a strategy that makes the rocket cart stop
at the origin at some time T > 0.

(e) If one obtained a particular strategy in (b), can one find another strategy that obtains
the same goal with less fuel consumption (less time of fuel burning)?

(f) Suppose that x(0) = 12, ©(0) = —8. What is the infimum of the fuel burning time
over all strategies that stop the car at the origin at some time T > 079

Problem 2.3 This problem is about driving the rocket cart to the origin in the shortest
possible time. (Note: this is very different from using as little fuel as possible, i.e., from
firing the engines for as little time as possible.) For that purpose, common sense suggests
that coasting, i.e., having both engines off, is never an appropriate thing to do unless the
cart is already at the origin and stopped. Hence, the rocket cart moves along the x-axis
according to the differential equations

Z(t) = —1 if the right engine is on;
Z(t) = 1 if the left engine is on.
Answer the following questions:

(a) Suppose that z(0) = 10, £(0) = —2. What is a strategy that makes the rocket cart stop
at the origin in the shortest possible time?

(b) Suppose that x(0) = 12, £(0) = —8. What is a strategy that makes the rocket cart stop
at the origin in the shortest possible time?

Example 2.4 Let z(t) denote the temperature in a room with a heater which can be on
or off. Let z,rs be the natural temperature of the room with the heater off and z,, the
natural temperature of the room with the heater on. If the heater is off, the temperature
z(t) evolves according to

2(t) = —a(z(t) — zofy),

where a > 0 is some constant. If the heater is on, the temperature z(t) evolves according
to

2'(t) = =B(2(t) = Zon)-

For simplicity, suppose that z,rr = 40, 2z, = 80, @ = In2, and 8 = In1.5 and further-
more, say that z(0) = 50. How should one switch the thermostat on and off in order to
raise the temperature to be in between 60 and 65 and later keep the temperature in that
range? A



3 Standard Form

The standard form of an autonomous differential equation is

i = f(x), (12)

where x € R"™ and f : R® — R" is a function. Similarly, the standard form of an non-
autonomous differential equation is

= f(x,t), (13)

where z € R, ¢t € R, and f : R""! — R"is a function. The standard form of an autonomous
control system is

T = f(x,u), (14)

where z € R™ is the state of the system, u € R is the control input, and f : R"** — R" ig
a function.

Example 3.1 To write the differential equation y” + 3y’ — 10y = 0 of Example 1.2 in the
form (12), let 1 = y, x2 = ¥’ and note that @7 = y’ = xo, which comes from the choice of
x1, o9 while 9 = 3y = 10y — 3y’ = 1021 — 32, which comes from the differential equation.

Then, with z = (‘m) € R?, one obtains

Z2
:E.1 o :ﬁl o X9 o 0 1 I
X9 o :ﬁg o 10:E1 — 3:E2 o 10 -3 X9 )
Thus © = Az with A = 0 1 A
us r = Ar W1 = 10 -3

Example 3.2 The system of differential equations (10) from the predator prey Example

1.4 becomes )
x1 1 QT — YT1T2
= = 1
<ZE2> <ZE2> <—ﬁ$2(t> + 5£L'1:E2> ( 5)

after the change of variables z1 = b, z9 = w. Here, & = f(x) with f(z) = ( g:fl(t_) 1‘%52 >
—px2 122
A

Example 3.3 The rocket cart in Example 2.1, with 1 denoting the position and zo = &7
denoting the velocity of the cart and the control u being either —1, 0, or 1, takes the form

()= ()= 3 () < (0) -

A



4 Linear Systems

This section considers autonomous and homogeneous linear differential equations of first
order, or linear systems in short, of the form

&= Az (17)

where x € R™ and A is a real n X n matrix, i.e., A € R"*",

Recall first that linear differential equations as in (6), when homogeneous, and when
brought to standard form, take the shape of (17). Solving linear equations (6) of second
order, for example 3”43y’ —10y = 0 from Example 1.2 can be done without matrix methods.
This is discussed in [1, Chapter 3] or [3, Chapter 4].

Note that if A € R is an eigenvalue of A with an associated eigenvector v € R", that is,
when Av = \v, then eMv solves (17). Indeed,

(eXtv) =M =eMAv=A (e”v) .

Furthermore, given several such eigenvalues and eigenvectors \;, v* and constants ¢;, i =

m
1,2,...,m, one can easily check that Z c;ie’v? is a solution to (17). Hence, solving liner
i=1
systems (17) with matrix analysis tools works particularly well when A has n independent
eigenvectors, which is in particular true when A has n distinct real eigenvalues. This is
illustrated in the example below.

4 1 1—A
to 0 and solve for A. (1 — A)?2 —4 = 0 yields two eigenvalues A\ = 3, Ao = —1. To find an
eigenvalue v!, solve Av! = \jv!, so (4 — 3I)v! =0, so

(7 2)(2)- ()

1 1
Get v! = <2>, and similarly, get v? = (_2

(this always happens for distinct real eigenvalues — why?) and so any initial value problem

= (jl 1) 2. w(0) =a°

can be solved by picking constants cq, co in the general solution

z(t) = c1e® (;) + coe™t (_12>

to match the initial condition z(0) = z°. A

Example 4.1 Let A = (1 1>. To find eigenvalues, set the determinant of (1 ; Al >

>. Note that v! and v? are linearly independent

Exercise 4.2 Find the solution to

2 2 0 1
t=(-2 1 4 |z, z(0)= |2
3 —4 3



The situation is less simple when there is no n linearly independent eigenvectors for A.
The following fact helps with the analysis of (17).

Fact 4.3 For every A € R™™ there exists a nonsingular matriz M € R™" and a matriz
J € R™" in real Jordan form so that

A=MJIM™, J=M"1AM.
Consider the change of coordinates
z =M1z, r=Mz.
Then & = Az turns to M—1é = M~YAMM 'z, so (M~'z) = J(M~1z), and hence
z2=Jz. (18)
Advantages of dealing with (18) rather than (17) are due to the form of J.

4.1 Linear systems in 2 dimensions

For 2 x 2 matrices, the real Jordan form can take the following forms:

G 6 6o G0 a

and these forms occur, respectively, when A has two distinct real eigenvalues A1, Ao; when A
has a single (repeated) real eigenvalue A\ and two distinct eigenvectors; when A has a single
(repeated) real eigenvalue A and one eigenvector; and when A has complex eigenvalues
a+ 18, a —if. The examples below follow the general discussion in [2].

The case of A having two distinct real eigenvalues A1, Ao is illustrated first.

Example 4.4 Let

so in this case M = (1 2>, J = (1 0

and so

which shows that
-1 2 1 1 -1 2 2
G060 GHE-
1
<1> and
M

of A with eigenvector 2% = <§> Note that M 'zt = <0>, 12 <(1)>

()

Thus A; = 1 is an eigenvalue of A with eigenvector z! = Ao = 3 is an eigenvalue

[



Now, let ¢(t) be a solution to (17). Let ¢(t) = M ~'¢(t) and note that v (t) solves (18).

Write ¢ (il > Then (18) turns to
2(t

D)) _ (i) _ (1 0 (¢a(t)) _ (wa(t)

<¢2(t)> a <¢2(t)> B (0 2> <¢2(t)> - (2%(75))
and 1 (t) satisfies ¢.1(t) = 1)1 while 9(t) satisfies ¢.2(t) = 21po. Consequently, 11(t) =
Y1(0)et, 1ha(t) = 1h2(0)e?, and so

0= (5) w0 ()0 )

Such solutions ¥ (t) can then be easily sketched in the z coordinate system, and later trans-
lated to the x coordinate system. Explicitly, the solution ¢(¢) to (17) is

=200~ 1 5) (o) = (iov o) =0 (1) e (3)
Given the general form
clet G) + Cg€2t <§>

-1 2 . .. . . . .
>:E, the solution to this differential equation with the ini-

of a solution to & = (_3 4

tial condition z(0) = is found by picking the constants c¢; and co to satisfy the

2
-1
initial condition. One obtains ¥1(0) = 8, ¥2(0) = —3, and consequently the solution is

e (1 o 2t (2
8e <1> 3e <3> AN

Similar analysis can be done when A has two distinct nonzero real eigenvalues of different

signs, for example
A - 3 2\ (-1 1\(-3 0\ /-1/4 1/4
- \6 -1/ \ 3 1 0 5 3/4 1/4

and when A has two distinct negative eigenvalues, for example

A -8 1\ (1 1\/=7 O 5/4 —1/4

- \-5 -2/ \1 5 0 —-3)\-1/4 1/4
The situation when A has a single (repeated) nonzero real eigenvalue A with two eigenvectors
A0
0 A

more interesting when to such a single eigenvalue there corresponds only one eigenvector.
The following example illustrates this.

-17 9
A= (-25 13>

is also similar but not all that interesting: in such a case, A = ( > The situation is

Example 4.5 Let

(520 )55

10



3> . Solving

Here A\ = —2 is the unique (repeated) eigenvalue of A with eigenvector z* = (5

(-2 ()

yields zo(t) = 22(0)e™2!, 21(t) = (21(0) + 22(0)t)e~2. Correspondingly,

== (3 ) (SO0 (2 3) () () o

and consequently
z(t) = z(0)e " + (g) (=521(0) + 322(0))te
Both 21 and 2z, tend to 0 as ¢ — oo, same for x1 and zs. A

Now, to practice working in more generality, suppose that

_ a —f _
A_M<ﬁ a>M 1

which corresponds to A having complex eigenvalues a & i3. Then z = M~ 'z evolves
according to

. (o =P

(s P)-

z
It is illustrative to look at r = \/27 + 23, § = arctan sy
22

. 22121 + 22929 zl(ozzl + ﬁZQ) + Zz(—ﬁzl + OZZQ) 9 9
= = =an/z]7+ 25 =ar
227 + 23 NE B

9- . 1 21Z2 — Z1Z'2 .

1
(2 2 A

((azy + Bro)ze — 21(—PBz1 + az2)) = 8

That is, 7 = ar, so r grows or decays exponentially or stays constant depending on «, and
0 = (3, so 0 changes grows or decays linearly or stays constant depending on 3. The actual
solutions (see [3, Section 9.6]) are

21(t)\ _ [e* cos Btz (0) — e sin Btz2(0)\ o (cosBt —sinBt) (z1(0)
2o(t)) — \e¥sinftz1(0) + e cos Btzo(0) ) © \sinBt cospt 2(0)
cos Bt —sin Gt

_ at
and so z(f) = e (sinﬁt cos (3t

matrix notation.

> 2(0). It is fun to verify that this is a solution using

Exercise 4.6 Let

=G oD-G 6 DG D)

Find a solution to & = Ax with x(0) = (4,6) by finding the corresponding z(0), using this
initial condition to solve © = Jz, and then finding the solution x = M z.

11



Exercise 4.7 Find a general solution to £ = Ax if

—35/6  1/6 1 -1 01\ /-6 0 0\ /-5/6 1/6 0
A= 56 =316 5|=[1 0 5|0 —2 —1|[-1/2 -1/2 1
~5/3 -5/3 1 o 13 \o 1 —2/\1/6 1/6 0

It remains to discuss the cases of one or both eigenvalues being 0.

4.2 Matrix exponential

Given a n x n matrix A, the matriz exponential of A, e, is defined as
1 1
A _ 2 3
—I+A—|——2!A —I——3!A +

Ignring the issues of convergence of the infinite series involved, one can show directly from
the definition of e? that e’ = eI for any A € R“X" A e R; eA+B = edeB for any

A B € RV LAl — feAl 4 € Rt € R; and e = Me/M ™1, et = Me/'M ! if

A = MJM~!. For example, if A = MJM I then A% = MJM_lMJM_1 = MJ?M!
and, similarly, A* = MJ'M~! for i = 3,4,..., and consequently
et = T+ At+ (At) '(At)3 +
= T+ At+ —A2t2 + —A3t3
= I+MJM~ 1t+ MJ2 t2+31MJ3 M7+
= MIM '+ MJtM™' + Mz J2t2M - M3 JHM 4

= M<I+Jt+§J2t2+§J3t3+...>M—
= MeltML. ' '

These properties then imply that the solution (assuming there is only one) to the initial
value problem & = Az, x(0) = 2° is provided by

z(t) = ezl
Indeed, then £x(t)4 (eA20) = &4 (eA') 20 = AeM2® = Az(t). It is instructive to verify
. . . : (M0 A0 Al
this based on the matrix A in one of the following forms: ( 0 /\2>, (0 /\>, or (0 /\>,

1
with the last case handled by looking at (8 0> first. The real Jordan form representation

of A may help with computing e* because
At — eMJMflt — Mt

The special structure of J makes it easier to find e/t in comparison to a general matrix A.
If J = diag{\;} then e’! = diag {eAit}. If A € R is such that (J — AI)? = 0 for some p € N,
then
1
et = M elJADE (I +(J = M)t + (J M2 4+ W(J - /\I)p‘ltp‘1> :
p—1)!

The advantage of such an expression is that it is not an infinite series; rather, it has finitely
many terms.

12



-2 00
Example 4.8 Let J=| 0 3 1]. Then
0 0 3
-5 0 0 (=52 0 0 (-5)7 0 0
J=3I=|0 0 1], (J=3I)?%= 0 00|,...,(J=3D"= 0 00
0 00 0 00 0 00
for every ¢ > 2 and hence
-5 0 0 ~ [((=5)it" 0 0 e 00 e 2t 0
=T+ 0 0 1)t+) 0 o0 1|]=€f 0 1 ¢t]=o0 e
0 00 =2 0 0 0 0 0 1 0 0
A

2 10
Exercise 4.9 Finde’t for J=10 2 1
0 0 2

4.3 Large matrices

Knowing how to solve differential equations Z = Jz with a 2 x 2 matrix .J in the form

A0 A0 Al a —f

0 X/’ 0 A’ 0 A’ 6 a )’
lets one deal with larger matrices J that may show up as a real Jordan form of a large
matrix A. For example, suppose that A = MJM ™! with

M 0O 0 0 0 O
0 X 0 0 0 0
S0 0o 100
0 0 0 X 0 0|
0 0 0 0 a —B
0 0 0 0 B8 «a

Then 2z = Jz breaks down into

b s (2)=(8 D E). ()= D))

Solutions to these four separate differential equations are obtained separately, following
Section 4.1. With given initial conditions, one obtains

z1(t) = e>‘1tz1(0), 29(t) = e>‘2tz2(0),

)6 ). (@) (2 ()
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and consequently,
Mtz (0)
e?2t2(0)
A5t (23(0) + t24(0))
(& z3 Z4
2(t) = e)\3tz4(0)
e (cos Btz5(0) — sin Btzg(0))
e (sin Bt25(0) + cos Btz6(0))
Unfortunately, the discussion above does not cover all the smaller “blocks” that may show

up in a real Jordan form of a matrix. One example of another kind of a “block” is in
Example 4.9. Another is:

a —6 1 0
6 a 0 1
0 0 o -0 (20)
0 0 (8 «
Exercise 4.10 Find e’t if J is given by (20).
4.4 Non-autonomous linear systems
Exercise 4.10 can be nicely handled by relying on the general framework for solving
&= Ax +b(t) (21)

where, as before, x € R", A is a real n x n matrix, i.e., A € R™" and b: [0,00) — R" is
a vector-valued function. Equipped with the notion of the matrix exponential, the solution
goes as follows:

4 (e‘At:E(t)) = e~ (1)

i(t) — Az(t) = b(t), e Mi(t) — e M Ax(t) = e (1), o

t
and consequently e 4z (t) = / e 4%b(s) ds+ c¢. With an initial condition z(0), one gets

0
¢ = x(0), and the solution becomes
t
x(t) = et <x(0) + / e~ A5b(s) ds> .
0

4.5 Qualitative properties of solutions to linear systems

Several properties, of solutions to (17), given by & = Ax, and (21), given by & = Az + b(t),
are summarized below.

Given solutions x1, 2, ..., x to (17) on an interval [0, 7] and constants c1, co, ..., ¢k,
the function x defined by x(t) = c121(t) + caza(t) + - - - + cpwi(t) is a solution to (17). This
also holds for (21) ifc; +co+ -+ ¢ = 1.

In particular, if  : [0, 7] — R™ is a solution to (17) on some interval, then so is cx, for
any constant c. This homogeneity property means that local behavior and global behavior
of solutions to (17) is the same: for example, the saddle point behavior of solutions to (17)
with a 2 x 2 matrix A with one negative and one positive real eigenvalue, is visible no matter
how close one zooms in onto the origin or how far one zooms out.
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The result below, which will then lead to several properties of solutions to (17) and (21),
relies on the fact that for every n x n matrix A there exists a constant £ > 0 such that for
every vector x € R™,

| Az]| < Kzl

In more technical language, this constant is the induced norm of A, usually denoted by

||All, and defined by ||A| = I||HE|T}<(1 | Av||.

Lemma 4.11 Let k > 0 be such that for every vector x € R", |Az|| < k||z||. Ify:[0,T] —
R™ is a solution to (17) then, for every t € [0,T],

ly@) < e [ly(0)].

Proof. Consider the function a : [0,7] — [0,00) given by «a(t) = ||y(t)||*>. Then « is
differentiable, because y and the norm squared are, and

d .
27 0() = 2y()-9(t) = 2y(2)-Ay(t) < 2y [l Ay Ol < 2lly @ lI%lly O]l = 2k ||y (t)|1* = 2ka(t),
where the first inequality just says that the dot product of two vectors v and v is bounded
above by ||ul|||v||. Hence %a(t) < 2ka(t) and consequently a(t) < e**a(0). Then, ||y(t)|| <
[y (0)]]. O
First consequence of Lemma (4.11) is that the size of a solution z to (17) is bounded
above, for any ¢ in the domain of x, by an exponential function of ¢t. Thus, there are no
solutions x : [0,T) — R™ to (17) such that lim;_p ||z(¢)|| = cc. In other words, solutions to
autonomous and homogeneous linear systems do not experience finite-time blow-up. This

is in contrast to simple nonlinear differential equations, for example ‘Cll—f = z? from Example

1.3. For z(0) > 0, solutions have the form z(t) = f and so limtéﬁ |z (t)]| = oo.
z(0

Let 1,22 : [0,T7] — R™ be two solutions to ((2)1) with x1(0) = 22(0). Consider y :
[0,T] — R™ defined by y(t) = z1(t) — z2(t), which is a solution to (17). Then, for some
k>0, |lyt)] < e*||ly(0)|| = 0, and consequently x1(t) = xo(t) for all ¢ € [0,7]. That is,
solutions to (21) are unique. This is in contrast to simple nonlinear differential equations,
see Example 6.1.

Let x1,x9 : [0,T] — R™ be two solutions to (21). Consider y : [0,7] — R™ defined by
y(t) = 21(t) — x2(t), which is a solution to (17). Then, for some k > 0, [|y(t)|| < ||y (0)|,
and consequently, for every ¢ € [0, T],

lz1(8) = 22(t)]| < €[|l21(0) — a2(0)|| < € [|1(0) — a2 (0)]l,

where the constant e*” depends on the matrix A, the length 7' of the interval [0, 7], but
not on particular solutions z1, 2. One can conclude that, subject to their existence, the
solutions to (21) depend uniformly continuously on initial conditions: for every e > 0, every
T > 0, there exists § > 0 (which can be taken to be e 7*7¢) such that for every initial point
xo and every initial point z{, with ||z, — x¢|| < J, one has ||2/(t) —x(t)|| < € for all ¢t € [0, T7,
where z, 2’ : [0,T] — R™ are solutions to (21) with initial conditions zg, .

“0=() 0= ()
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be two solutions to the differential equation & = Ax on the interval [0, T| with A = <_1 2> .
(:61(15) yl(t)>
za(t) w2(t))

W _ et (28 z;g» + det (il(t) :'fl(t)> .

Let W(t) be the determinant of*

(a) Show that

(b) Show that
aw

dt
(¢) Prove that either x(t) and y(t) are linearly independent for every t € [0,T] or x(t)
and y(t) are linearly dependent for every t € [0,T].

= (a+d)W.

5 Introduction to feedback control

The rocket cart as described in Example 2.1 moves according to Z(t) = 0 if both engines are
off, (t) = —1 if the right engine is on, and Z(t) = 1 if the left engine is on. In the example,
it was established that to make the cart stop at 0 given initial conditions z(0) = 12 and
#(0) = —3, one applies the strategy x which results in the position of the card z(t) solving
the differential equation Z(t) = u(t), where the function u : [0, 00) — {—1,0, 1} is given by

0 if tel0,25)
ut)=141 if te[2.5,55)
0 if te5.5,00)

The solution z : [0, 00) — R is then z(¢) = 10 — 3¢, t € [0,2.5); z(t) = 4.5 — 3(t — 2.5) +
$(t—25)% t € [2.5,5.5); and z(t) = 0, t € [5.5,00). Questions (a) and (b) in Problem 2.2
showed that the desired outcome, the cart resting at 0 for all large enough ¢, is sensitive to
small changes in initial conditions. Using the same u(t) with the initial condition z(0) close
but not equal to 12 results in the cart resting but not at 0; using this u(t) with the initial
condition #(0) close but not equal to —3 results in the cart moving with constant speed for
all ¢t > 5.5. In other words, different initial conditions require different strategies; in fact
strategies significantly different as underlined by question (d) in Problem 2.2. Would not
it be lovely to have one formula that determines when to fire which engine, independently
of the initial conditions? In other words, is there a function k : R? — {—1,0,1} so that
all solutions to the differential equation & = k(z, %) get to 0 and stop there? The problem
below attempts to find such a formula with an additional goal of minimizing the time it
takes the cart to get to 0.

Problem 5.1 This problem revisits the issue of driving the rocket cart to the origin in the
shortest possible time, treated before in Problem 2.3. Do the following:

(a) Knowing that x(t) = zg + vot £ 0.5t2, v(t) = vo £ t, depending on whether the left
engine or the right engine is on, sketch two pictures, one for the case of the left engine
being on, one for the case of the right engine being on, showing the trajectories of the
rocket cart (its position and velocity) in the xv-plane.

!This function is called the Wronskian of x(t) and y(t).
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(b) Superimpose the two pictures and sketch the results of strategies from Problem 2.3 (a)
and (b) in the superimposed picture.

(¢) Design a feedback control law for driving the cart to the origin in the shortest possible
time. That is, come up with a rule that determines whether the left or the right engine
should be running based on the state of the rocket cart, i.e., based on the current
position and velocity of the cart.

The answer to Problem 5.1 (c) is this: if the current state (z,v) of the cart is (0,0),

that is, if the cart is resting at the origin, have both engines of. If not,
e use ¢ = —1, that is, fire the right engine, if v > 0 and x > —%vz orifv <and x > %vz;

e use a = 1, that is, fire the left engine, if v < 0 and z < %vz orifv>0andv < —%vz.

V=2 if <0

A different way to formulate this is to consider a function a(z) = {—\/% >0 and

say that one should have a = —1 if v > a(z); one should have a = 1 if v < a(x); and if
v = a(x) then have a = =1 if z < 0 and a = —1 if z > 0. Consider the function
-1 if v>a(x)orv=ca(x),z<0
k(z,v)=¢ 1 if v<alz)orv=alz),z>0
0 if r=0,v=0

The task of controlling the rocket cart in a way that makes it stop at the origin in the
shortest possible time results in the state of the cart, consisting of the position x and the
velocity v = &, solving the differential equation & = k(z,v). Note that the right-hand side
of this differential equation is given by a discontinuous function.

5.1 Linear feedback control problems

Problem 5.1 and the discussion surrounding it considered a rocket cart the engines of which
can cause acceleration of —1, 0, or 1 and the the goal of stopping the cart at the origin in
the shortest possible time. The resulting strategy is a discontinuous function of the carts
current position and velocity. Now, let us insist on finding a continuous function of the
carts current position and velocity that achieves the goal of stopping the cart at the origin
but not necessarily in the shortest possible time. In fact, lets weaken the goal further: we
wish to have the carts position and velocity to converge to 0, but strengthen the condition
about the strategy: we want it to be a linear function of the current position and velocity.
Of course, this is impossible with the “old” rocket engines; so lets suppose that an upgraded
engines are available, which can cause the cart to have any acceleration, positive or negative,
large or small. We arrive at the following problem:

Example 5.2 Find a function k(z,v) = ax + bv such that setting u = k(x,v) in the
differential equation & = u results in a differential equation the solutions of which (and the
derivatives of which) converge to 0. When written in the standard form, the differential
equation turns to

(2)=(2) =G o) )+ () ewmrmn=(23) (2)

From Section 4.1, it follows that a linear differential equation @ = Az has all of its solutions
converging to 0 in these cases:
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(i) A has two real eigenvalues A1, A2, not necessarily distinct, and both are negative;

(ii) A has complex eigenvalues o + i and o < 0.

1
b> solve the quadratic equation A\?> — b\ — a = 0. Case

(i) occurs if b? + 4a > 0 and both 2=V b;+4a and & gz+4“ are negative, which occurs when

b+Vb2 + 4a is negative. Now, b+v/b2 + 4a < 0 if b> +4a > 0 and a < 0. Case (ii) occurs if
b2 + 4a < 0, which implies that a < 0, and % < 0. The second inequality comes from seeing

+44/ |b2 + 4al

Thus, all solutions to the differential equation # = Ax converge to 0 if ¢ < 0 and b < 0.

The eigenvalues of the matrix (2

that when b%+4a < 0, the complex solutions to the quadratic equation are

A

6 Introduction to nonlinear differential equations and non-
linear systems

Several properties of linear systems were collected in Section 4.5. For autonomous and
homogeneous linear systems & = Az solutions are unique, have at most exponential growth,
and depend continuously on initial conditions. Several of these properties can fail for even
simple nonlinear differential equations but, as it is proven later, still do hold for many
nonlinear differential equations. Of course, there is little hope for a linear combination of
solutions to a nonlinear differential equation to be a solution to that differential equation,
just as one should not expect a linear combination of two solutions to a quadratic algebraic
equation to be a solution to it.

The example below illustrates that an initial value problem with a nonlinear differential
equation can have many, in fact infinitely many, solutions.

Example 6.1 Consider the differential equation

=2z

to be solved with nonnegative solutions. One solution can be guessed z(t) = 0 for all ¢ > 0.
Separating the variables, under the condition that z # 0, yields z(t) = (t + ¢)?. For the
initial condition z(0) = 0, one obtains a solution x(t) = t? and this is different than the
previously obtained z(¢) = 0. One can obtain other solutions with z(0) = 0 by combining
the two solutions found so far. Note that, for any 7" > 0, the function

o[ 0 it tsT
W= \e-1)2 it t>T

is a solution to # = 2y/z. Consequently, the initial value problem & = 2y/z, x(0) = 0 has
infinitely many solutions. A

Exercise 6.2 Consider the initial value problem & = ZE%, z(0) = 0.

0 ol w

(a) Find a solution x(t) on [0,00) such that x(4) =

(b) Find a solution z(t) on [0,00) such that z(11) = 8.
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(¢) Find two different solutions x1(t) and x2(t) on [0,00) such that x1(t) = x2(t) for all
t € [0,52].

(d) Is there a solution x(t) such that x(3) = 8. Prove your answer.

Example 1.3 illustrated the case there solutions to a differential equation & = 22 blow-
up in finite time. That is, solutions to this differential equation with x(0) > 0 satisfy

lim, | . |x(t)|] = co. The example below asks the reader to find a differential equation
z(0

with a faster blow-up time.

Problem 6.3 Find a function f(x) such that the solution to the initial value problem & =
f(x), (0) =1 satisfies limy_,01 ||z(t)]] = oo.

Another feature of nonlinear differential equations is that they can have many isolated
equilibria, that is, points where the dynamics are 0. In contrast, a linear system & = Ax
has an isolated equilibrium at 0 if A is an invertible matrix, or a subspace consisting of
equilibria if A is not invertible.

Example 6.4 Consider the differential equation
i=—z?(x—1)(z—2)(z—3)3

which has equilibria at 0, 1, 2, and 3. Inspecting the sign of f(x) = —2?(z—1)(z—2)(z —3)3
lets one determine the behavior of solutions to the differential equation. For example,
because f(x) > 0 for = < 0, solutions with initial points z(0) < 0 increase and converge
to 0. Because f(z) > 0 for 0 < x < 1, solutions with initial points 0 < x(0) < 1 increase
and converge to 1. Furthermore, the equilibrium point 1 is locally asymptotically stable
because f(z) < 0 for 1 < x < 2 and solutions with 1 < (0) < 2 decrease and converge to
1. Similar analysis can be done about the equilibria 2 and 3.

Note that the behavior of solutions with initial points 0 < z(0) < 2 can be verified
through a use of V(x) = (z — 1)? which measures the distance squared of o from 1. If z(¢)
is a solution to the differential equation, then

%V(:p) _ %@-1)2 = 9(a—1)i = —2(r—1)22(2—1)(2—2) (3—3)° = —202 (3—1)2(2—2) (2—3)°.
One can now check that the function on the right end of the equation, 222 (z —1)2?(x —2)(x —
3)3, is negative on (0, 2) with the exception of the point x = 1, where it is 0. Consequently,

any solution in the interval (0,1) or (1,2) decreases its distance from 1 as time goes by. A

A big reason to study linear systems carefully is that they can be used to approximate
nonlinear systems. This is done in detail for systems in 2 dimensions in the next section. The
idea is illustrated below for a one-dimensional equation from the example above. Consider
the equilibrium = 1. Then f(1) = 0, f/(1) = —8 and tangent line approximation says
that for z near T, f(x) ~ f(Z) + f/(Z)(x — T), and in this case f(z) ~ —8(x —1). If =(t) is
a solution to the differential equation with x(¢) near T then considering y(t) = z(t) — 7, in
this case y(t) = x(t) — 1, gives a differential equation for y: § =~ f/(T)y, in this case § ~ —8y.
It can be expected that behavior of y resembles the behavior of solutions to y = —8y. For
this differential equation, ¥y = 0 is an asymptotically stable equilibrium, and this suggests
that for & = —2?(z — 1)(z — 2)(z — 3)3, the equilibrium # = 1 is asymptotically stable.
Similar linear approximation can be done at T = 2, to discover that T = 2 is an unstable
equilibrium. At 7 =0 and T = 3, f/(Z) = 0 and no useful information is obtained.
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6.1 Nonlinear systems in 2 dimensions

This section suggests how one can try to sketch the behavior of solutions to nonlinear dif-
ferential equations in two dimensions. This is desired, as frequently, solving such equations
is hard or just impossible. Throughout the section, f : R? — R? is a function given as

o, w9) = <f1($17$2)> '

f2(331,332)

First, one may want to at least roughly determine the directions in which the solutions
flow. This can be done by first determining the nuliclines, that is, curves in the plane along
which &1 = 0, so curves given by fi(z1,x2) = 0, or curves along which @9 = 0, so curves
given by fo(x1,x2) = 0. Then, one determines the regions in the plane where the solutions
move up and right (&1 > 0, &2 > 0), up and left (&7 < 0, 3 > 0), down and right (i1 < 0,
29 > 0), or down and left (&7 < 0, 2 < 0).

Example 6.5 Consider the differential equation

f($17$2)=< 7 — >

—6z1 + 2 + :L'%

Then &1 :ZEQ—IE% andso:m:Oif:Eg::E%, I >Oif:E2>:E%, and 1 <Oif:L'2<:E%.
Furthermore, £9 = —6x1+x9 —I—:L"‘z’ and so &9 = 0if 29 = —:E‘I)—|—6:E1, To > 0if z9 > —:E‘I)—|—6:E1,
and @9 < 0 if 29 < —% 4 621. Consequently, for example, in the region where z; > 0 and
:E% < T < —:E‘i’ + 6x1, one has 1 > 0, £3 < 0, and so the solutions move down and right.

A

The points at which the nullclines intersect, that is, points where 1 = 0 and 5 = 0, are
equilibria. More precisely, an equilibrium of & = f(x) is a point T such that f(Z) = 0. Each
equilibrium point T gives rise to a constant solution z(¢) = for all ¢t € [0, 00) to & = f(z).
Equilibria can be categorized into isolated equilibria and non-isolated equilibria. Isolated
equilibria are equilibria T such that a sufficiently small neighborhood of Z does not contain
any other equilibria. Non-isolated equilibria are equilibria which are not isolated, and so,
any neighborhood of a non-isolated equilibrium Z contains an equilibrium different from .

Example 6.6 Consider

Flar,29) = <($1 —x9)(1 — a3 — m§)> |

(21 + w2) (1 — af — 3)

Equilibria occur at any T with 1 — 73 — 73 = 0, and so, at every point T of the unit circle.
Each such 7 is a non-isolated equilibrium. Another nullcline where ©; = 0 is the line
z1 — 22 = 0 and another nullcline where #9 = 0 is the line 21 +x9 = 0. These two nullclines
intersect at (0,0), which is an isolated equilibrium. A

Further information about the behavior of solutions to the differential equation near iso-
lated equilibria can be obtained through linearization. Let the functions f; and fo defining
f be continuously differentiable. Near a point (71, Z2), the function f can be approximated

by
fi(T1,T2) + %(51752)(331 —T1) + %(fbfz)(!ﬂz — T2)
flor,o2) = £ of
fo(T1,T2) + a—(fhfz)(!m —71) + = (71, T2)(x2 — T2)
r1 Oy
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Consider now the differential equation # = f(x) and suppose that T = (T1,T2) is an
equilibrium, that is, f(Z) = 0. If z(t) = (z1(t),z2(t)) is a solution to this differential

equation then the function
:El(t) — T
t) = _
y( ) <:E2(t) _ $2>

satisfies # = g and, if x(¢) is near T, it also satisfies

0 0 0 0
(ZT1,T2)y1 + =—(T1, T2) Y2 h (Z1,T2) + ——(Z1, T2)
0~ |95 72 - 9n 72 ") = V@)
W= of ofa - _ T\ O .\, Ofa yo) VY
8—(261, T2)y1 + (T1, T2)yo 6—:131(331’ Ty) + D (T1,T2)
where V f(Z) is the Jacobian of f at T,
0
6—1(51,52) + a—fl(:m,:m) y
Vi@ =19p ofs ( 1>
——(T1,T2) + a—(@ T2) Y2

Thus, one can expect the behavior of y(t) when y(t) is small to resemble the behavior of
solutions to the linear system

Consequently, one can expect the behavior of solutions z(t) to & = f(z) when z(¢) is
near an equilibrium T to resemble the behavior of solutions y(t) to y = Vf(Z)y. This lets
one classify the equilibria T of

i = f(x) (22)
based on the properties of

y = Vf(@)y, (23)
and so, based on the eigenvalues of V f(Z) at the equilibria. Let T be such an equilibrium,
ie., let f(z) =0.

e T is a stable node for (22) if the origin is a stable node for (23), i.e., if V f(Z) has two
distinct real negative eigenvalues;

e 7 is an unstable node for (22) if the origin is an unstable node for (23), i.e., if V()
has two distinct real positive eigenvalues;

T is a saddle point for (22) if the origin is a saddle point for (23), i.e., if Vf(Z) has
two real eigenvalues with opposite signs;

T is a stable focus for (22) if the origin is a stable focus for (23), i.e., if Vf(Z) has
complex eigenvalues o + ¢8 with o < 0;

e T is an unstable focus for (22) if the origin is an unstable focus for (23), i.e., if V f(T)
has complex eigenvalues o & ¢ with a > 0.

Example 6.7 Consider the differential equation from Example 6.5. To find equilibria, set
f(x) =0, get 29 — 22 = 0, 61 + z2 + 2} = 0; first equation gives 5 = 22, using this in
the second equation gives —6x1 + 2% + 23 = x1(x1 — 2)(z1 + 3) = 0. Hence the equilibria
are (0,0), (2,4), and (—3,9). The Jacobian is

Vi) = (—6_—?-:1331:13% 1) )
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0 1
—6 1
nomial is —A(1 — A) + 6 = A2 — X\ + 6, and the eigenvalues are 5 + ’L@ Consequently,
4 1

6 1
polynomial is A% + 3\ — 6, the eigenvalues are % (—3 + \/ﬁ), and so this equilibrium is a
saddle point. Similarly, Z = (—3,9) turns out to be a saddle point. A

At the equilibrium Z = (0, 0), the Jacobian is Vf(Z) = ( >, the characteristic poly-

this equilibrium is an unstable focus. At T = (2,4), Vf(T) = ( >, the characteristic

Exercise 6.8 Consider

3
_ (T2~ T
o = (3710):
Find nullclines, equilibria, classify the equilibria, and sketch the behavior of solutions as
well as you can.

Example 6.9 Consider the differential equation from Example 6.6. The only isolated
equilibrium occurs at T = (0,0). The linearization at T = (0,0) can be found quickly by
just ignoring all terms in f that are not linear — this does not work at equilibria which are
not (0,0). One has

3

1 — T3 — 2122 — To + 2220 — T3

£( ) = 1 2 1 2
T, To) = 3 2 a2 03
T1— X — T1T5 + T2 — T2 — TH

and so the linearized differential equation is
1\ _ [T1— T2
) 1 +x2)

1 -1
Of course, one can calculate the Jacobian directly and obtain V f(Z) = (1 1 > Eigen-

values are A = 1 £ 4, and so T is an unstable focus.

Further information about the behavior of solutions can be sometimes obtained by
considering polar coordinates. If x(t) = (x1(t),z2(t)) is a solution to & = f(z) and
X9 t)
:El(t)
wards the origin, # > 0 indicates solutions moving away from the origin, while § < 0
indicates clockwise rotation, § > 0 indicates counterclockwise rotation. Trying to get infor-
mation through polar coordinates is natural when some circular motion is expected or even
when a circle plays a special role for f.

r(t) = Vx1(t)? + 22(t)? and 6 = arctan

, then 7 < 0 indicates solutions moving to-

Example 6.10 Consider the differential equation from Example 6.6. Every point on the
unit circle is an equilibrium. Consider then solutions in polar coordinates. One obtains

d d . .
7 (7"2) = o (ZE% + :E%) = 2011 + 2a9dy = 221 (21 — 22)(1 — %) + 2w9(z1 + 22) (1 — 72)
= 2r%(1 —1r?)

d
and because 7 (r?) = 2r7, one gets 7 = r(1 —r)(1 +r). Hence # > 0if 0 < r < 1 and
7 < 0if r > 1. It is already known, from Example 6.6, that every point with r = 1 is an

22



equilibrium, so not surprisingly = 0 if » = 1. The same comment applies to the unique
point with » = 0. Similarly one can calculate

. d 1 z — Tod
0= — (arctan @> = A S b 1—7r2.

2 2
dt T 1+ z_% x]

Consequently, inside the unit circle solutions move counterclockwise and outside the unit
circle the solutions move clockwise. A
7 Existence, uniqueness of solutions, etc.

7.1 Existence and uniqueness of solutions — Lipschitz f case

Given a continuous function f : R™ — R™ and xy € R", suppose that a function z : [0, T] —
R™ satisfies the following integral equation

t
x(t) = xo —I—/ f(z(s)) ds. (24)
0
Then, the function x is a solution to the initial value problem

z = f(x), z(0)=x. (25)

Indeed, z(0) = zp + fOO f(x(s))ds = xg, and the fundamental theorem of calculus suggests
that

0= 5 (ot [ sGatnas) = % [ slato) ds = sGato),

On the other hand, any differentiable function x : [0, 7] — R™ is an integral of its derivative:

2(t) — 2(0) = /0 #(s) ds,

and so if z is a solution to the initial value problem (25), which ensures that 2(0) = z¢ and
z(s) = f(x(s)), then x satisfies the integral equation (24).

Note that given any function z : [0,7] — R™, the integral formula (24) leads to a new
function, say '(t), defined by z'(t) = z¢ + f(f f(x(s)). As noted above, if it turns out that
2/ (t) = z(t) for all t € [0,T], then x is a solution to (25). Examples below illustrate what
happens if one applies this integral formula repeatedly to functions that are not solutions
to (25).

Example 7.1 Consider the initial value problem
z=cx, x(0)=umx

in R and the following iterative procedure: let z1(t) = =z for all ¢ € [0,00) and, for
n=1,2,..., given z, : [0,00) — R define z,41 : [0,00) — R by

t
Tny1(t) = g —I—/ cxn(s) ds.
0
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Then
t t 22
x1(t) = xo + / crods = xo(1+ct), xa(t) =x0+ / cro(l+ cs)ds = xg (1 +ct + T)
0 0

and, in general,

(ct)? @) ‘

zp(t) = 2o <1+ct+T+---+ |

Note that as n — 0o, ,(t) — xge® and zge happens to be the solution to the initial value
problem. A

Example 7.2 Consider the initial value problem

(2 e 0-()

in R? and the following iterative procedure: let xq(t) = <(1)> for all ¢t € [0,00) and, for
n=1,2,..., given z, : [0,00) — R define z,41 : [0,00) — R by

o () = (é) + /0 t (_01 é) () ds.

n0= (o)« [ (% o) (0) == ()« [ (%) = (1)
o= () [ (0 3 (1) e=(0)+ ( D= (")
0=+ (4 D00 [ ()

1—t2/24+t1/41—10/6!+ ...\ _ [cost
( )= ()

—t+t3/31 — /51 + ... sint

Then

A
Exercise 7.3 Repeat the iterative procedure of Example 7.1 starting with x1(t) = xo + t.
Exercise 7.4 Repeat the iterative procedure of Example 7.1 for the initial value problem
=22 2(0)=1.
Pick your own x1(t).

In the examples and exercises above — examples and exercises which involve differential
equations that one can solve by hand — the iterative procedure

T (t) = 0 + /0 f(a(s)) ds (26)

yields a sequence of functions which converge to a solution of the initial value problem
(25). This suggests that maybe the iterative procedure can be used to show the existence of
solutions to a general initial value problem. Roughly, if the iterations produce a sequence of
functions which converge (in an appropriate sense) and the limit (in an appropriate sense)
of this sequence satisfies (24) then the limit is a solution to (25). To make this precise and
the proof (somewhat) rigorous, some background material is needed.
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7.1.1 Lipschitz continuity and contractions

A function f : R™ — R™ is Lipschitz continuous if there exists a constant L > 0 such that
for every z,y € R",

1 (x) = fFW)ll < Lllz =y (27)

Any constant L for which (27) holds is a Lipschitz constant for f. The basic example of a
Lipschitz function is a linear function f(z) = Az for some matrix A € R"*". Because for
every matrix A there exists a constant L > 0 such that ||Av| < L|v|| for all v € R™, for
every x,y € R",

1 () = FW)ll = Az — Ay|| = [|A(z — y)[| < Lllz — yll.

Another basic example comes from functions f : R — R with bounded derivative. Suppose
that, for some L > 0, |f'(z)] < L for all z € R. Mean Value Theorem says that for all
z,y € R, x # y, there exists z in between x and y such that

f(z)— [y
T —y
Then

|f(@) = f)| = If' (2)(@ =) = |f(2)|lz—y| < Lz —y|.
Similarly, a continuously differentiable f : R®™ — R"™ is Lipschitz continuous with constant
L if the Jacobian matrix V f is bounded in the sense that, for every z,v € R", |V f(z)v| <
Lijv]|.

Example 7.5 The function f : R — R given by f(z) = % is Lipschitz continuous.
x

1— a2 . , 1 —2? |
e and the function |f'(z)| = e is
continuous and approaches 0 when |z| — oo, hence, |f’(z)| is bounded. In fact, because
1 -2 < [1[+]—2% = 1+2% [f(z)] <

constant 1.

Indeed, it is differentiable with f'(z) =

T2 <1, so f is Lipschitz continuous with
T

A

Exercise 7.6 Show that the following functions f : R — R are Lipschitz continuous:
f(x) =|z|, f(z) = arctanz.

Exercise 7.7 Show that if f,g : R™ — R™ are Lipschitz continuous then f + g is Lipschitz
continuous. Find an example where f and g are Lipschitz continuous with constant L > 0
and f + g is Lipschitz continuous with a constant smaller than L.

A function f : R™ — R" which is Lipschitz continuous with constant L < 1 is called a
contraction. The name illustrates the fact that the distance between f(z) and f(y) is less
than the distance between x and y.

Theorem 7.8 Let f: R™ — R" be a contraction. Then
(a) There exists exactly one fixed point for f, that is, a point T such that f(T) = T.
(b) For every initial point xy € R™, the sequence of points x,, defined by xn11 = f(xy,) is

convergent and such that lim, o ©, = T.
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Proof. Let L € (0, 1) be a Lipschitz constant for f. Suppose that there are two fixed points
for f, T #7%y. Then

1z -9l =11f@) — f@I < Ll[z -7,
where the equality holds because Z, ¥ are fixed points and the inequality comes from the
definition of a contraction. Because ||Z—7|| # 0, one obtains 1 < L which contradicts L < 1.
Consequently, there is at most one fixed point for f. Showing that it exists entails proving
(b). Take any xy € R™ and consider the sequence as defined in (b). Then, forn =1,2,...,

[€nt1 = @nll = [If(2n) = f(@nall < Lllan —2pa | < L2 = zoll,

where the last inequality comes from repeating the argument n times. Furthermore, for any
m > n,

||5L'm_$n|| ||5L'm_$m—1 +Tm—1—Tm—2+ -+ Tpy1 _$n||

< Nem = 1|l + |Tm—1 — Tm—2|| + -+ || Znt1 — 20|
< L™ May — aol| + L™ lay — wol| 4 -+ L™ ||y — o]
= (LML L) [l — o
— Ln (Lm—n—l + Lm—n—2 4t 1) ||:L'1 _$0||

1
< Lf—7llzr = ol

Consequently, x,, is a Cauchy sequence, meaning that for every € > 0 there exists N > 0
such that for all m > n > N, ||z, — z,|| < €. In a complete space, and R" is a complete
space, Cauchy sequences have limits. Thus the limit of x,, exists, let’s call it . Then

Z= lim z, = lim f(x,—1)=7f ( lim :L'n_1> = f(%)

and so T is a fixed point for f. The proof is finished. |

7.1.2 Contractions on spaces of functions

This section discusses Lipschitz functions and contractions not on R™ but rather on the
space of continuous functions on an interval. To avoid confusion, the term mapping (rather
than function) will be used for the association, to each continuous function f on an interval,
of another continuous function Gf on that interval.

Example 7.9 For every function z : [0,1] — R let Gz : [0,1] — R be the function defined
by
Gz(t) = z(1 —t).

So, if z(t) = 7 for all t € [0,1] then Gz(t) = t for all t € [0,1]; if x(t) = t? — 1 then
Gf(t) = (1—1t)2—1=1t2—2t; etc. Note that if f is continuous then so is Gf, and that for
every function f, G*f = G(Gf) = f. A

A mapping G assigning to each continuous function z : [0,7] — R™ another continuous
function Gz : [0, T] — R™ is Lipschitz continuous with Lipschitz constant L > 0 if, for every
pair of continuous functions x1, xs : [0,7] — R",

Gz1(t) — Gaa(t)|| < L t) — 2ot
[max. |Ga1(t) — Gaa(t)]| < tgﬁ%llivl( ) — z2(t) ||

and it is a contraction if it is Lipschitz continuous with constant L < 1.
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Example 7.10 The mapping G from Example (7.9) is Lipschitz continuous with constant
1. In fact, because for every continuous function x : [0, 1] — R,

— I 1—t
t§g§]l$( )l t§3§]|$( ),

one has

Ex, |Gz (t) — Gaa(t)|| = Hf(%]llfﬂl( ) —a2(t)]-

A

Theorem 7.11 Let the function f : R™ — R"™ be Lipschitz continuous with constant L > 0
and let xg € R™. Define a mapping G from the space of continuous functions x : [0,T] — R"
to the space of continuous functions z : [0,T] — R by

w=@+4ﬂmww

Then G is Lipschitz continuous with constant LT. If LT < 1, then G is a contraction.

Proof. Consider any two continuous functions x1, z3 : [0, 7] — R™. Then

:170+/f:171 ds—:ng—/fa:g

Afuw»—ﬂu@»w
< /nﬂm@»—ﬂu@MMmg/me@—u@ww

0 0 T
< /0 L max ||z1(s) — z2(s)] ds = 5133};] lz1(s) —:Eg(s)||/0 Lds

s€[0,T]
= LT t) — t
() — 2200

)

|Gz1(t) — Gaa(t)]]

and consequently

G G <LT — 22 ()|
trerf%]ll z1(t) — Gaa(t) || nax, [21(2) — 22(2)]|

O

Exercise 7.12 Verify directly that the sequence of functions x,(t) from Example 7.1, when
considered on an interval [0,T], satisfies the inequality

max ||z,11(t) — zn(t)[| < T max |[[2,(t) — zpi1 (2]
te[0,T] te[0,7]

for everyn=1,2,....

Problem 7.13 The mapping G from the space of real-valued continuous function on [0, 2]
to the space of real-valued continuous functions on [0, 2] is given by

Ga(t) = 32(1) — /0 sin(x(s)) ds.

Show that G is Lipschitz continuous and find its Lipschitz constant.
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Problem 7.14 Verify that the mapping G on the space of continuous functions from [0, T]
to R, defined by

G:E(t):/o V(s)ds

18 not Lipschitz continuous, no matter how small T > 0 is.

7.1.3 Proof of existence and uniqueness

Fact 7.15 If G is a contraction on the space of continuous functions x : [0,T] — R™ then
there exists exactly one fixed point for G, that is, a function T : [0,T] — R™ such that
Gzx(t) = z(t) for every t € [0,T].

Theorem 7.16 Let f : R® — R" be a Lipschitz continuous function. Then, for every
xg € R™ there exists a solution T : [0,00) — R"™ to the initial value problem (25) and this
solution is unique on every interval [0,T].

Proof. Let L > 0 be a Lipschitz constant for f and let T > 0 be such that LT < 1. Consider
the mapping G defined in Theorem 7.11. According to that theorem, G is a contraction on
the space of continuous functions z : [0,7] — R". Fact 7.15 implies that G has a unique
fixed point, let’s denote it by Z;. The discussion at the beginning of Section 7.1 implies
that 71 : [0, 7] — R" is then the unique solution to (25) on [0,7]. To obtain the solution T
on [0, 00), proceed recursively. Given T, : [0, 7] — R", repeated the argument above for the
initial value problem & = f(x), (0) = Z,,(T) to obtain a unique solution Z,, 11 : [0, 7] — R"™.
Then, the desired solution on [0, c0) is obtained by considering Z(t) = Z,,(t — (n — 1)T') for
te(n—1)T,nT]. a

The uniqueness claimed in Theorem 7.16 can be dealt with in another way. Suppose
that, for some 7 > 0, there are two solutions x1, s : [0, 7] — R™ to the initial value problem
(25). Consider the differentiable function v(t) = ||z1(t) — 22(¢)||* and note that v(0) = 0
and

70 = 2@t) —a2(8) - (@1() — 22(8) < 2|21 (t) — 22l 91(2) — 22(1)]]
= 2z1(t) — 22O f (1)) = f(2(O) | < 2[|21(2) — 22() | Ll21(2) — 22(D)
< 2Lw(t)

Consequently, v(t) < v(0)e?t = 0 and so ||z1(t) — 22(t)|| = 0.

7.2 Related results and more general cases

The argument carried out after Theorem 7.16 in order to show another way of verifying
uniqueness of solutions to the initial value problem (25) generalizes to the following: if f
is Lipschitz continuous with constant L, then, for every two solutions z’,z” on [0, c0) to
= f(x), for every t > 0,

l2'(t) — 2" ()] < "2/ (0) — 2" (0)]].

As a consequence, one obtains a result about continuous dependence of solutions to & = f(x)
on initial conditions.
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Theorem 7.17 Let f : R™ — R” be a Lipschitz continuous function. Then, for every
T >0 and € > 0 there exists § > 0 such that any two solutions x’,x" : [0,T] — R™ to the
differential equation & = f(x) such that

l2/(0) — 2"(0)]| <6

are such that

/t_//t .
i o/(1) — a”(8)] < <

LT

In fact, one can take 6 = ce= ™", where L is a Lipschitz constant for f.

Note that this result does imply uniqueness of solutions to initial value problems & =
f(z), 2(0) = xg for every xq: if, for 2/, 2’ as in the result, 2/(0) = zo = 2”(0) then
2/ (t) = 2"(t) for all t € [0, T].

The result about continuous dependence of solutions on initial conditions, and the con-
sequence about uniqueness, easily generalizes to the case where the right-hand side of the
differential equation depends on ¢, but is Lipschitz continuous in x uniformly in ¢. More
precisely, if f : R"*1 — R”™ is such that there exists L > 0 such that for every t € R, every
z,y € R™,

1£(t,2) — Ft, )l < Lllz— gl

then any two solutions z/,z” on [0,T] to & = f(z), for every ¢t € [0,T], ||2'(t) — 2" ()| <
elt||z’(0) — 2 (0)||. The proof is essentially identical to that of Theorem 7.17. The reader
should verify this.

Theorem 7.16, for a Lipschitz continuous f, ensured the existence and uniqueness of
solutions to & = f(z) on [0,00). In absence of Lipschitz continuity, for example when
f(z) = 22, as discussed in Example 1.3, solutions can experience finite-time blow-up, and
thus fail to exist on [0, 00). If f happens to be locally Lipschitz continuous, and f(z) = 2
is such a function, then solutions are unique in an appropriate sense to be specified below.
When f is continuous but not Lipschitz continuous, for example if f(z) = \/m , existence
can still be ensured, but uniqueness may fail as illustrated in Example 6.1. To be able to
state a precise result, a definition is needed. Consider a differential equation

&= f(x). (28)

A solution x : I — R™ to (28), where I is an interval beginning at 0, is called mazimal if
there does not exist another solution y : J — R", where J is an interval beginning at 0,
such that I C J, z(t) = y(t) for every t € I, and I # J. In other words, a solution is
maximal if it cannot be extended forward in time.

Theorem 7.18 Let f : R®™ — R"™ be a continuous function. Then, for every initial point
xg € R™, there exists a maximal solution x to the initial value problem

&= f(x), =(0)= o,

and either x is defined on [0, 00) or x is defined on [0, T') for some T > 0 and lim;_,p— ||z(t)]| =
oo. If f is locally Lipschitz continuous, then for every initial point xg € R™, the maximal
solution to the initial value problem is unique.

29



This result will not be proven here. It is an ambitious exercise to tackle the proof the
theorem above for the case of f locally Lipschitz continuous, following what was done for the
Lipschitz continuous case in and before Theorem 7.16. The significant difference between
the Lipschitz and locally Lipschitz cases is that the functions z1, T, T3, etc. featured in
the proof of Theorem Theorem 7.16 had domains of equal length, so concatenating them
results in the interval [0, 00), while in the locally Lipschitz case, the lengths of domains of
T, can decrease as n — 00, and a concatenation may result in an interval of the form [0, 7).
For the case of a continuous, but not locally Lipschitz continuous f, the approach relying
on contractions is not appropriate and different proofs are needed.

Continuous dependence of solutions on initial conditions cannot be expected for a contin-
uous f when the uniqueness of maximal solutions fails. It can be expected when uniqueness
is ensured, for example, when f is locally Lipschitz continuous.

Theorem 7.19 Let f : R® — R" be a continuous function. Suppose that, for an initial
point o € R™, there exists a unique maximal solution x : I — R™ to & = f(x), x(0) = xg.
Then, for every T > 0 such that [0,T] C I, every € > 0, there exists 6 > 0 such that for
every initial point z{, such that

I — zoll <,

every mazimal solution y to @ = f(z), (0) = z{, is defined on [0,T] and

t) — x(t .
mas (®) — (1) < <

Problem 7.20 Verify directly the assumptions and the conclusions of Theorem 7.19 for
solutions to the differential equation

-()-(47)

for the initial points zo = (0,0) and zf, = (0,) with £ > 0.

It was noted already that Theorem 7.16 extends to the case of f depending on ¢t. Simi-
larly, conclusions of Theorem 7.18 hold for the differential equation & = f(¢, x) if, for every
x, the function f(¢,x) is piecewise continuous in ¢ and, for every ¢, the function f(t,x) is
continuous or locally Lipschitz continuous in x.

8 Asymptotic stability
Throughout this chapter, a general nonlinear differential equation

&= f(x) (29)

is considered, under the assumption that f : R” — R" is continuous. The property of
interest is the asymptotic stability of an equilibrium for (29). This property requires that
solutions that start near the equilibrium remain near this equilibrium and, furthermore,
that they converge to this equilibrium as t — oco. Such a property is frequently present in
physical systems, for example due to dissipation of energy. It is also a property frequently
desired in a control system

T = f(x,u) (30)

and possibly can be achieved by appropriate selection of feedback control u = k(x).
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8.1 Asymptotic stability
The origin, for the differential equation (29), is

o Lyapunov stableif for every e > 0 there exists § > 0 such that every maximal? solution
x with |z(0)| < ¢ is defined on [0, c0) and such that |z(t)| < € for all ¢ € [0, 00);

e locally attractive if there exists 0 > 0 such that every maximal solution with |z(0)| < §
is defined on [0, 00) and such that lim; .~ z(t) = 0;

e locally asymptotically stable if it is both Lyapunov stable and locally attractive.

If the origin is locally asymptotically stable then the basin of attraction of the origin is the
set of all initial conditions xy € R™ such that every maximal solution with x(0) = ¢ is
defined on [0, 00) and such that lim; .o z(t) = 0. If the basin of attraction of the locally
asymptotically stable origin is equal to R™, the origin is globally asymptotically stable.

For example, the origin is globally asymptotically stable for # = ax if and only if a < 0.
Indeed, every solution has the form z(t) = z(0)e® and so if a < 0 then |z(t)| < |z(0)]
which verifies Lyapunov stability (one can take § = ¢) and furthermore lim;_,o, 2(t) = 0,
no matter what x(0) is, which verifies global asymptotic stability. If a = 0, the origin is
Lyapunov stable. If a > 0, the origin is not Lyapunov stable and not locally attractive: for
arbitrarily small § > 0, the solution with z(0) = § is z(t) = de* and limy_ x(t) = o0o.

For the differential equation & = z(xz — 1)(xz + 2), the origin is locally asymptotically
stable with the basin of attraction (—2,1). This can be justified without explicitly finding
the solutions. The rough reason for local asymptotic stability is that the function f(z) =
xz(x — 1)(x + 2) is positive for z € (—2,0), so solutions x(¢) when in (—2,0) increase, and
f(x) is negative for x € (0, 1), so solutions z(¢) when in (0, 1) decrease.

8.2 Asymptotic stability for linear systems

This section discusses asymptotic stability of the origin for the linear system
T = Ax (31)

where A € R™ " is a matrix. Because linear systems can be solved explicitly, asymptotic
stability can be verified directly. For example, consider

-1 2
A= (_3 4> .
In Example 4.4 it was shown that the general form of a solution is

2(t) = eret G) a6 @ .

Unless ¢; = ¢ = 0, each such solution satisfies ||(¢)|| — oo when ¢ — oo and so the origin
is not Lyapunov stable and not locally attractive. On the other hand, consider

1 -2
4= 5)

2Maximal solutions are defined above Theorem 7.18.
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which has solutions of the form

2(t) = cre G) e @ .

Clearly, each such solution x(t) converges to 0 when ¢ — oo. To verify Lyapunov stability,
consider the following calculation (which relies on the fact that a2 + 2|a||b| +b* < 2(a +b)?):

\/ cre~t + 2626_2t)2 + (cre~t + 3626_2t)2

lz(@)|l (

\/(C%e—zt + 2c10c0e73 + 4Acde —4t) + ( e=2t + 2cyc0e73 + 9c3e —4t)
e

e

< cle=2t + 2|cq|cole 3t + 4c§e‘4t) + (C%e—zt + 2|cq||eole 3t + 9c§e‘4t)
< (2 +2|ca|[ea] 4+ 4c3) €72t + (2 + 2|ca||ea| 4 9c3) e—2
t\/Q 61 + 262) + (61 + 362)2

A

~V2]z(0)]).

In particular, ||z(t)|| < v/2||z(0)||. This shows that the origin is Lyapunov stable: for ¢ > 0,
in the definition of Lyapunov stability, one can take § = £/v/2. The computation above
suggests that, despite knowing the solutions explicitly, verifying Lyapunov stability may
not be very simple. The situation gets more complicated for

—-17 9
A= (—25 13> '
In Example 4.5 it was shown that the solutions have the form

z(t) = z(0)e ? + (g) (—=521(0) 4 322(0))te 2.

Clearly, such z(t) converges to 0 when ¢ — oo. Hence, the origin is globally attractive.
Verifying Lyapunov stability — which does hold — directly takes some more effort; the
reader should try. Later in this section, and also in Section 8.4, methods to verify asymptotic
stability of linear systems without solving them first are discussed. Below, the methods come
down to checking the eigenvalues of the matrix A.

Because for linear systems local asymptotic stability is equivalent to global asymptotic
stability, as the reader is asked to verify, the adjectives are dropped below and asymptotic
stability of (31) is discussed. The key to the exercise below is homogeneity: if x : [0, 00) —
R™ is a solution to (31) then so is the function az(t)0, for any constant scalar a.

Exercise 8.1 Show that if the origin is locally asymptotically stable for (31) then the origin
is globally asymptotically stable for (31).

Let M € R™™ be a nonsingular matrix such that A = MJM ! for a matrix J in real
Jordan form (recall Fact 4.3 and the discussion of real Jordan forms for 2 x 2 matrices in
Section 4.1). The change of variables 2 = M !z, equivalently, # = Mz leads to another
linear system

Z2=Jz (32)

with a function x : [0, 0c0) — R" solving (31) if and only if the related z : [0, c0) — R given
by z(t) = M~ tx(t) solves (32).

32



Lemma 8.2 The origin is asymptotically stable for (31) if and only if the origin is asymp-
totically stable for (38).

Proof. Suppose that the origin is asymptotically stable for (38), so it is Lyapunov stable
and attractive. To verify Lyapunov stability of the origin for (31), pick e > 0. Let k; > 0
be such that ||Mv|| < kq||v|| for every v € R™. Let & = ¢/k; and using Lyapunov stability
of the origin for (32) find ¢ > 0 such that every solution to (32) with [|z(0)]] < ¢’ is such
that [|z(t)|] < & for all t > 0. Now let ks > 0 be such that [|[M~tv| < kq||v|| for every
v € R™ and let § = §/ko. Then, every solution to (31) with ||z(0)|| < § is such that the
solution z = M~z to (32) satisfies ||z(0)|| = [|[M~*z(0)|| < k2||z(0)|| < kod = &’. Then, by
the choice of &, ||z(t)|| < & for all ¢ > 0. Hence ||z(t)|| = [|[Mz(t)|| < k1]|z(t)] < k1€’ = ¢
for all ¢ > 0. This verifies Lyapunov stability of the origin for (31). To verify attractivity
of the origin for (31), note that for every zo € R", the solution z : [0, c0) — R? to (32) with
2(0) = M~z converges to 0 as t — oo, and hence the solution z : [0,00) — R% which
must by given by x(t) = Mz(t), converges to 0 as t — oo. This verifies attractivity of the
origin for (31). a

For a linear system & = Az in R?, the analysis carried out in Section 4.1 suggests that
the origin is globally asymptotically stable if A has two real negative eigenvalues or if A has
complex eigenvalues o + ¢80 with a < 0. To rigorously justify this, consider first the case
of A having two real negative eigenvalues A1 < A9 < 0, possibly equal to one another, and

suppose that J = (?)1 /3) Then, for any solution z : [0, 0c0) — R? to (32),
2

_ [z (0)eM
HZ(t)H - H <z2(0)e>‘2t
and because Ay < 0, the origin is asymptotically stable for (32).

In the case of of A having a repeated real negative eigenvalue A < 0 and when J =

(6\ /1\>, one has, for any solution z : [0, 00) — R? to (32),

’ = \J22(0)ePt 1 23(0)eRat < 2 [22(0) + 22(0) = ]|2(0)

Izl

’ ((zl(O) + t22(0)) e’\t>

22(0)eM
< e’\t\/(l +12)22(0) + 2(1 + £2)|21(0)||22(0)| + (1 + £2)22(0)
= MVIT2,/22(0) +20z1(0)][z2(0)] + 23(0) < VI 24/222(0) +223(0)
= V21 +82)]2(0)]
Consequently, ||z(t)|| < M| z(0)| where M is the maximum of e*/2(1 + 12) over ¢ € [0, c0),

which verifies Lyapunov stability (take § = ¢/M) and ||z(¢)|| — 0 when ¢ — oo, which
verifies attractivity. The missing steps in this argument are a nice calculus exercise.

’ = M\ J22(0) + 2621(0)22(0) + 1223(0) + 23(0)

Exercise 8.3 Let A < 0. Find the mazimum of ¢(t) = eMy/2(1 + t2) over t € [0, 00) and
verify that limy . ¢(t) = 0. Also, show that for any a,b € R, a? + 2|al||b| + b < 2a? + 2b°.

For the case of A having complex eigenvalues o + ¢, and so when J = (g _aﬁ>, the

polar coordinates argument carried out in Section 4.1 shows that ||z(t)| = e*||2(0)|]. When
a < 0, this ensures that the origin is asymptotically stable for (32).
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On the other hand, if A has a real eigenvalue A > 0, then the solution x(t) = e’v, where
v is any eigenvector associated with A, shows that the origin is not attractive. Similarly, the
equality ||z(t)| = e*!||z(0)| in the case of A having complex eigenvalues « 4 i3 shows that
a > 0 contradicts attractivity. This, combined with the arguments in the above paragraphs
and with Lemma 8.2, implies the following result.

Theorem 8.4 The linear 2 x 2 system (31) has the origin asymptotically stable if and only
if the eigenvalues of A are real and negative or complex with a negative real part.

This result is valid for n x n matrices.

Some of the discussion in this section underlined how directly checking for Lyapunov
stability of the origin for the linear system (31) may be somewhat technical. It turns out
that attractivity, which is simple to verify if one knows the general form of a solution to
(31), is sufficient to guarantee Lyapunov stability. This is a special feature of linear systems
and fails in the nonlinear case.

Theorem 8.5 If the origin is attractive for the linear n x n system (31) then the origin is
asymptotically stable for (31).

8.3 Lyapunov functions

Consider a general nonlinear differential equation

&= f(x) (33)

with f: R™ — R" continuous.
A continuously differentiable function V' : D — R is called a Lyapunov function for (33)
if

e for every x # 0,
VV(x)- f(z) <0. (34)

A function satisfying the first condition above and satisfying VV(z) - f(x) < 0 only for
x # 0 on a neighbourhood of 0 is called a local Lyapunov function.

For example, if ¢ < 0 then V(z) = 22 is a Lyapunov function for # = cz on R, because
22 >0, 22 =0 only if z = 0, 22 — oo if # — +o0, and VV(z) = 2z and so VV () - f(z)
turns to 2zcx = 2cx?, and this is negative unless © = 0. For the differential equation
= f(x) =x(x—1)(z+2), V(z) = 22 is a local Lyapunov function because VV () f(x) =
2zz(x — 1)(z +2) = 22%(x — 1)(x + 2) < 0 for z # 0 in (=2, 1).

The implication of the Lyapunov inequality (34) is that, for every solution z : [0,7T] —
R™, the function V' (z(t)) is decreasing (as a function of time). In other words, the Lyapunov
function for (33) is decreasing along nonzero solutions to (33). Indeed, the chain rule yields

d

oV (@) = VV(2(t)) - i(t) = VV(z(t)) - f(z(t),

and this is negative unless z(t) = 0.
There are two very important facts about Lyapunov functions:
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e Checking if a function V' is a Lyapunov function for (33) does not require solving (33).

e The existence of a Lyapunov function for (33) ensures asymptotic stability of the
origin for (33).

The first fact above is important because solving (33) may be hard or impossible. On
the other hand, checking if a given function is a Lyapunov function is frequently simpler.
This is illustrated below, in Example 8.6. Of course, there is a related difficulty: finding a
Lyapunov function may be hard. The second fact, which is formally stated and proved as
is Theorem 8.9, is important because checking for asymptotic stability directly, even if (33)
can be solved, need not be easy.

Example 8.6 Consider the differential equation & = f(x) with f : R? — R? given by

fla) = (—:nl + :c1;n2> '

—2:172 — 4:17%

Consider the function

1
V(z) = 5 (2% +23) .
Then
VV(z)- f(z) = z1(—x1 + 2120) + 22( =220 — 427) = —2% — 223 — 3aixs.
This quantity is not negative for all x # 0. For example, consider xo = —1. Then, the

quantity is 2z% — 2, which is positive when |z1| > 1. Hence, this V is not a Lyapunov
function for # = f(x). However, it is a local Lyapunov function: note that if 9 > —1/3
then

VV(x)- f(z) = —2? — 222 — 30iry < —2% — 223 — 2% = —223 <0,

and so for all x # 0 with zo > —1/3, VV () - f(z) < 0.
Now, consider another function,

1
V(z) =227 + §:E§

Then
VV(x)- f(z) = 41 (—z1 + 2129) + T2(—229 — 423) = —42? — 223

Consequently, VV(x) - f(z) < 0 for all x # 0. Hence V is a Lyapunov function for (33).
Theorem 8.9 will show that this implies that the origin is globally asymptotically stable. A

Some preliminary material is required before Theorem 8.9.
S, V={xeR"|V(z)<r}
Lemma 8.7 Let V' be a Lyapunov function for (33). Then:

(a) For every e > 0 there exists v > 0 such that x € S<, implies |z| < €.

(b) For every r > 0 the set S<, is closed and bounded.

Exercise 8.8 Prove Lemma 8.7.
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Theorem 8.9 If there exists a Lyapunov function for (33) then the origin is globally asymp-
totically stable for (33). If there exists a local Lyapunov function for (33) then the origin
is locally asymptotically stable for (33).

Proof. Suppose that V' is a Lyapunov function for (33). Lyapunov stability of the origin
is shown first. Pick € > 0. Then, by Lemma 8.7 (a) there exists r > 0 such that z € S<,
implies |z| < e. Because V is continuous and V(0) = 0, there exists 6 > 0 such that
|z| < ¢ implies V(x) < r. Consequently, because V (z(t)) is decreasing for every solution
x : [0,T] — R™ of (33), every such solution with |2(0)| < ¢ satisfies V (z(t)) < r for all
t € [0,7T], and hence |z(t)| < € for all t € [0, T]. Thus, every maximal solution to (33) with
|2(0)] < d is bounded by e, i.e., |x(t)| < &, and thanks to Theorem 7.18 it must be defined
on [0,00). This completes the proof of Lyapunov stability.

To prove that every maximal solution to (33) is defined on [0, ) and converges to 0
as t — 00, let z be a maximal solution to (33). Then V(z(t)) < V(z(0)) for all ¢ in the
domain of the solution, and so z(t) € S<, with r = V(2(0)). By Lemma 8.7 (b), the set
S<, is bounded, so the maximal solution z is bounded, so by Theorem 7.18 it is defined on
[0, 00). From boundedness, let R > 0 be such that |z(¢)| < R for all » > 0.

To see that lim; o z(t) = 0, suppose that, to the contrary, there exists some £ > 0 and
a sequence of times 1, to, ... with lim;_, t; = oo such that |z(t;)| > e fori =1,2,.... Let
6 > 0 be related to this € > 0 as required by Lyapunov stability of the origin. If there was
a time 7 such that |z(7)| < 0, then for all ¢t > 7, |z(t)| < e, which is impossible because
|x(t;)] > e for i = 1,2,... and t; — oco. Hence, the maximal solution x : [0,00) — R"
satisfies 0 < |z(t)| < R for all ¢ > 0. The function VV(z) - f(x) is continuous and negative
on the closed and bounded set S = {x|d <z < R} and hence there exists v > 0 such that
VV(zx)- f(z) < —v for all z € S. Then

d

oV (@) = VV(2(t)) - f(2(t) < —v

and consequently

tdv
V(z(t)) = V(x(0)) + %(:E(s)) ds < V(z(0)) — vt.
0
This implies that lim; . V(x(f)) = —oo, which is impossible because the function V' is
nonnegative. Hence, the assumption that lim; o, z(t) = 0 fails was wrong. It must be that

limy_c (t) = 0 and the proof is finished. ]

Example 8.10 A closer look at the Lyapunov function V' (x) = 2:13%—1—%:@ for the differential

fla) = (—:cl + x1m2>

—2:172 — 4:17%

equation

from Example 8.6 helps illustrate some elements of the proof of Theorem 8.9. First, the
reader should verify that the linearization of f at x = 0 yields a linear system #; =
—x1, £o = —2xs. Hence it should be expected that the origin is locally asymptotically
stable for & = f(z). Theorem 8.9 confirms this, in fact implies that the origin is globally
asymptotically stable. Indeed, Example 8.6 verified that V is a Lyapunov function.

To see better how V helps deal with Lyapunov stability, note that sublevel sets of V,
that is, sets S<,, are ellipses. For example, the set of points x with V(z) < 2 is the ellipse

36



2
2+ % < 1. Note that this ellipse contains the circle, centered at the origin, of radius 1
and is itself contained in the circle, centered at the origin, of radius 2. Because V (z(t))
is decreasing along every solution to # = f(x), a solution that satisfies V(x(0)) < 1 will
satisfy V(z(t)) < 2 for all ¢ > 0. Consequently, if a solution satisfies |z(0)| < 1 then it
also satisfies |x(t)| < 2 for all t > 0. The reader should verify that, similarly, if a solution
satisfies |x(0)| < £/2 then it also satisfies |x(t)| < e for all ¢ > 0, and this verifies Lyapunov
stability of the origin, with 6 = £/2. A

8.4 Lyapunov functions for linear systems

Section 8.2 showed that asymptotic stability of a linear system
T = Ax (35)

can be verified directly, even if with some technicalities, because (35) can be solved explicitly.
More importantly, the section showed that checking asymptotic stability of a linear system
comes down to checking the sign of the eigenvalues, or of the real part of the eigenvalues.
Section 8.3 showed that Lyapunov functions can be used to confirm asymptotic stability of
a general nolinear differential equation & = f(z). This section discusses Lyapunov functions
for linear systems. The most important conclusion is that if the origin is asymptotically
stable for (35) then there exists a quadratic Lyapunov function confirming this.
First, some examples. The matrix

=3 3

has eigenvalues —1 and —3, and so, by Theorem 8.4, the origin is asymptotically stable for
(35). The simplest possible guess, V (z) = ||z||> = 2% + 23, is a Lyapunov function for (35),
which verifies asymptotic stabilty. There are other quadratic Lyapunov functions in this
case: if V(x) = 22 + cx3 then

VV(2) - Az = 221 (—x1 + 222) + 2cx9(—329) = —2(21 — 22)? — 2(3¢ — 1)

and so V is a Lyapunov function if ¢ > 1/3.

Exercise 8.11 Find a Lyapunov function for (35) if A = <_01 ig)

As it was verified directly in Section 8.2, the linear system (35) has the origin asymp-
totically stable when
1 -2
)

Finding a Lypaunov function to confirm this is not straightforward. Trying V(z) = ||z
gives VV (z) - Az = 222 + 2z119 — 823 and this quantity is positive for many choices of 1,
x3. One can try V(z) = az? + cz3, with the constants @ > 0 and ¢ > 0 to be determined,
and then

VV(z) - Az = az? 4+ 2(—2a + 3¢)z 29 — 8c3.

It is impossible to make this quantity negative for all x with the constraint that a > 0.
Indeed, considering x = (x1,0) gives VV(z) - Arx = az? > 0 for all 71 # 0. Note that
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searching for a Lyapunov function of the form az? + cx3 is no more general than looking at
22 + cz3. Indeed, the former function is a scalar multiple of the latter.
A general form of a quadratic function of x € R™ is

V(z) = ax? + 2bx1xy + cxd (36)

for constants a,b,c € R. The 2 is inserted for convenience; after all, 2b is a constant.
When could such a function be a candidate for a Lyapunov function? One has V(0) = 0;
one needs V(x) > 0 if = # 0. Of course, it must be that @ > 0 and b > 0. Further
conditions on the constants come from a simple calculus problem. Fix x; and consider

#(x9) = ax? + 2bxr1z2 + cr3. The minimum of ¢ is <a - %) x2. For this to be positive if

x1 # 0, it must be that a — % > (0. Consequently, the function V' in the form (36) satisfies
V(x) > 0 for  # 0 if and only if a > 0, ¢ > 0, and ac — b?> > 0. In fact, one can drop the
superfluous condition ¢ > 0 (as otherwise, thanks to a > 0, one would get ac — b* < 0).

A different way to express (36), which will be useful in some linear algebra arguments
below, is

V(z) =x-Pxr where P = (Z ZC)> . (37)

The matrix P is symmetric: P = P and positive definite: for every vector v # 0, v-Pv > 0.
The paragraph above justified an alternative characterization of a positive definite matrix:
a symmetric matrix P, as in (37), is positive definite if an only if @ > 0 and ac — b? > 0,
ie., if @ > 0 and the determinant of P is positive. Note that for V in the form (?7?),
VV(z) = Px, and so if V is a Lyapunov function for (35) then

VV(z) Az = (Pz)-Az =z - PTAz =z - PAz <0

for all z # 0.

The existence of quadratic (in the form (36) or, equivalently, (37)) Lypaunov functions
for a 2 x 2 linear system for which the origin is asymptotically stable can be verified through
considering the real Jordan form of A. Given A, let M be a nonsingular matrix such that
A = MJM™! for a matrix J in real Jordan form. The change of variables z = M 'z,
equivalently, x = Mz leads to another linear system

i=Jz (38)

with a function z : [0, 00) — R™ solving (35) if and only if the related z : [0, 00) — R™ given
by z(t) = M~'xz(t) solves (38). Lemma 8.2 showed that asymptotic stability for (38) is
equivalent to asymptotic stability for (35). Suppose now that W is a quadratic Lyapunov
function for (38) given by

W(z)=z2-Qz (39)

for a symmetric and positive definite 2 x 2 matrix W. Then z-@QJz < 0 for z # 0. However,

2 QJz = (M'2)-QJ(M'z)=2 M TQIM e =2 - M TQM 'MJM 'z
z- M TQM ™! Az,
and if this quantity is negative for all x # 0 (equivalently, for all z = M ~12 # 0), then the

function V' (z) = = - Pz with
P=MTQM™!
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is a Lyapunov function for (35). The reader should verify that if @) is symmetric then so is
P and if @ is positive definite then so it P. In summary, if W(z) = z - Qz is a Lyapunov
function for (38) then V(z) = x - Pz with P = M~TQM™" is a Lyapunov function for
(35). In other words, if the function W(z) = z - Qz is a Lyapunov function for (38) then
V(x) = W(M~'z) is a Lyapunov function for (35).

It now remains to see if, at least in the 2 x 2 case, for every asymptotically stable linear
system Z = Jz where the matrix J is in real Jordan form, there exists a quadratic Lyapunov

function. Consider first
J— A0
N0 )Xo

where Ay < Ay < 0. Then W (z) = ||z||? is a Lyapunov function for # = Jz (the reader
should check!), and ||z||? is quadratic, given by (39) with @ being the identity matrix. When

(o -
J‘(ﬁ a>’

it was verified in Section 4.1, by passing to polar coordinates, that W(z) = |z||? is a
Lyapunov function for z = Jz. Finally, if

Al
=03
with A < 0, the function W(z) = 27 + c23 is a Lyapunov function for 2 = Jz as long
as ¢ > 1/4X\2. The reader should verify this. In summary, for the 2 x 2 case, whenever
the origin is asymptotically stable for & = Ax, there exists a quadratic Lyapunov function
W(z) = z- Qz for 2 = Jz, where J is the real Jordan form of A. Then, as the previous
paragraph showed, V(z) = z - Pz is a quadratic Lyapunov function for & = Az, where
P=M"TQM™'. This, combined with Theorem 8.9, amounts to the following result.

Theorem 8.12 The linear 2 x 2 system (35) has the origin asymptotically stable if and
only if there exists a quadratic Lyapunov function V(x) = z - Pz for (35).

This result, just as Theorem 8.4, is valid for n x n matrices. The usefulness of this result
is in the ability to assert the existence of a Lyapunov function for a linear system (35),
without the need to find it explicitly, based only on the analysis of the eigenvalues of the
matrix A.

Example 8.13 Consider the linear system (35) with

—-17 9
A= (—25 13> '
As it was discussed in Section 8.2, based on the general form of solutions to this system —
which was found in Example 4.5 — one can easily conclude that all solutions converge to
0 as t — 0o. Then, Theorem 8.5 implies that the origin is asymptotically stable for (35).
Alternatively, one can check eigenvalues of A and use Theorem 8.4 to conclude asymptotic

stability. Theorem 8.12 then implies that there exists a quadratic Lyapunov function V (x) =
x - Pz for (35).
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To find a quadratic Lyapunov function explicitly, consider the real Jordan form of A:
A= MJM~! where

(31 (-2 1 (2 -1
= a) =0 ) (5 Y)
Then W(z) = 3||2||? is a Lyapunov function for 2 = Jz and so V(z) = W(M'2) is a
Lyapunov function for & = Az. More explicitly,
1 _ 1
V) = IR =

2:E1 — T2
2 —5x1 + 3x9

= 14.52% — 17z 29 + 523,

2

1 1
= 5(2:@ —x9)? + 5(—5:@ + 319)?

In the linear algebra form, W(z) = %z - Qz with Q = I, the identity matrix. Then V(z) =
%ZE - Pz where P = M"TQM'=M-"TM™!, and so

o ro (2 =5\ (2 -1\ _ [29 -17
P=M—M _<—1 3><—5 3>_<—17 10 )

1 J—
Then, indeed, V(z) = -z - <_2ig7 1%)7

2 > x = 14.52% — 17z 129 + bz A

Problem 8.14 Let ¢ : R? — R be a continuous function such that ¢(x) > 0 for all z € R2.
Let f : R? — R? be given by

| p(x) (2 —221) | -2 1
J) = <¢($)(4x1 - 5:52)) = () ( 4 —5> z.
Show that the origin is asymptotically stable for & = f(x).

The section concludes with a discussion of the rate of decrease of a quadratic Lyapunov
function V(z) = %JE - Px for an asymptotically stable linear system (35). It will be now
shown that the right-hand side of the Lyapunov inequality VV (z)- Az < 0 is in fact bounded
by a negative multiple of V'(z) itself. As usual, the details are worked out in the 2 x 2 case,
but the conclusion is true in general. Suppose that the Lyapunov inequality

VV(z) - Az <0
holds for all x # 0. Equivalently, x - PAx < 0, and because
(- PAz)T = (2T PAx)T = 2T AT PT ()T = 2T AT Pz = 2 - AT Pa,
the Lyapunov inequality is equivalent to

- PAzx = (:E'PA:E—I—:E'ATP:E)ZE:%JE'(PA—I—ATP):E<0. (40)

N |

The reason for considering PA + AT P, rather than PA, is that PA + AT P is a symmetric
matrix. One can now ask whether, for some r > 0, the Lyapunov inequality implies

VV(x) Az < —rV (x). (41)
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The stronger Lyapunov inequality (41) is equivalent to %ZE (PA+ ATP)z < —rz- Pz, and
the also to

1 1
T - <§PA—|—§ATP+T’P>:E<0

This holds, for all z # 0, if the matrix — (%PA + %ATP + rP) is positive definite. To see
if » > 0 making this possible exists, let

_[a b 1 (o B
R«bg, ﬂm+ﬂm_@q)

The matrix P is positive definite, so @ > 0, ac — b > 0. Because (40) holds for all
r # 0, —(PA + ATP) is positive definite, and so —a > 0, ay — 2 > 0. The matrix

— (%PA + %ATP + rP), equal to
—a—ra —fF—rb
—B—rb —y—rc)’

is positive definite if —a — ra > 0, which holds for all small » > 0 because —«a > 0, and if
(—a —ra)(—y —rc) — (=8 — b)* = ay — (% + r(ay + ac — 26b) — r*(ac — b%) > 0.

Because ay — 3% > 0, this holds for small enough r. Note also that because ac — b* > 0,
this fails for large r. In summary, there exists r > 0 such that (41) holds for all = # 0.

Theorem 8.15 The linear 2 x 2 system (35) has the origin asymptotically stable if and
only if there exists a function V(z) = x - Px with symmetric and positive definite matriz P
and r > 0 such that (41) holds for all © # 0.

8.5 Linearization and asymptotic stability

In Section 6.1, linear approximation of a nonlinear differential equation

i = f(x) (42)

near an equilibrium was used to deduce behavior of solutions to (42) near equilibria. This
section rigorously justifies some of the conclusions made in Section 6.1. It will be proved
that if the origin is asymptotically stable for the linearization of (42) then the origin is
locally asymptotically stable for (42).

Given a continuously differentiable f : R™ — R"™ and the differential equation (42),
consider the linear system

&= Az where A = V f(0). (43)

Theorem 8.16 Suppose that the origin is an equilibrium for (42). If the origin is asymp-
totically stable for (43) then the origin is locally asymptotically stable for (42).

Proof. If (43) has the origin asymptotically stable then, by Theorem 8.15, there exists a
symmetric and positive definite matrix P such that the function V(z) = %:E - Px satisfies,
for every x # 0, the inequality

VV(z)- Az < —rV(x).
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Because f(0) = 0 and by the definition of differentiability of f at 0,

flx) =V f(z)r+ o(x) = Ax + o(z),

where lim lo()] = 0. Then
=0 |z

VV(z)- flz) = V‘lf(fﬂ) (Az +o(x)) < —rV(x) + (Px) - o(x) < —rV(z) + || Pz|[lo(z)]|
< 5o Pr+klz|lo()]

where k is such that ||Pz|| < k| x| for all z € R™. Then

VV(z)- f(z) < ||$||2< 1z Pi+k||0(:v)ll> <1z (_m+k||0(:v)ll>7

2=l =l ] ]

where m = min,—; V(y) is positive because V' is continuous and positive for y # 0. There

[o(2)]| < ﬁ Then, for all such x,

exists d > 0 such that, for all x # 0 with ||z| < J, izl 2%
x

V(@) - f(a) < —Flle]* < 0.

Consequently, V' is a local Lyapunov function for (42) and Theorem 8.9 concludes that the
origin is locally asymptotically stable for (42). O

Example 8.17 Consider the differential equation (42) in R? given by
_ (o1 +4a3)
flw) = <$2(2$% —3—€e"1) )"

( —1+4a3 —87122 (-1 0
Viz)= <$2(4$1_em1) 2$%_3_em1>7 V£(0)= (0 _4>7

the eigenvalues of Vf(0) are —1 and —4 and hence, by Theorem 8.4, the origin is asymp-
totically stable for linearization (43). Theorem 8.16 now implies that the origin is locally
asymptotically stable for the original nonlinear differential equation (42). Since local asymp-
totic stability entails Lyapunov stability, to verify if the origin is globally asymptotically
stable for (42) one only needs to check if the origin is globally attractive. A rough argument
suggesting that this is, in fact, true is as follows: i1 = —x1(1 + 423), and since 1 +4z3 > 1
for all z9, x1 should converge to 0 no slower than solutions to #1 = —xz1 do. This is valid
independently of initial condition x1(0). Then, since for large ¢, x1(¢) is small, the coefficient
222 — 3 — €™ in iy = 79(22? — 3 — €®!) is eventually negative, in fact less than —3. This
ensures convergence of xs to 0. One could now conclude convergence to 0 of all solutions
to (42), and so global attractivity of the origin, except for one gap in the argument: what
happens to zo for small ¢, before the discussed coefficient is less than —3. For example,
could it experience finite-time blow up? To this end, one should note that z? is decreasing,
due to @1 = —z1(1 + 423), and then @y = x2(223 — 3 — €*1) ensures that x5 does not grow
faster than exponentially. Hence, finite-time blow up is impossible and the conclusion about
convergence to 0 is correct.

Since the argument just presented, about convergence to 0 of all solutions to (42), may
appear not convincing, one can try to check global asymptotic stability for (42) with a

Then
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Lyapunov function. Here, linearization is helpful too. The function V(z) = i||z|? is a
Lyapunov function for (43) and it does not hurt to check if it is a Lyapunov function for
(42). Note that the proof of Theorem 8.16 suggests that this V' is a local Lyapunov function

for (42), so it remains to check if it is a global one. One obtains

VV(x)- f(z) = = (—:E1(1 + 4:E§)) + 9 (;32(2;13% —3_ em)) _ _:E% _ 2$%$% B 3$% B e_m1$%
< —a% — 323

and consequently V' is a Lyapunov function for (42). Hence the origin is globally asymp-
totically stable for (42). A

The reverse implication in Theorem 8.16, that local asymptotic stability of the origin
for (42) implies asymptotic stability for linearization (43), is false. To see this, it is enough
to consider # = —z2 in R. This nonlinear differential equation has 0 asymptotically stable.
The linearization is £ = 0, and 0 is not attractive for this linear differential equation.

8.6 Perturbations and asymptotic stability

This section briefly discusses how perturbations of a differential equation influence asymp-
totic stability. Consider first a linear differential equation

i= Az (44)

for which the origin is asymptotically stable. Then, for a matrix A A with sufficiently small
entries, the linear differential equation

= (A+AA)x

also has the origin asymptotically stable. One way to justify this is by considering eigen-
values. Eigenvalues depend continuously on the entries of the matrix. Consequently, if
entries of AA are small, then eigenvalues of A + AA are close to eigenvalues of A. Now,
asymptotic stability for (44) implies, by Theorem 8.4, that eigenvalues of A have negative
real parts. Then, for small enough A, eigenvalues of A + A A have negative real parts, and
consequently, the origin is asymptotically stable for & = (A4 AA)z. Another way to justify
this, using the methods developed in this chapter, is to rely on Lyapunov functions and
their strict decrease, as in Theorem 8.15.

Problem 8.18 For a 2 x 2 matriz A, show that a Lyapunov function V(x) = x - Pz for
(44), as described in Theorem 8.15, is a Lyapunov function for & = (A + AA)z if entries
of AA are sufficiently small.

Small linear perturbations can destroy asymptotic stability for nonlinear differential
equations. For example, © = —2? has the origin globally asymptotically stable but for an
arbitrarily small € > 0, this property fails for the differential equation & = —x3+ez. Indeed,
for z € (0,/), one has & > 0 while for x € (—/,0), one has @ < 0.
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